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Fluorescent and Phosphoresced Excitation of Mercury Vaptmr 
by the Resonance Frequency and by Loiver Frequencies. 

By Lord Rayleigh, F.R.S. 

(Received June 17, 1929.) 

(Plates 1-3.) 

§ 1. Inltodudim. Absorption by Wave-lengths loyvger than the Resonance 

Line, * 

It is known that the fluorescence of mercury vapour can be excited by 
absorption in the region \ 1850, situated near the resonance line 1 1 ^Pi, 

and in the region of band absorption X2345, It can also be excited by 
absorption in the region of the resonance line 1 2 ®Pi 2636*52. In this 

latter case it has, I believe, been generally supposed that fluorescence is not 
obtained unless excitation is fairly close to the resonance line. Thus ftings- 
heim and Terenin**' found that a hot mercury lamp (punktlampe of Heraeus) 
or an overloaded ordinary 220-volt mercury lamp does not give band fluorescence 
of any kind. In the hot lamp the core of the resonance line is removed by 
self reversal. 

It is, however, well known that unexcited merctiry vapour has an absorption 
band beginning near the resonance line 2537, and extending, if the vapour is 
dense, to a distance of some hundreds of Angstroms towards longer waves. 
The question arises whether this absorption is accompanied by fluorescent 
emission or not. 

The following experiment was made in January, 1927, much before the rest 
•»“ Z. Physik; vol 47^ p. 388 (1928). 

VOL. dacxv.--A. 


B 



2 Lord Baylexgh. 

of the investigation, with a view to seeing how far from the reaonanoe line the 
absorption could be ptjshed. A quartz tube about 10 cm. long and 1 cm. 
diameter contained a drop of mercury sealed up in vacuo. The ends were made 
as clear and transparent as practicable so that a beam of light could be sent 
axially along the length. 

The silica tube was placed in a simple form of electrically heated tube 
furnace. The source of illumination was burning sulphur (carbon disulphide 
in a spirit lamp) which gives a convenient approximately continuous spectrum 
over the range required (Plate 1, No. la). The heating current was increased 
by steps until the tube exploded. At each step the absorption spectrum was 
photographed with a reference spectrum from a glass mercury lamp. The 
tube endured, for a few minutes at all events, a ounent of 2*5 amps, in 
the furnace, but on increasing the current to 2 • 75 it burst, about a minute after 
the increase. The exposure at 2*5 amps, heating current showed transmission 
beginning at X 3650 (Plate 1, No. 15). The exposure in progress at the time 
of explosion showed transmission from X 3750. The tube was then nearly 
white hot. 

It appears that under these conditions absorption is complete for a range of 
1200 A. from the resonance line: with a tube of double the length the absorption 
range could doubtless be pushed still further. 

It is of interest to notice that this absorption progresses continuously from 
the resonance line, until it covers the range of the continuous band 3130 to 
3650 (maximum 3300) which is so well known in fluorescent emission. 

At no stage is a maximum absorption at X 3300 to be seen on the photographs. 


§2. Fluorescence under Long Wave-Eoreitation, Antistohee'^ Effect* 

In the past experiments on the fluorescence of mercury vapour have been 
made for the most part with vapour of low density, into which the high fre¬ 
quencies from the aluminium spark, or the frequencies in the ixnmediate 
neighbourhood of the resonance line 2637 could penetrate. Tp detect the 
fluorescence (if any) under much lower frequencies, it was evidently demrable 
to try vapour dense enough sensibly to absorb these frequencies. 

Mercury was boiled at atmospheric pressure in a rectangular box built up 
from sheets of silica fused together at the edges. The spectrum from a suitable 
source was focussed on the side of the silica box, using a quarts train. The 
lines could be identifled on a fluorescent screen, and when this was withdrawn, 
anc^ the light traversed the mercury vapour, the tracks of lines lying within a 
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oertain spectral range could be traced through the vapour by the green visual 
fluorescence. 

In this way a cadmium spark source showed a conspicuous track along the 
line X2573, and a less conspicuous one along X2748. 

A mercury lamp of the type working at atmospheric pressure, in spite of 
the strong reversal of X 2637, showed conspicuous fluorescence about this 
position, and also along the track of lines of shorter wave-length, including the 
blend 3125-3132. Fluorescence at X 3341 or X 3650 was not observed with 
this arrangement. 

The line 3125 is within the range transmitted by Jena blue uviol glass, which 
outs at about X 2890. This offers great advantages over the monochromator for 
getting rid of green and yellow components from the source, which contribute 
false light without helping the excitation. 

Mercury may be boiled in a silica flask at atmospheric pressure with reflux 
condensation. The beam from an “ atmospheric ” mercury lamp, or an iron 
arc, filtered through the blue uviol, and concentrated upon the vapour by a 
quartz condensing lens, is marked by a bluish green track bright enough to be 
shown to a fairly large audience.* 

It was desired, if possible, to excite the vapour with still lower frequencies. 
To do this it is best to work at pressures above atmosphere so as to increase 
the absorption. A silica bulb was used of about 4 cm. diameter, containing a 
drop of mercury, exhausted and sealed. This was heated over a Bunsen 
burner, the lower part being nearly or quite red hot and the upper part bathed 
in hot air. To see the fluorescence to the best advantage, visual light should 
be excluded as far as possible. This was done by supplementing the blue uviol 
glass with a silica cell containing bromine vapour. The combination was opaque 
to the whole visual region, except the deep red. 

Many experiments were made by stimulating the vapour with the light of 
isolated lines from various spectra. But the best success was gained by 
using a nickel arc as source, limiting it on the short wave side by filters giving 
a sharp cut. This arc shows a strong and well distributed group of lines from 
about X3S80 to X8620. Thus the maximum frequency transmitted is 
praotioally determined by the properties of the filter. 

The filt^ used were alcoholic solutions of organic substanoM in a silica 
Oell. They were chosen from the data given by Hartley and Huntingdon on 
absorption spectra, but the absorption Limits were determined from 

* A {wefliniiiary notloe of then expezhnente wm published in ‘ Natoie,’ August 18, 
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the actiual filters used, A filter of natural (ortho) salicylic acid, 1 cm. thick, 
containing 1 gram in 280 c.c. of alcohol, was found to cut the spectrum at 
X 3360. Using this filter the green fluorescence was easily seen along the 
track of the beam. 

A solution of quinine hydrate cutting at X 3450 was next tried. The silica 
bulb was smaller (2 *5 cm. diameter) and was made very hot. The green 
fluorescence was again seen without difficulty. 

I pass now to the spectrum of the fluorescence. This was examined with a 
small Hilger quartz spectrograph, using a rather wide slit. 

In this work it is to be noticed that the exciting light is extremely powerful 
compared with the fluorescence, and that the spheric^al bulb used, though 
suited to resist internal pressure, was not of favourable shape for avoiding 
stray light. The fluorescence spectrum is therefore overlaid to a considerable 
extent by false light from the source, and is only examined to advantage in 
those regions where the light from the latter is cut of! by the filters used, thus 
outside the region of excitation. 

The primary beam viewed laterally was focussed on the slit of the spectrO' 
graph by a quartz-fluorite achromat, the image of the beam occupying only a 
strip of the vertical range of the spectrum. It is distinguished by this limited 
breadth of spectrum from the spectrum of the stray exciting light, and light 
from the burner used to heat the bulb. 

Various spectra are reproduced with different limits of excitation. In 
Plate 1, No. II, the excitation is by the light of the iron arc filtered through 
blue-purple corex glass,* with a tul>e of chlorine 28 cm, long and a ceU of 
bromine vapour 8 cm. long. These filters transmit the most effective part of 
the spectrum for excitation of fluorescence including the region of the resonance 
line, but cut off everything of longer wave-length than 2660, thus leaving the 
rest of the spectrum clear for observing the fluorescence. 

This exhibits the broad structureless bands— 

3130-3650—maximum 3300; 

4300-green—maximum 4860 ;t 
with the intervening minimiun at 3800. 

It will be shown presently that there are features in the neighbourhood of 
the resonance line. These cannot be made out on the present photograph 

♦ See fn/m, 

t The ponition aeteumod for thia maximum is very arbitrary, everything depends on 
whether photographic or visual intensities are taken. 1 follow previous writers, and refer 
to the bands as SSOO and 4B50. 
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owing to stray light, and to absorption by the large quantity of mercury 
vapour which has to be traversed by the emerging fluorescent beam. Only 
stray light from the source is seen in this region. Plate l,No, III, represents the 
fluorescence excited by the iron arc filtered by Chance’s vita glass and bromine 
(exciting wave-length 2860 upwards). The fluorescent spectrum is overlaid 
and somewhat oliscured by the exciting light until we come to the region which 
is protected by the bromine filtration. The features are similar to those of the 
previous spectrum. It is c^lear from this photograph that both the broad 
bands 3300 and 4860 can be excited by wave-lengths hundreds of Angstrfims 
greater than the resonance line. 

Plate 1, No. IV, is of special interest. Excitation in this case is by the nickel 
arc, filtered by salicylic acid, and an (inadequate) bromine cell. The same two 
broad bands are still present and discernible, though seriously overlaid by the 
stray light from the source. But the interesting point is that while excitation 
begins only at X 3360, the narrow fluorescent spectrum stretches out into the 
region of shorter waves with marked violation of Stokes’ law. The excitation 
is applied in the middle of the band 3300. It might be expected that this 
band would be as it were cut in half. But this does not occur. So far as the 
photographs allow of a judgment being formed it seems to be complete. The 
antistokes ” portion is seen to better advantage than the rest, owing to the 
absence of stray light. Whether any discontinuity of intensity sets in at the 
wave-length 3360 where the exciting spectrum begins, it is difficult to say, 
owing to the complication due to false light. On the negative the fluorescence 
is easily traceable as far as the wave-length 3130 which I liave somewhat 
arbitrarily given as the limit of the band.* That is to say, it extends 230 A. 
on the short wave side of X 3360, the shortest wave-length of the exciting light.f 
It was attempted to photograph the fluorescence with yet lower excitation, 
using the quinine filter which cuts at X 3460. Though, as already mentioned, 
this excitation gave an easily perceptible green fluroescence, I did not succeed 
in getting definite photographic results. 

§ 3. FlucreBcence in the Ndghbourhood of the Resonance lAne. Iron Arc 

Rxcit€Uion, 

The experiments so far described deal with the two broad maxima 3360 and 
^4860, We have now to consider the fluorescence in the neighbourhood of 
the resonance line X 2537 • 62. It is to be remarked that in this neighbourhood 

* 1^ really qtiite indefinite, depending on the exposure. It extends much 

lttrtiu»r in the photograph, Plate 1, No, II. 
t A preHiniiuuty note of this result was pubUshed in ' Nature/ January 26, 1929. 
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the absorption of the vaponr is strong, and therefore it is useless to attempt 
to observe through a thick stratum of dense vapour. On the other hand, 
the avoidance of false light is here all important, and for this the exciting 
beam must be kept away from the wall of the containing vessel, a condition 
which makes it difficult to avoid an intervening stratum of some thickness. 
The best compromise achieved so far is to keep the density of the vapour 
fairly low, and to work with a beam well defined by the use of lenses and 
diaphragms, and passing as close to the wall of the vessel as may be, without 
actually touching it. In the final exi>erimentH on this part of the work a 
tall rectangular blown silica vessel, measuring 7 x T X 18 cm. has been used 
almost exclusively. 

Since the fluorescence in this region cannot be seen, it is much more difficult 
to arrive at the proper experimental conditions, and it is not claimed that 
anything like a complete survey has been made. 

The iron arc was used as a source. It has the advantage of a small bright 
radiant, favourable to the formation of a concentrated and well defined beam 
in the vapour. Further, we have the very great advantage that the spectrum 
of the source is distinctive, and incapable of being confused with tlnat of 
the fluorescence. 

It is important in this and other parts of the present investigation to have an 
accurate knowledge of the spectrum of the iron arc in the neighbourhood of 
the mercury resonance line. Plate 1, No. V, shows these spectra photographed 
in comparison with a Hilger Littrow spectrograph. The mercury line is from 
a water cooled lamp of low voltage. 

The wave-lengtlis are :— 


Fe. 

. 2686-610 

Interval from 
the meronry line. 

Hg . 

. 2636-62 

0-91 

Fe. 

. 2636-82 

0-80 

Fe. 

. 2637-180 

0-66 

Fe. 

. 2638-82 

2-30 

Fe. 

. 2638-96 

2-44 


The comparison photograph V (Plate 1) confirms clearly enough that the 
mercury line when narrow does not overlap any one of the iron lines. 

The fluorescence excited by the iron arc was photogra|dtfld witii a wd gyy 
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spectrograph of medium size, giving a dispersion of 0 *12 mm. per Angstnnn 
at this part of the spectrum. The exposrires were not more than 2 hours. 

The spectra show the resonance line 2537 and the narrow band 2640*5, 
which extends from this position to the resonance line. As the pressure was 
diminished the line becomes more conspicuous relative to the band. This 
may be due in part to the lesser density of absorption vapour to be traversed. 
At pr^ures below 6 mm. the band is invisible. 


Pressure, mm. 

Line 2637. 

Band 2540. 

40 

Absent 

Present 

20 

Present 

Strong 

10 

Strong 

Strong 

6 

Strong 

Suspected 

2 

Strong 

Absent 

1 

Visible 

Absent 


These results ore illustrated by Plate 1, Nos. IX and X. 


No. IX shows the result at 10 mm. pressure, in comparison with the iron 
spectrum which forms the exciting light, and which is shown above. It will 
be observed that contamination with the exciting light has been successfully 
avoided. The total range of iron spectrum shown is about 66 A. 

Plate 1, No. X, shows the result at 2 mm. pressure. 

At the higher pressures the apparent breadth of the line on the plate was 1 A., 
while at the lower pressures it had an apparent breadth of less than half this 
amount. I suspect that these breadths are real, and not merely instrumental. 
But investigation of this point with higher resolving power is desirable, and 
should present no insuperable difficulty. However this may be, the centre 
of the resonance line is of higher frequency than the nearest iron line, and its 
excitation involves a violation of Stokes’ law. The iron line on the side of 
higher frequency than the mercury line is not in question, as it is not absorbed 
except by dense vapour. 

It is probable that the mercury vapour actually traversed in this vessel cute 
out the iron line 2536*82 before the exciting light reaches the point where the 
lateral emission is examined. But to make sure, the exciting light was filtered 
by an independent absorption cell 3*2 cm. thick, containing mercury boiling 
at 1 cm. pressure. It was independently verified tliat this out out the line in 
question. The mercury resonance line, and also the band 2540, were again 
obtained. In this case we have a clear interval of 0*66 A. between the centre 
of the mercury resonance line, and the nearest exciting iron line. 
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The excitation could perhaps be observed with au interval conwdwably 
more than 0 • 66 A., but I have not attempted anything further in this direction. 

14. Core Effect and Wing Effect. Due prMbly to Atomic and Molecular 

Absorption. 

It is seen from the above experiments that both the visual fluorescence and 
the line 2637 can be obtained with exciting frequencies which are not coincident 
with that of the resonance line, but which are less, and in the case of the con¬ 
tinuous spectrum of fiuoresence, including the visual, very muck less. 

On the other hand, absorption is very strong at the actual position of the 
resonance line, and gives rise to the phenomenon called resonance radiation, 
as well as to visual fluorescence. 

It is important to determine, if possible, whether sharp distinction exists 
between these two cases. 

A priori we should certainly expect such a distinction, though Pienkowski 
has suggested* that at the resonance line, the secondary visual fluorescence is 
due to molecular absorption, the atomic absorption operating merely to use 
up the available energy and thus producing the illusion that the fluorescence- 
absorption is very energetic. 

It seems clear that emission of the resonance line is not in itself a proof that 
the primary excitation or the chief absorption is atomic. This will, perhaps, 
be most readily admitted if we consider the case of sodium vapour, where 
molecular excitation in the blue-green region causes emission of the D lines. 

It is instructive to excite mercury vapour by a source which extends con¬ 
tinuously over the region of the resonance line and beyond it. Such a source 
is provided by the widened line of a mercury vapour lamp which is notfuUy 
cooled. This source is not indeed ideally continuous, since the resonance line 
is always seen reversed under a sufliciently great resolving power, but if this 
reversal is not so complete as to cut out altogether the core of the line, it will 
serve the purpose. I have used a water-cooled lamp of small diameter (7 mm.) 
and also an air-cooled lamp of larger diameter. The latter is convenient, in 
that the temperature and with it the terminal voltage can be regulated by 
moving the cooling fan closer or further ofl. A magnet is used as usual to 
press the discharge forward. 

With 23 volts at the terminals the line is narrow and self-reversal cannot be 
detected, even with the Littrow specteograph giving 0-36 mm. per An^trom. 
Allowing the voltage to increase to 60 or 60 volts, the breadth of the line 
increases sufficiently for the experiments about to be desciibed. 

• ‘ Z. Physik,’ voL W, p. 7»1 (IMS). 
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If we examine the visiial fluorescence in mercury vapour saturated at, say, 
10 cm. pressure, using the cold lamp we see nothing but a bright layer close 
to the wall of the vessel (Plate 1, No, XI). Allowing the lamp to warm 
up until it takes 50 or 60 volts, we find that this layer still subsists, 
but that beyond it the path of the incident beam is marked out by a fainter 
luminosity (Plate 1, No. XII). The point which T wish to emphasise is that 
as we go along the beam, the intensity does not fall off gradually but s'\Jiddenly, 
There is a discontinuity of irUemity, not perhaps in the full mathematical 
sense of the word, but in the same sense that we encounter a discontinuity 
of intensity in the spectrum of a salted spirit flame if we pass from the centre 
of one of the D lines to the continuous backgroimd of the spectrum. 

The first emission, seen alone in Plate 1, No. XI, is due to the core of the 
resonance line, and I distinguish it as the core effect. The lateral emission 
along the further course of the beam, observed when the lamp is hot and the 
exciting line broadened, I call the wing effect (Plate 1, No. XII). 

The discontinuity is very noticeable in visual observation ; the photographs 
show it less satisfactorily.* 

We have seen that both line absorption and band absorption exist, and give 
rise to visual fluorescence. It is almost inevitable to attribute the core effect 
to line absorption and the wing effect to band absorption. The former must 
then result (indirectly no doubt) from atomic absorption. The latter from 
molecular absorption. 

It is evidently important to determine what range of wave-lengths is active 
in producing the core effect. This was determined as follows. Two flat-sided 
silica cells were used in series, here called the absorption cell and the observa¬ 
tion cell. The absorption cell was 5 mm. thick, the observation cell much more. 
Each contained mercury boiling under a reflux condenser, the lower part of 
the condenser containing mercury vapour in pressure equilibrium with the air 
filling the upper part. The latter was connected in each case to a separate low 
pressure reservoir. The pressure of mercury vapour in the observation cell 
WAS 1 cm., and in the absorption cell it was adjustable at pleasure. The beam 
from the mercury lamp at 55 volts, filtered by blue-purple corex glass, was 
passed through both cells, and when the absorption cell was cold it produced 
both wing and core effect in the observation cell. Thus more than the extreme 
range of wave-lengths which can contribute to the core effect was present. 

* As is known, photography is at some disadvantage when extreme intensity contrasts 
am to be represented. It is diflftoult, «.g., to deal with windows in photographing an 
ardhiteetural interior. 
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It was found by repeated experiments that if the vapour pressure in the 
absorption cell exceeded 3 inm,t the core efifect was not seen in the observation 
cell, all the radiation capable of producing it having been absorbed. With 
2 mm. pressure in the absorption cell some core effect was seen in the observa¬ 
tion cell. 2*5 mm . was adopted as the critical pressure. 

The observation cell was then put aside, and the absorption cell alone at 
2*5 mm. mercury vapour pressure was arranged between the source and the 
large Littrow spectrograph. The spectrum obtained is shown by Plate 1, 
No. VIII. The breadth of the reversal was measured as 0 * 1 A,, or, assuming 
symmetry, 0*05 A., on either side of the centre of the resonance line. The 
photographs VI and VII, Plate 1, are generally confirmatory of this conclusion. 
VI is from a lamp hot enough to give both wing and core effect. The total width 
of the line, itself slightly reversed, exceeds the width of the artificially increased 
reversal in No. VIIL VI is from a fully cooled lamp which gives the core 
effect only, and shows a line which could go inside the reversal of No. VIII,* 

The nearest iron line in No. V, Plate 1, is 0*30 A. from the centre of the 
resonance lino, and is therefore much beyond the limits within which the core 
effect is produced. In agreement with this, excitation by the iron arc is in 
fact found to give the wing effect alone without the core effect. 

So far we have spoken of wing and core effect in the visual region alone. We 
shall see later that the same distinction is appareiit in the region of the resonance 
line 2537. 

The discontinuity distinguishing wing and core effect, which is so well 
seen in emission, must exist also in absorption, but is necessarily more difficult 
to detect. For lack of space this point is not discussed. 

5. Fluorescence carried along by a Moving Stream of Vajtour, Different 
Belmviour of Visual and VUra-violet Regions^ 

One of the most interesting phenomena in connection with mercury 
fluorescence is the relatively long duration of the visual luminosity when the 
vapour is made to move away from the point of excitation. This was first 
described by F. S. Phillips.f Special attention has been paid to this effect, 
and some unexpected results have emerged. 

* The photographs VI, VII, VIII, Plate 1, were taken independently, and axe not in 
accurate relative position. 

t PhimpB. * Roy. Soo. Proc,,’ A, vol. 89, p. 39 (1913), See. also Houtermans, * Z. L 
Phys.,* vol 41, p. 140 (1927); Pienkowski, * Zeit. f. Phys./ vol 60, p. 791 (I02S). For 
analogous phenomena produced by electrical excitation see Rayleigh. ‘ Roy, Soo. Proc./ 
A, vol, 108, p. 263 (1926), and A, vol. 114, p. 620 (1927). 
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In these experiments, everything depends on the avoidance of stray light 
from the source. A great step is made in this direction if we use a square silica 
tubeiustead of a rouiidone. Such tubes have been drawn for me by the Thermal 
Syndicate, Wallsend. They can also be built up 
from silica sheet, which gives fairly satisfactory 
results even without being ground and polished. 

The advantages of a square tube are that a 
flat metal diaphragm can be applied to it to 
limit the entering beam ; that the view is 
through a flat surface ; that there is little 
tendency for the entering beam to be reflected 
internally round the tube in the thickness of 
the walls, with consequent scattering by striae 
and bubbles, and above all, that no reflected 
image of the entrance or exit of the exciting 
beam is seen on the back surface of the tube, 
which would obscure the phenomenon of lateral 
emission. No one who tries square tubes in tliis 
•class of work will willingly go backtoround ones. 

In observing the visual fluorescence, it is very 
desirable to avoid admitting the light of the 
visual mercury lines into the vessel at all. Until 
lately this could only be prevented by the use of 
a prismatic monochromator, but the “ blue- 
purple corex ” glass introduced by the Corning 
Company, which has already been mentioned, 
transmits a considerable fraction of the light 
of X2537, while cutting out altogether the green 
and yellow lines. For many purposes this is 
enough. If a bromine vapour cell be added we 
get rid of all the blue light from the mercury 
lamp as well, and the mercury vapour fluores¬ 
cence can be observed in complete darkness, 

except for the inevitable fluorescence of the silica vessel where the exciting 
beam traverses it. This, however, is usually of little consequence. Two 
Scinch quartz condensing lenses of short focus were used between the lamp 
and the observing vessel. 

The experimental vessel chiefly used is shown in fig. 1. The mercury 
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is boiled by a source of heat placed at A. The vapour current rises into 
the square tube B and condenses in the water jacketted tube C, The 
condensed liquid runs back by the side tube D, which, though represented 
in the plane of the diagram, is in fact somewhat below, so that it should not 
scatter light from the emergent beam. 

The square tube was made longer than experience afterwards showed to be 
desirable, This resulted in premature condensation of the vapour. The 
electrical heater indicated at E served to prevent this. 

An iron plate F served as a screen to define the entering l>eam ; it was 
somewhat broader than the square tube, so that the latter was in its shadow. 
The aperture was 2x4 mm., the longer dimension being vertical. A larger 
diaphragm placed 2 cm. away gave additional protection. 

If this apparatus is exhausted the density and velocity of the vapour 
stream are obviously indeterminate, depending within wide limits on the rate 
at which heat is supplied. If we assume that the pressure of vapour in the 
condensej: is effectively maintained at zero, the frictional resistance to the 
flow in the tube will absorb the driving difference of pressure between the 
boiler and the condenser ; but the velocity and density at a given point cannot 
be determined without further data. The density cannot exceed the satura¬ 
tion density at the temperature of the mercury; and the velocity cannot 
exceed the molecular velocity. But either may be much less. In the future, 
it is hoped to elaborate the method of working to give precise information on 
these points. In the present work I have not been able to give particular 
attention to them. 

If the condenser is connected above to a reservoir containing a few milli¬ 
metres pressure of gas or vapour, then clearly before heat is applied the rarefied 
atmosphere will fill the entire apparatus. But as soon as the mercury boils 
vigorously, and the vapour issued from the long and comparatively narrow 
tube, and liquefies in the condenser, then the permanent gas is driven completely 
out. The conditions are apparently very similar to those in a mercury con¬ 
densation pump. A surface of separation between the mercury vapour and 
the permanent gas must occur in the condenser. If, as in the present case, the 
condenser tube is of moderate diameter this surface may be somewhat 
indefimte. If the tube is narrow (say 4 mm.) as in some of my earlier experi¬ 
ments on absorption spectra of mercury boiling under various pressures, then 
the surface of separation is well defined, and in the case of an accessibie 
air-cooled tube, can be readily located within a few millimetres by feeling 
the temperature with the hand. 
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Some experimenters who have not apparently themselves used the method 
suspect that under these conditions the mercury vapour is liable to be mixed 
with gas,*** No doubt in theory there is some coimter-diffusion of permanent 
gas against the mercury vapour current. I am convinced that under the 
conditions here used it is negligible. It is known that mercury fluorescence 
stimulated by the resonance line is very sensitive to the presence of air. 
The definite manner in which the fluorescence appears as the apparatus is 
heating up shows that the air is effectively removed as soon as condensation 
of mercury drops ceases to occur below the level of entrance of the exciting 
beam.f 

By this device of allowing the mercury to boil under an external atmosphere 
the pressure of which can be varied, we can control the density of the mercury 
stream itself at the outflow end. If the pressure is diminished, the density 
of the mercury stream in the tube is diminished and the velocity increased. 
Although the control is not of that perfect kind which would allow us to assign 
predetermined values to the density and velocity, it is nevertheless enough to 
allow important conclusions to be drawn from experiments made under varied 
conditions. 

As we have seen, the spectrum of the fluorescence may be divided into two 
portions. These are separated by a wide interval in which there is little or 
no emission, and this circumstance suggests, and at the same time makes easy, 
a separate investigation of them by using appropriate filters. 

What ] shall call, for brevity, the ultra-violet fluorescence, includes the 
resonance line 2537 and the band 2540 (Plate 1, No. IX), but not the band 
3300, which of course is also in the ultra-violet. The filter used to isolate it 
consists of 28 cm. of chlorine, and 8 cm. of unsaturated bromine vapour. This 
compound filter outs off all radiation of shorter wave-length than 2650, with 
the exception of red, to which the plates used are not sensitive. Photographs 
of the fluorescence taken through it with a quartz lens are due to the resonance 
line and the band 2640 near this line, since this part alone of the fluorescence 
spectrum is able appreciably to penetrate the filter. 

♦ See for instance Walter and Barratt, ‘ Roy. Soc. Proc.,’ A, vol. 122, p. 209 (1929), 

t If, as in some experiments, not here described, the vessel consists of a wide flask or 
battle yfdth m internally cooled tent tube projecting right into it, then the vapour current 
is less brisk* end air is more easily trapped. If tbe beat momentarily fails owing to 
draughts, etc., air may get in, and the fluorescence becomes unsteady. In vessels such as 
fig. I this never occnirs in my experience, imder a wide range of conditions. See further 
Prij^Oiejbn and Terenin, ‘ Zeit. f. Phya.,* voL 47, p. 338 (1928); also Wood and Voss, 
‘ Roy. Soo. Pipo.,’ A, vol. 119, p. 699 (1928). 
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On the other hand, photographs taken through a glass kinematograph lens 
(usually with an orthochromatic plate and yellow filter) represent the visual 
effects only. The effects of the broad maximum at 3300 (see Plate 1, No. II) 
are not represented in either. It is probable that they would show the same 
phenomena as the visual region. 

The series of photographs on Plate 2 sums up this part of the work, and gives 
varied information. These photographs can be classified in several ways. 
The actual method of arrangement has been chosen so as to exhibit the pro¬ 
gressive changes and contrasts of behaviour as clearly as may be. The core 
effects {top row) are distinguished from the wing effects (bottom row). The 
pressure of the atmosphere of permanent gas above—^under which the various 
effects occur—diminishes from left to right, while the phenomena photographed 
in visual and in ultra-violet light under given conditions of pressure and excita¬ 
tion are placed side by side within a common margin. 

These photographs have been trimmed so as to show the whole external 
breadth of the square tube B, fig. L The entrance and exit point of the beam 
are in most cases more or less conspicuously seen at the edges of the picture. 
They are made visible by the fluorescence of the silica tube. It is believed 
that no difficulty will be felt by the reader in distinguishing this effect from the 
fluorescence of the vapour. The latter is, of course, within the tube whereas 
the former is in the thickness of the tube wall. This is clearly apparent in 
No. XII in which, owing to an exceptionally long exposure, the tube walls 
have themselves been depicted, probably by light diffused in the course of 
repeated internal reflexions. In the photographs generally, when two or more 
or less separate luminous effects are observed at the left of the photograph 
where the beam enters; the first is due to stray light and fluorescence of the 
silica, the second to the vapour fluorescence. 

Coming now to the fluorescent phenomena themselves, and beginning with 
the core effect, we notice in comparing Nos. I, II, IV and VI (Plate 2) that as the 
pressure is reduced the visual core effect begins to be perceptibly prolonged 
upwards (i.e., out of the ioident beam, and along the vapour stream) at 6 mm. 
pressure. For brevity this phenomenon will be referred to as persistence/* 

Making a similar comparison for the ultra-violet core effect (Plate 2, Nos. 
Ill, V, VII, VIII) we observe that this, too, eventually shows persistence, 
though it only becomes apparent in VUI where the pressure above is reduced 
to a fraction of a m i ll im e tre.* There is, l^en, a range of conditions over which 
the visual fluorescence shows persistence and the ultra-violet shows none. 

♦ PrSHmiimry notoi weie published in ^ Nature/ March 30,1930, and April 13,19*9. 
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This is illustrated by comparing on Plate 2, No, IV, with Plate 3, No. V, and 
still more conspicuously by comparing VI with VII on this plate. As the super¬ 
incumbent pressure in the condenser is reduced, the visual intensity becomes 
more and more diluted and difficult to see. At the stage of VIII (Plate 2) 
when the condenser is in communication with the air pump, there is no per¬ 
ceptible visual effect, even with well rested eyes, and all stray light from 
extraneous sources carefully excluded. 

At one stage of the work I was tempted to doubt whether the ultra-violet 
fluorescence would show persistence under any circumstances, though in the 
light of earlier work by several investigators, including myself, it was difficult 
to suppose that it could not. Kventually it was found that if the external 
atmosphere was pumped down to a fraction of a millimetre or less, this did 
occur. (Plate 2, No. VIIL) 

Coming next to the wing effect obtained with the hot lamp, we find sub¬ 
stantially the same course of changes. Here again persistence sets in sooner 
for the visual than for the ultra-violet (compare on Plate 2, X with XI, and 
XII with XIII), 

Under the experimental conditions used, the core effect occurs close to the 
wall of the experimental tube. Owing to viscosity the vapour current is more 
rapid in the middle of the tube than near the walls. We should expect therefore 
to find that persistence in the wing effect shows itself at higher pressures and 
therefore lower mean linear velocities than does persistence in the core effect. 

This agrees with observation. At 9 mm. pressure persistence in the core 
effect is not apparent (Plate 2, No. II) but in the wing effect it is conspicuous 
(No, X). At low pressures the wing effect, like the core effect, shows per¬ 
sistence (No. XIV). 

Another result of the greater velocity in the middle of the tube is the arching 
up of the visual wing effect seen in X and in XII.'* This illustrates the delay 
in the appearance of the luminosity which has been investigated by Woodf in 
the case of aluminium spark excitation and by PienkowskiJ for resonance line 
excitalion. This is not equally conspicuous in the ultra-violet wing effect, 
but I am not prepared to say that it is absent altogether. Further investi¬ 
gation is needed on this point. 

* The spotted appearance seen ia No, Xli, Plate 2, at the level of the incident beam is 
due to false light from optical imperfections in the tube. They are seen in this photograph 
because of the exceptionally long exposure which has also brought out the outline of the 
tube walla. 

t ‘ Roy. Soo. Proo..’ A, voL 99, p. 366 (1921). 
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experimetite on the mng effect show peisistenoe wlMni ^iolNMlilip , 
departs from the positioo' of the atomic resonance Iwe^ Wa 
MfMly however, in the earlier part of this papw that visna} fitwtOseenMeaiigf-llid 
fitoited wave-lengths as much as 800 Angstrdms greater than this, and lih* 
harportant question arises whether persistence is potentialljr observable over tho 
v^hete of <3iis range. 

' itach time waa spent during the earlier part of the work in mqperiiBen^i^ 
W this> and a note was published"' in which it was stated that petsistonoe 
eotdd be observed for exciting wave-lengths up to, at any rate, wave-tongihs 
These observations were made with a monochromator, the marcary 
Vtoeel bmng traversed along the spectrum to the linut at which the efieot oonld 
be observed. Further experimenting has led me to the conclusion that tiie|r 
• oauuot be relied on. The results were probably due to impurity of the speobnun 
doe to scattered light, and to the aberration of the large aperttoee lens the 
loonoehromator. On substituting for the monochromator a oeQ eontsining 
a ^ute solution of benzene in alcohol, which cuts at X 2650, no trace of 
fiuoxwoence could be seen at pressures of 1 cm. or lower, such as are necessary 
for Mnging persistence into evidence. 

The difficulty is that denser vapour is needed for bringing into evidenoeihe 
duoresoenoe at the longer wave-lengths, on account of the rapidly falliiy g 
abnwption eoeffici^t for increasing wave-length; and in a tube of 
bore dense vapour is unfavourable to hi^er linemr speeds. It is plscned to 
sxperiment further by allowing dense vapour hrom a nozzle to ei^and into aft 
exhausted space, illuminating it at the tnouth of the nonle< Something has 
already been done on these lines, filtering the exmttng through xnetoui^ 
vapour so as to remove the wave-lengths nest the resonsiooe Ift ttijs 
way persistence was shown for excitation 8 A. away fnxta the veaena&os dftft. 
But the arrangements were not well designed, and it atumld ba to gft 

maoh farther. 

16. Transition from Resonance Sadkaion of Boom fempeMmmtothe JPsrstoMitf 

VUra-Vieiet Cost Effect. 

The photographs on Plate 2, classed as ultra-violet, axe due to the aggeagato 
aBeot of the resonance line X 2637 and the neighbouring bamd 2540, if the tatlKi| 
OOfttributes. We have seen, however, that even when the source (iioft 
contains no component in accurate coincidence with the li&a ' 

• ‘ Natan,* November 10,1028. 
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IWQ0IIM0 exclusion of the tMuyi^ 'At |^ieasth«e'4f 

Ie«B. Mfortwri it is ctkqluded that the result of Plate Ho* VIII, 


at a mhoh lower ftressu^ imd is excited by the core of the K 80 ii|ipee£bae,^^i^^ 
due to this line only to the exclusion of the band. This cohclunOil has bcHUi 


cbeoked by photography through a mercury la]%r in another cdB, wid(^ 
Obaorhed a breadth of about 1 A. at the resonance line. This cut out the whole 


phenomenon. Moreover, nothing is seen in the visual part of the speOtroiBf 
under these conditions. There is apparently nothing but the line 25S7, the amne 
wave length as the exciting light. Prima fade therefore, we have th» shn|de 
re-emissiou of the exciting radiation, though the possibility of coinplioalioiia 
not directly in evidence must be kept in view. 

The re-emission of X 2537 when this radiation falls on mercury vapotSr Waa 
observed by R. W. Wood in 1912, and called by him “ resonanoe radiatimi.’* 
The question presents itself whether the effect here shown is of the same 
ohaxaeter as Wood’s “ resonance radiation ” or not. This question may be 
investigated without reference to the theoretical views that nmy be taken of 
either phenomenon, by attempting to trace continuously the tramntion between 
the two. 


Plate 3 shows the result and seems to afford satisfactory evidence that such 
continuous transition can be traced. Wood’s resonance radiation is typically 
shown at atmospheric temperature, in ixusuo. We may raise the temperature 
by Buoeessive steps and observe the sequence of phenomena, photographing 
always throi^h the chlorine and bromine combined filter. Hate 3, No. I, 
is taken iwi^ the mercury cold and with air in the vessel (6g. 1, p. 11). No 
JSSohaiioeradiation is obtained under these circumstances, and we have only 
tbe ftnoresoenoe of the silica wall where the radiation traverses it. 


(Ifa eahauBting the vessel, which, however, remains at room temperature^ 
’(^ •geittypioat reBonanoe radiation (Plate 3, No. II). 

31ie temperature was then raised by enclosing the bottom part of the vessel 
in kn oven with a thermometer. It would have been 

to take the temperature of the mercury directly, but it was uu- 
JpKliipsftdly to put a thermometer inside the silica apparatus 

''^;':itotiiaUy.o<^^ 

No. Hi, irimwB the effect when the oven was at 88’’ C.; the effects 
I iliff^xent £tom No. II, except that>.|t is more difficult to see 

radiation. 

It begins to show a 


IV, i* obtained with the oven at^^^C. 
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Plate 3, No. V.—The oven ig here at 177° C. Upward motion more ©on- 
spicuons. 

Plate 3, No. VI,—The oven was removed, and the full heat of a Bunsen 
burner substituted. This is the same photograph as Plate 2, No. VIII, repro¬ 
duced here to complete the sequence on Plate 3. 

As already emphasised, the temperatures in these experiments are merely 
arbitrary parameters, and can by no means be identified with the temperatme 
of the mercury vapour ; any more than we could identify the temperature of 
steam from a kettle with the temperature of a thermometer placed in the fire. 

In another series of experiments carried out with a much larger boiling 
vessel, and also a larger tube, persistence was conspicuous with the external 
heating bath at 130° C, In this case also the actual temperature of the mercury 
was not determined. 

It is intended to determine what is the lowest density of the mercury vapour 
stream at which persistence can be traced. This can probably be done by 
measuring independently the breadth of the absorption line in the emergent 
primary beam from a continuous source with the evaporation going on under 
working conditions. 


§ 7. Discussion. 

This work was undertaken from an observational standpoint, without many 
theoretical preconceptions; the results have been to me siurprising, and 
difficult to reconcile with any of the more or less tentative theories which 
have been put forward by previous workers in the same field. I should prefer 
to let them speak for themselves as a contribution to th^ subject, because, 
though definite enough, they are of a qualitative nature, and at the best cannot 
afford a decisive check on any proposed theory. Some discussion will, however, 
be expected, and the following remarks are the best I can do at present to meet 
the demand. 

As regards the long duration of the ultra-violet core effect, even under low 
densities, the issues are comparatively restricted. As so often happens in experi¬ 
mental work, the consideration of what has been done opens fresh questions 
for investigation, though under modem conditions publication cannot well be 
deferred. Thus the importance of determining the nninin^nfn vapour density 
at which persistence can be traced was not realised until the immediate 
opportunity for further experiment had passed. The pictures on Hate 3 
decidedly indicate, 1 think, that we can pass continuously fr om a typical case 
of resonance radiation in stationary vapour to persistence in moving vapour. 
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Now tesonanoe radiation as ordinarily interpreted means (in the relevant case) 
direct transition to the ®Pi state by absorption, and direct return to the normal 
^Sq state. According to current views the return occurs in 10"^ seconds, and 
clearly does not allow enough time for visible persistence in the moving stream. 
If therefore we are to hold by the continuity shown in Plate 3, we must assume 
either that the elementary process described takes much longer than has been 
assumed, or, alternatively, that as we pass along the series of conditions, it 
is gradually replaced by a process which takes much longer before the ultimate 
emission occurs. The first alternative is difficult, and it is not expected that 
the evidence of these experiments at their present stage will be considered 
strong enough to shake the strong pre{X)S8ession that exists on varied grounds 
in favour of the short duration. Nevertheless it would be the more direct 
interpretation, and I do not feel able at present to dismiss it as entirely out of 
court. It would seem that most of our information on the duration of excited 
states is derived by rather indirect methods, and that although it is difficult 
to avoid the view that the mean duration of an excited atom, isolated from 
other atoms and from radiation, is a definite constant independent of the cir¬ 
cumstances of excitation, yet this has rather been assumed than proved. 

The second alternative is that in Plate 3:—simple resonance radiation passes 
over gradually to more complicated processes before persistence becomes 
apparent. That this is to a certain extent the case must, I think, l)e admitted. 
Two processes are to be considered. The imprisonment'' of radiation and 
the passage down to a metastable state and up again. 

“ Imprisonment of radiation, i.e., repeated handing on of radiation from 
an atom to its neighbours, is certainly operative to some extent even at room 
temperature. We can distinguish in Wood’s early photographs, and also in 
the original of Plate 3, No. II (though not perhaps in the reproduction), the 
distinction between secondary radiation in the path of the primary beam, and 
tertiary radiation out of that path. 

Zeemansky*** who experimented on the duration of resonance radiation in 
static mercury vapour up to densities comparable to those here used, and 
found duration of the order of 10^^ seconds, interpreted them entirely on the 
basis of imprisonment of radiation. 

If this interpretation is adopted for the mote conspicuous cases of per¬ 
sistence, Plate 3, No. VI, the failure of the radiation to be propagated 
downward, would be explained by assuming that the spreading of the imprisoned 
radiation is unable to make headway against the vapour stream, on account 

♦ * Physical ^Review,* voL 20, p. 513 (1927). 
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of the greater velocity of the latter, while in the upward direction the two 
velocities are added. In the lateral direction the stream of luminous vapour 
should tend to spread so as to fill the cross section of the tube. Nothing of 
this sort is apparent on photographs such as Plate 3, No. VI, which certainly 
suggest that the lateral spreading, if any, is very slow compared with the 
velocity of the stream. 

There is another alternative to be considered. This is the passage of 
atoms to the metastable state ®P() by a collision of the second kind, a duration 
in the metastable state of the order of 10 seconds, and a return to ^P^ by an 
exceptionally energetic collision of the first kind. 

It has been shown by Asada* that a process of this kind does in fact occur in 
a mixture of mercury vapour at room temperature with 14 mm. of nitrogen, 
and accounts for an observed afterglow when this mixture (static) is illuminated 
by the resonance line. 

It may be that in the present experiment the excess of mercury vapour, 
itself takes the part of the added nitrogen, though it seems probable that in 
some of the experiments the density is too small to make this explanation satis¬ 
factory. In some forms experiments on the luminous vapour arising from a 
discharge in mercury alonef I found that the “ forbidden line 1 —2 *Po 
2656 was strongly developed. In that case we may assiune that a considerable 
accumulation of 1 ^P^ atoms is present, but that experiment, unlike the present 
ones, is not free from complication arising from the presence of higher excitation 
than the resonance line, A close search for this forbidden line with mercury 
vapour only, and excitation by the resonance line, is suggested by these con¬ 
siderations and is on my programme. 

Although it does not seem possible to decide at present between the alterna¬ 
tives suggested, yet I must confess that it seems to me unattractive to adopt 
one kind of mechanism to explain persistence in the visual luminosity, and a 
quite different kind of mechanism to explain it for the 2537 radiation. It is 
only in the case of the latter that imprisonment of radiation could help us, 
and therefore I am not drawn to tliis explanation. For persistence of the 
visual luminosity it would seem that we must resort to some hypothesis of a 
long lived excited molecule because, as we have seen (c/. Plate 2, Nos. VI and 
VII the visual emissioncan under suitable conditions be observed at a 

* ‘ Phys, Zeit,/ vol, 29, p. 709 (1928). My attention was drawn to thb work by Prof. 
R. Lsdenburg, whom I wish to thank for valued suggestions, without, of course, makin g 
him responsible for any opinion here expressed. 

t ‘ Roy. Soc. Proc.,’ A, vol. 114, p. 620 (1927). 
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distance from the source, after all phenomerui which can be aUribi/ted to excited 
atoms have died away. 

It has been suggested by Houtermaus’*' that the metastable state of 
the mercury atom can be invoked in this case also to give persistence by an 
indirect process. If, however, this state of the atom is regarded as readily 
passing over to ®Pj, emission of X 2537 would necessarily accompany the visual 
luminosity, which in fact it does not, as we see in comparing VI and VII, 
Plate 2. 

Again, the fact that the green radiation can be excited by long waves up to 
at any rate X 3450 seems to show that atomic excitation need not intervene 
in its production. It is true that persistence lias not yet been demonstrated 
for these long wave excitations. 1 am inclined to think, however, that this 
has only been prevented by technical difficulties. 

It seems difficult to carry the discussion much further until the true nature 
of the absorption band extending from about X 2537 to long waves has been 
more definitely determined. For simplicity of discussion 1 have hitherto 
referred to this as molecular absorption, but Houtermans (loc, cit,), adopting 
views similar to those of Born and Franck,f considers that at a distance from 
the resonance line the absorption is not really molecular, but due to triple 
collisions between two atoms and a light quantum, with fonnation of an 
excited molecule at about the same energy level as a ^Pj excited atom. In 
favour of this view is his observation that this absorption is not diminished 
by strong superheating, which should dissociate molecules, and thus reduce 
true molecular absorption. 

Against it is the fluted structure in this band found about the same time by 
myself and by Mohler and Moore, J 

Walter and Barratt (loc, cit,) have attributed this structure to an oxide 
molecule; they found that it is only present in the presence of a trace of 
oxygen. My own experience would not lead me to think this probable, but 
similar questions have proved very difficult to settle experimentally in the 
past, and I should wish to re-examine the question in the light of their work. 

Again, let us consider the experiments on p. 4 in which visual fluorescence 
is excited by wave-lengths as long as X 3450 acting by absorption in this band. 
It is a somewhat violent assumption that the true meclianism involves ascent 

* Loc, cU„ p, 147. 

t ‘ Z‘ Physlk,’voI.81,p.411 (1925). 

} Rayleigh, ‘ Nature/ voL 119, p. 778 (1927) Boy. Soo. Ptoc/ A, vol. H6, p. 702(1927); 
Mohler and Moore, * J. Opt. Soc. Am./ vol. 15, p. 74 (1927). 
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to a level 1 • 14 volts higher than the excitation, though it is true that in the 
dense mercury vapour atomic collisions able to supply the additional energy 
required do occur sometimes, if rarely.* 

The strong “ antistokes fluorescence shown in Plate 1, No. IV, apparently 
proves however that there is an ascent of at least 0*27 volts above the optical 
excitation, whatever view may be taken of the mechanism. In this experiment 
the fluorescent intensity appears to depend on the first power of the exciting 
intensity. This was determined by Wood's test with a wire gauze, which 
produces the same effect whether used to reduce the former or the latter. It 
seems, therefore, that we cannot assume that two quanta are absorbed in 
succession by the same system. 

§ 8. Summary, 

This paper deals with fluorescence of mercury under frequencies equal to 
or less than that of the resonance line X 2537. 

Complete absorption can be traced in a column of dense vapour 10 cm. long 
from the resonance line as far as X 3750 

The green visual fluorescence has been traced in dense vapour with excitation 
beginning only at X 3460. 

The 8i>ectrum of the fluorescence, consisting of the broad bands X 3300 and 
X 4860, has been photographed with excitation beginning at X 3860 upwards. 
In this case Stokes' law is strongly violated, the fluorescence spectrum 
beginning at wave-lengths 230 A. shorter than the excitation. 

In the neighbourhood of the resonance line, the spectrum has only been 
photographed in less dense vapour. At 10 mm. pressure it shows the line 
X 2637 and the band X 2540, At 2 mm. pressure only the line. Excitation 
began 0*66 A. on the long wave side of the line. 

When excitation extends over the resonance line, the fluorescence is sharply 
divided into core effect, excited by a range of 0-1 A. at the resonance line and 
wing effect excited by the region beyond the atomic line. The wing effect 
penetrates furthest into the vapour. This distinction is observed whether we 
examine visually (including photo-visually) or by photography, in the region 
of the resonance line (referred to as ultra-violet). 

* Using Foote’s method of calculation (‘ Phys. Review,* voL 30, p. 293 (1927)) I dud that 
in mercury vapour boiling at atmospheric pressure, 6 x lO** of the whole number of 
collisions have enough energy to pass from the exciting wave-length X 3125 to X 2637. 
Unfortunately the temperature of the denser vapour that was used in exciting with still 
longer waves was not determined at the time when the experiments were made* 
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These various effects are examined in a moving stream of vapour (Phillip’s 
effect) with some control over the velocity of the stream. It is found that the 
visual core effect begins to pass along the stream at lower velocities than the 
ultra-violet core effect. The same applies to the wing effect. Thus the visual 
and ultra-violet effects can be separated in s*pace. 

With increased velocity of the stream the ultra-violet fluorescence moves 
also, in both cases. 

Starting with Wood’s ‘‘ resonance radiation ” at atmospheric temperatures 
in vacw, and raising the temperature of the mercury, it is shown that we can 
pass continuously to the phenomenon of the moving ultra-violet core effect. 

Photographs of the various phenomena are reproduced and the bearing of 
them discussed. 


The Energy Functioyis of the H 2 Molecules, 

By 0. W. Richakoson, F.R.S., Yarrow Restwch Professor of the Royal 
Society, and P. M. Davidson, B.A., King’s College, London. 

(Received April 26, 1929.) 

§1. Cmuparism of Vibrational and Rotational Delermimtiom of the Terms 
in the Expansion of the Force Function near the Equilihritm Position, 

Owing to the progress which has recently been made in the analysis of the 
spectrum of Hg*** we now have a good deal of information about the energy 
functions of some of the more stable Hg molecules. In dealing with this 
material we shall first compare the results given by the formula of Kratzer,t 
Bom and HiickelJ and Kemble,§ which depend mainly on vibration data and 
only in a secondary degree on rotational data, with those given by the method 
of Birgell which involve only rotational data. It is satisfactory to find that 
the two methods do give a reasonably good agreement. This is important 
because without such agreement it is not possible to attack this problem by 

♦ Riohatdsoa, * Roy. Soc. Proc.,’ A, vol. 113, p. 368 (1926), and vol. 115, p. 628 (1927); 
Riohardson and Da«, ibid,, vol. 122 , p. 688 (1929); Richardson and Davidson, ibid., vol, 
123, pp. 64. 466 (1929); vol. 124, pp. 50. 69 (1929). 
t ‘ Z. Physik,’ vol 3. p. 289 (1920). 
t ‘ Phys. Z. Jahrg.,’ vol 24. p. 1 (1923). 

# I ‘ J. Opt. 800 , Ajnerloa.* vol. 12 , p. 1 (1926). 

II ‘ Nature,* vol. 116, p. 783 (1926). 
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existiAg methods. In addition it shows that the analyi^ of the spectrum has 
proceeded along sound lines. A convenient account of these two methods 
will be found in the Report on Molecular Spectra in Gases.’^' 

Assuming that in the neighbourhood of the equilibrium position the mutual 
force F between the nuclei can l)e expressed as a series of powers of tlie 
displacement, we can Avrite 

F - (r ^ r,) + k,(r ^ + k, (r ^ + ... (1) 

where r is the instantaneous and the ecjuilibrium separation and A;|. /c 2 . k^y 
etc., are constants whose units are dynes jK?r centimetre, square centimetre, 
cubic centimetre, etc. By the “ vibration method 
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Here o := 2*99796 x 10^^ cm. sec.”'^ |x — 1*650. X WhW 2 /(% + 
where amd mg are the atomic weights of the atoms, Oq is the vibrational 
frequency at zero amplitude, in wave-numbers per centimetre, 2Bo — A/irc^l^c 
where and A = 6-647 X erg sec., a is the constant in 

B„ — Bp — an +, etc., and x is derived from the expression nco<, (I — xn + ...). 
B(j and a are expressed in wave-numbers per centimetre. In the “ rotation 
method we set out from the following expression for the rotational energy 
F(, (m) of the mth rotational vibrationless state 


Fo (m) B^m® 4 - + Fom® -f Horn®, (5) 

in which B^, Fq and Hp are constants. In terms of these constants those 
in equation (1) are given by 
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We shall now apply these formulae to the data which have been obtained 
for the lower level 2 of the parhelium-like band S3nstems and for the lower 
and upper levels 2 *S and 3 of the a system. 


♦ * Bull. Nat. Re»e»roh CoimoU,’ vol. 11 , p. 236 (1936), 
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The data for 2 are given in a previous paper* (§ 3). Taking the atomic 
weight of H to be 1-00777 we have p —8-314 X 10“*®. The value of Mq 
is 1337-726, so that the vibration method gives 

hi — c*p — 5-28.10* dyne cm.“*. 

The rotational analysis gave ~ 19-466 and — —0-0167 so that the 
rotational method equation (6) gives 

fcj = 5-49 . 10* d3me 

The vibrational analysis gave at = 0-96, so that equation (3) gives 
^2 = — 0-944 . 10“ dyne cm.“*. 

The rotational analysis {loc. dt., p. 71) gave F„ = 1-3.10“®, so that from 
equation (7) we have 

*2--1-2,8.10“ 

An alternative value found was — 2.10”® which would give a better 
agreement. The valne of xto, was found to be 19-54, so that from equation 

(4) 

A, — 1 -464.10** dyne cm. *. 

The value of on the rotation method depends on Ho and there are not 
enough rotation data to determine this constant. Here in computing each 
k the k's previously got by the same method are used. 

For the 2 *S state Richardson and Das (loc. eit.) give the following data 

oio = 2594-06, Bo = 33-.387, Do = -0-0217. a = 1-6497 
and 

ro = 0-998.10“«. 

We must now attempt, however, to treat the data so as to obtain a value of 
Ffl. The effect of the Hq term is small, so we assume 

F (w) = BoTO* + Do»»* + Po»n®. 

The (F „+2 — F„)’8 have differences 

2nd diff. = 48 (m + 2) Do + 120 (2m» + 12w* + 27»» + 22) F„ = L, say, (9) 

3rd diff. = 48Do + 120 (6w* + 30m + 41) F„ = M, (10) 

4th diff. = 1440 (m -f 3) Fo = N. (11) 

From Richardson and Das, p. 693, the values of these three quantities for 
2 *Sfor m a= are — 2-611, — 0-842, and 4- 0*044. The equation N = 0-044 

• ‘ Hoy. Soc. Proo.,’ A, vol. 128, pp. 62 H ttg. (1929). 
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gives Fo “ 9.10“®. The effect of the m® tenn, vrhich is here becoming 
appreciable, suggests the correction F^ ~ 10~®. The simultaneous equations 
L = —2'611, M = —0-842, give Fo = 4.10"®, Do = -0-0238, The 
first method of finding Fo involves using two (F „+2 — F „)’8 which are not 
mean values ; the second method involves one. Gale, Monk and Lee’s possible 
errors thus make the discrepancy not surprising, and we may as well take the 
average value 2-6 .10“® for F,,. Actually the second method is likely to give 
the more accurate value, l)ecause, among other reasons, the contribution of 
Fo to the quantities is larger. 

The vibrational method gives for k^, 1-9846. 10 ® dyne cm."^, for — 4-867 
X 10*® dyne cm."®, and for k^, 0-769.10®* dyne cm.“®. The rotational method 
gives for k^, 1 - 88 . 10 ® dyne cm."*, and for k^, — 4-1 .10*® dyne cm."*. 

For 3®P Kichardson and Das (ioc. dt.) find w, — 2307-63, aro>o — 6 I- 685 , 
Bo = 29-825, Do =-0-02041, a = 1-3634 and ro = 1-056.10"®. These 
data are for the levels from which the R' P' lines come. The values for the Q 
levels are so similar that it seems unnecessary to work out the data for both 
levels. 

Using the previous notation, we have from page 692, Richardson and Das, 
L = ~ 3 • 390, M = — 0 - 875, w having its lowest value 1^. This simultaneous 
equation gives Fo == 1 -1. 10 "®, Do = — 0-0209o. These equations depend on 
two (F „42 — F „)’8 which are not mean values. 

With these data we find by the vibrational method 

^ = 1 -570.10® d 3 Tie cm."*, ig = — 3-546.10*® dyne cm."*, 

A, = 6 - 017 . 10 *^ dyne cm."®. 

The rotational method gives 

k~^ = 1-494.10® dyne cm."*, ^j = — 4*8.10*® dyne cm,"*. 

Another way of expressing the agreement between the vibrational and 
rotational data is to calculate the values of Dg, Fj and Hq from Bj and the 
vibrational constants by means of the equations 


Do=-4Bo*/o>o*, (12) 



““ b;;^o 

These values are compared with the observed vdues in Table U. 
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Table Ia. 


1 

I>6. 

F.- 


MeaAtmed . 

10-a 

-1-646 . 10-“ 

r Between 
\l*3 and 2 . 10“» 
2-0 . J0-» 

-2-4 . 10-» 

Calculated . 


9 sQ Measured .' 

-2*3. 10-» 
-2-212. 10-“ 

Alxiut 2-6.10~* 

2 0.10-** 

-*2-27 . 10-" 

Calculated .. 


n jp Measured . 

-2*1 . 10“ 
-1-90. 10-* 

About 1*1. lO"* 
l-Sg. J0-» 

-2-3. 10-» 

Calculated . 



The measured values of Fq are seen to be as close to their theoretical values 
as can be expected with the possible errors of measurement. 

It is clear from these calculations that in this spectrum, as in others, the 
vibrational method permits far greater accuracy than the rotational, so we 
shall keep to it in the rest of the paper. 

First, however, we should like to make a correction to one of the calculations 
on p. 71, Part I. The theoretical value of p in the formula C» = Cq + 

(or in the present terminology D* = Dq + P«) is there computed as —0-39 D„. 
The method is sensitive to the values of Fj and employed, and if we give 
them their theoretical values from the above table, we find for p the value 
—O’ 187 Dfl, which is in far better agreement with the observed value. 

§ 2. Comparison with HCl Data. 

These were originally worked out by Kratzer, but they have been carried 
further using more recent and improved observational material by Kemble 
(loc. dt.). He gives the following values I® = \xr^ — 2*65 . 10“*®, 
rj =a 1 ’28.10~®, Bo = 10’447, Do (observed) = — 0’000614, coj = 2940’77, 
jZUgss 53-58 and a —+0*30796.* The data seem too inaccurate to 
deduce or Hg. 

With these data the vibration method gives == + 4*97 . 10®, 

=s — 1-39.10“ dyne cm.“® and = + 2-23.10“ The rotational 
method gives jfcj = 5’10.10®. The value of Fg given by equation (13) is 
1*64.10~* and with this value equation (13 a) gives Hg = ~ 8-7. 10 "“. 

The values of the coefl&cients and of the ratios of successive pairs 

and similar data for the coefficients Bg, Dg, etc., for each of the three excited 

* Kemble also gives a value « = 0 ■ 3042 which he seems to consider more accurate than 
this. This would alter our i;, and k, but only by atout 1 unit in the iast piaoe. 
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Hj molecules 2 ^S, 2 ®S and 3 *P, as well as of the unexcited HCl molecule are 
collected in Table I. 


Table I. 



1 1 


1 


i 

B,. 

2^8 

6-28. 10‘ 

~5-6 . 10-* 1 

-0-944.10« 

i 

-6-5.10-* 

1-464.10“ 

1-9466.10 

2 08 

1-98.10‘ 

1 

1 1 

-4-0.10-* 

^-4-87. 10^» 

.. . 1 

. 10 -* 

0*77 , 10** 

1 

3 -3387 . 10 

3 3p 

1-57. 10* 

~4-6 . 10-* 

—.8-54.10'» 

-71. 10-* 

5*02.10*' 

2-9825. 10 

HOI 

4-97 . 10» 

lO'* 

^1*39.10'* 

-6-4. lO-** 

2-23.10** 

1-0447.10 

! B./D.. 

1 1 

1 1 


1 

K 

j 

H„. 

2 'H 

-1-22 . 10» 

^1*6.10-* 

-0-8. 10* 

2 0.10-* 

-.0-83 . 10* 

-2-4.10-» 

2»8 

-1*52.10* 

~2*2. 10“* 

~-M . 10* 

2»0. 10-* 

--^0*87. 10* 

-2-3 . 10-* 

3»P 

-1-49. 10* 


. 10« 

1*88. 10* 

--*0*82. 10* 

-2*3. 10-* 

HOI 

-1‘98. 10* 

*-5-27. 10-* 

.3-2. 10* 

1*04. 10-* 

-*^1*0. 10* 

-8-7. 10-'» 


It will be seen from Table I that the successive coefficients in both sets always 
alternate in sign so that the ratios of successive coefficients arc always negative. 
The ratio is nearly equal to kjk^ in every case, and these ratios have 
very similar values for all four molecules. There is not a great difference in 
the absolute values either. This is another illustration of the close similarity 
between the structure of the H 2 and HCl molecules which was pointed out by 
one of us some time ago.* The ratios B„/Do, D„/Fo and are all nearly 
equal for each substance; they may in fact be equal, as the estimations of 
Fg and Hg are necessarily inacciu'ato. They also have very similar values for 
all the three H, molecules but the values for HCl are very much higher. 


• 0. W. Richardson, ‘ Roy. Soo. Ptoc.,’ A, voL llS, p. 416 (1926). 
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§ 3. The. Poietilial Emrgy Fumiiom U (5) of 2 ^S, 2 »S, 3 »P, 3 md H* +. 

We now proceed to a more complete determination of the expansion of the 
potential energy function of the molecules in the neighbourhood of the equili¬ 
brium value rp of the internuclear distance r. We adopt a notation slightly 
different from that in § 1 as it is more compact and convenient. The treat¬ 
ment, in fact, follows closely that of Kemble.* Let the potential energy U 
of the molecule be expressed as a power series in the form 

U (ergs) - kiH\ + al + 6^ + + . . .) (14) 

where ^ = r/rp — 1. Then if ctoy is the frequency for infinitesimal amplitude 
we have 

Wo = (2 A;/Io)*/2to, (15) 

and we shall write coj = = 2Bp, u = <oi/cop. Then the term values 

being expressed in wave-numbers in the form 

F« (j) = A„ + B«w»* + D„w« 

where 

A« — tOpH + yn^ + ♦ 

D, = a'' + + Y"n2 -f . . , 

formul80 are found for the constants in (16) in terms of k, a, 6, c, etc. Of these 
there are four which include a and b but are free from c and d. The first two 
are 

y-|a>pW(6--fz2) (17) 

and 

ol' ^ + a), (18) 

from which we can find a and b. The other two are the formulas for (3" and 
for Fp, the coefficient of m® (see § 1), and the information which they provide 
is not accurate. The only formula involving a, b and c without d is 

y' = |coiW* 1^6 + 10a — 36 + 5c — 13a6 + ^ (19) 

from Which we determine c ; and finally d is obtained from 

! = + ( 20 ) 

We consider first the data for 2 ^S. 

We have from (16) k = 27iVIo<«>o^ and putting lo == 1 • 42 , c = 3, 

* ‘ J, Opt, Soc. America,* vol 12, p. 1 (1926), 
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10“ and (.>0 — 1337, which are accurate enough for the present purpose, ws 
find ifc == 4-516 . 10“^® ergs. It is more convenient to express U in " volts.” 
To do this we have to multiply A by 0-629.10“ and instead of the constant 
k outside the bracket in (14) we have 0-629.10** x A = 2-84. 

The bands are well represented by 

An = 1338-136w - 20-26n® + 0*7976n» - 0-0946n* + 0-006n® 

B, = 19-466 - l-067« + G-0876n*-0-007n* .... 

If the expression for A, were replaced by the more approximate 4-temia 
series given in a previous paper (Part I), the terms of U would only be 
affected very slightly. 

We shall not need the last term of either equation. Substitution of the 
others in equations (17) to (20) gives 

U(2*8) = 2-84 (5* - 1-635®2-635*-4-U®-4-65*...) 

= 2-845* - 4'635* + 7-465* - 11-65* -f 175* ... (21) 


It is to be noted that here and in other cases such inaccuracies as are 
possible in the formulss for A« and have little effect on the formulsB found 
for U; also that though the last two terms in the U formula appear to be com¬ 
puted from a small term in the A„ and B» formulse, the percentage error in 
the U term is in no way proportional to the percentage error in the small 
term: the magnitude of that term is rather to be regarded as determining 
the small departure of the U ^erm from the value which it would have if the 
small term were neglected altogether. In the above case, for example, an 
error of 20 pet cent, in the value 0 • 0876 for the coefficient of n* in B* only causes 
an error of about 2 per cent, in the 5® term in (21). This will lead, however, 
to an error of about 10 per cent, in the 5* term, which is, unfortunately, rather 
sensitive to the value of the previous coefficient. It is, of course, the least 
accurate, and the least important term in the series. 

For 2 *8 we find 

A, = 2594-30» — 70-43n* + 0-90n* -f 0-04n*... 

B«== 33-386 — l-6497n-t-0-0212«* ... 



The coefficients in A differ very slightly from those given by Richardson 
and Das,* owing to a different method of extraction. We have worked out 

• ‘ Roy. Soc. Proo.,’ A, voL 188, p. 716 (1929). 
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the formula for U using each of the alternative formuUe, and the difference 
proves Very small. We find 

U (2»S) - 6-245* (1 - 1-63785 + 1-9435* - 2-165® + 2-65* ...) 

= 6-245* - 10-215® + 12-125® - 13-45® + 15^* — (23) 

We now consider the 3 ®P level. 

The data are for the upper level of the a bands from which the P' R' lines 
(not the Q lines) come. We have 2Bo = 69-66, 2 B 2 — 64*20, 2Bj = 61-26. 
Owing to a perturbation in the n' — 1 level we cannot measure 2Bi from the 
lines so we take it to be 57 -0 which makes the second differences regular. To 
fit these data we require 

B, = 29-826 — 1 -287n — 0-038 m*. 
and Richardson and Das (loc. cU.) give 

A„ = 2307-62n - 66-013n* + 0-845n» — 0-029n®. 

Bo = 29-826 gives Iq = 9-266.10"®® and r# = 1*056 -10~®. The formulm 
now give 

U = 6-375*(l - 1*5565 + 1-6765* - 1-665*) 

= 6-375* - 8-3615* + 8-4615* - 8-385® volts. (24) 

We now consider the 3 ^B level. 

The data for this are taken from Part I, Table III,* and Part II, Table XIILf 
We have used 

B, = 28-3 - 2-226n + 0-075n* 1 
A, = 2175-06n- 77-83n» J 

The exact value of the coeflSciout of w* in Bn is not important. This gives 
U (volts) 6-165a(l -- 2-()U + 3-195* - 75») 

= 6*1652 - 10-45» + 16-55* -- 365^ (26) 


§ 4. The Total Energy of the Hg MolemleSf the manner in which they Dissociate 

and some Related Matters. 

We consider first the case of 2 ^S. In Part IJ we found, by extrapolation of 
the vibration levels, the energy necessary to dissociate this in the rotationless 
vibrationless state to be 3-418 volts, let us say 3-42 volts. We now have two 

♦ ‘ Roy. Soo. Proc./ A, vol 123, p. 60 (1929). 
t p, 473 (1929). 

I ‘ Roy, Soo. Pmc.,* A, voL 123, p, 65 (1929). 
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atoms whose total energy Q must be the sum of two of the quantities R, 
JR, JR, etc., where R is Rydberg’s constant, since each must have electronic 
n = 1 or 2 or 3, etc. Thus to break up the molecule completely from the 
2 *S st^ite requires energy 3'42 + Q volts. 

The same breaking up can be done by first ionising the 2 state from its 
ground level to the v of the ion, the necessary energy being according to us, 
since for 2^S v, = 33876 and the vibrational zero point energy is » = 674,* 
33876 _ 674 = 33202 wave-numbers (on the tmve mechanics) = 4*10 volts, 
and then breaking up the ion ; which requires the amotmt of energy necessary 
to destroy the ion from its v level. Assuming Burrau’sf value 16-30 for this 

3-42 -f Q = 4-10 -f 16-30 = 20-40 or Q == 16-98 volts. 

As just stated, Q must be the sum of two of the quantities R, JR, JR, etc., that 
is 13-542, 3-385,1-505, etc., volts. This shows unambiguously that one atom 
has n == 1 and one has n == 2 (as would bo expected for the products of 2 ^S), 
giving 

Q = 13-542 + 3-385 = 16-927 . 

This differs from 16 ■ 98 by 0 • 053 volts which is within the accuracy of the extra¬ 
polation by which the energy of dissociation D (2 hS) of 2 was obtained. It 
is also almost within the probable error ±0-03 which Burrau assigns to his 
•computation of 16-30 ; so that we can claim this as a further verification of 
the results of the wave-mechanics, in addition to the one given in Part II 
(he. cit.). 

We can check this by using the data from the interpretation of the spectrum 
by the formulee of the old quantum mechanics. On that interpretation we 
found in Part II that v< (2^8) = 34365 wave-numbers = 4-24 volts as the 
interval from the ground level of 2 to the ground level of the molecule ion, 
and 16-16 volts is required to ionise the ion from that state. Thus the total 
energy, say E (2 *8), needed to destroy a molecule at the n = 0 level of the 2 ^8 
state is 16-16 + 4-24 = 20-40 volts. This is the same value of E(2^S) as 
was got by the wave-mechanics formulee above. 

If we assume Burrau’s value to be correct, we can reverse this process so as 
to redetermine the dissociation energy. In this way we find D (2 ’‘8) = 3-47 
volts. 

Turmng to 2»S we have Vo = 29340 wave-numbers = 3-61 volts and 
Q = 3 - 61 + 16 ■ 16 — D (2 ®S) where 16 • 16 is the value of I (H 2 +) (see Part 

* ‘ Roy. 800 . Proo.,’ A, vol. 123, p. 486 (1929). 
t ‘ K. Danske Vid. Sebk., math-fys.,’ vol. 7, p. 14 (1927). 
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!!♦) on the old mechanics, to which system “ 29340 refers. The value of 
D (2 *S) as recomputed by Birgef is 3*02 volts from which 

Q 19-77 ^ 3-02 =- 16-75 volts. 

This result shows that this molecule also dissociates into one unexcited atom 
and one atom in the n ^2 state as we should expect. The total energy 
B (2 *S) defined as for 2 is taken as 19*77 volts (assuming Btirrau’s value to 
be correct) and subtracting |R = 16*927 we redetermine D (2 ®S) as 2*843 
volts. 

E (3 ®P) the work to destroy the 3 ®P molecule, with no vibrational or 
rotational energy, can readily be found from the value 19*77 for E{2®S). 
The 3 ®P level lies 16620 wave-numbers = 2*04 volts above 2 ®S, so that 


E (3®P) 19*77 - 2*04 = 17*73 volte. 


According to Birge’s remeasurement (loc. dL) of the dissociation energy of this 
level, it is 21,120 om.^^ = 2*607 volts. Thus for this molecule we have 


Now 


Q 17*73 -- 2*61 = 15*12 volt>s. 


R + !iR 13*542 + 1*504 ==: 15*046 volts. 


This shows unambiguously that this molecule dissociates into one unexcited 
atom and one atom excited to n == 3, as we should expect. Using the 
theoretical value of R + JR to correct the value of 1) (3 ®P) we find 

D (3 ®P) = 17*73 - 16*046 =2*684 volts. 

Again 4 ®P lies 22263 wave-numbers = 2*75 volts above 2 ®S, so that the 
work to destroy it is E (4 ®P) = 19*77 — 2*75 == 17*02 volts. According 
to Birgers remeasurement (loc. cit.) the dissociation energy of this level is 
20,620 cm."^ = 2*535 volts. Thus for this molecule we have 

Q = 17*02 2*535 = 14*485 volts. 

Now 

K + ^R = 13-542 + 0*846 = 14*388 volts. 

Here again we have a direct and unambiguous proof that the molecule in 
which the electron has total quantum number n breaks up into an unexcited 
atom and an atom in which the electron is excited to quantum number n. In 

* ‘ Boy. Soo. Proc.; A, vol. 123, p. 466 (1929). 
t * l*roc, Nat. Acad. Sci.,’ vol. 14, p. 12 (1928). 

J> 


von. oxxv.—A. 
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the present case n = 4. Using the theoretical value of R + to oorrect 
D (4 ®P) we find 

D (4»P) = 17‘02 - 14‘388 =-2*632 volts. 

3 ^B lies 21850 wave-numbers = 2*70 volts above 2^S ; so that the total 
energy E{3^B) to destroy 3^B is given by 

E(3iB) = E(2iS) - 2*70 = 20-40 *- 2-70 = 17*70 volts. 

As we have found that all the other excited molecules dissociate into an un¬ 
excited atom alad an atom with the same excitation as the electronic excitation 
■of the original molecule, it seems safe to assume that this applies also to 3 
If so we have 

E (3 IB) = 17 • 70 = D (3 ^B) + R + i R = D (3 ^B) + 15 • 046 
giving for the dissociation energy of this molecule 

D (3^3) = 2-654 volts. 

The vibrational properties of this level are not incompatible with such a value. 

If we assume that this method is applicable generally we can use it to 
estimate the dissociation energy of all the known electronic levels of the Hg 
molecule. These, together with the total negative energy values E, all in 
equivalent volts, are collected together in Table II. To make the table more 
complete various other important constants of the levels have been added. 

In this table v, is the «, w = 0 electronic term in wave-numbers. All are 
measured from either 2 = 34365 (Part II) or 2 = 29340 (Richardson, loc. 

cie.). Dieke and Hopficld’s A and C involve Hori’s measures, the remainder 
rest on the measures of Gale, Monk and Lee. “ den ” is the value of z if = 
Rydberg constant -^ 2 *. oq is the vibration frequency (wave-nmnbers) at 
infinitesimal amplitude. o>qX and 2 B 0 are the usual band system constants, 
fo is the equilibrium nuclear separation, t is the constant required to express 
the rotational terms as B (j •— e)* with j half-integral. <t is the number of 
missing rotational levels, v means variable. Uncertain figures are depressed. 
Owing to peculiarities of the electronic levels many of the band constants, 
especially those of the upper levels of bands ending on 2 are estimated 
subject to particular assumptions. For a complete interpretation of the table 
reference should be made to our previous papers (Parts I-IV), and to the 
papers by Richardson {loo, oit) and Richardson and Das {lac. od*). 
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Table II. 


Level. 

j 

den. 

K. 

D. 

Wq. 

cu^x. 

2Bo 

roXlO*. 

«. 

0. 

1 IHeke and Hopfield's A ... 

124569 

0*934 

31-54 

4-485 

4262 

113-6 


0*76 

0 

0 

2»fi B 

34306 

1*959 

20-40 

3-47 

1337*726 

19*54 

.38-91 

1-313 

0 

0 

„ c ... 

26476 

2-076 

19-30 

2-37 

2380 

60*5 

59 

1 06 



2»S . 

29340 

1*933 

19-78 

2*86 

2694 

70-5 

68-773 

0-998 

0 

0 

3(T)*8<8^‘)^ . 

17733 

2*48, 

18*35 

1*42, 

2130 

67 

53 08 

M19 

0 

0 

3*P{Q) . 

12719 

2-937 

17-73 

2*68, 

2 .W -6 

65*01 

59*09 

1*061 

0 

1 

3»P(R') . 

12719 

2*937 

17-73 

2*68, 

2307*5 


59*65 

1'066 

0 

1 

S^A . 

12540 

2*957 

17-70 

2-65, 

214.3-00 

40-.33 

40 * 



0 

. .... 1 

12515*, 

2*960 

17-70 

2*66, 

2176-06 

77*84 

6a-6t ^ * 


-hi 

1 

3*C . 

12758 ^ 

2*032 

17-73 

2-68' 

2340-60 

114-85 

56-et 40 * 



0 

31 K . 

12937*; 

2-913 

17-766 

2-71 

2239 

«*4 

21-S* 


0 

0 

3‘L .:. 

1130,. 

3*118 

17-55 

2-60 

c-a. 1830 


19-4* 


0 

0 

zm . 

1117,. 

3-138 

17-63 

2-48 

219,. 

b- 

26 ♦ 


0 ? 

V 

8»N .. 

9469 

3*408 

17-33 

2-28t 

ca. 2000 


36 • 


0 

0 

3^0 . 

11614 

307 

17-59 

2-54 

2414 

124 

59 • 


0 

0 

3»Q . 

12526 

2-958 

17-70 

2-65 



76 • 


0 

T 

A 4142*801 (upper) .. 

10000 

3-31 

17-39 

2-.?4t 



76 * 


+l*t 

>1 








or 52 * 




A 4097-433 (upper) . 

9935 

3-.328 

17-38 

2-3.3: 





0 r 

>0 

4'P(Q) . 

7067 

3-942 

17-03 

2-64 

2276-6 

6o- 

68*80 

1*064 

0 

1 

4 •?(»') . 

7067 

3-942 

17-03 

2-64 



58*676 

1*066 

0 

1 

41 A . 

j 7008 

3-956 

17-02 

2-63 



about 

about 

-i 

0 


I 






60 

1-05 



4‘B . 

6991*, 

3-961 

17-02 

2-63 

ca. 2200 


about 

about 


0 








60 

1-05 



4»C . 

7152*, 

3-916 

17-04 

2-65 



about 

about 

-hH 

1 








80 

1-06 



4*X . 

6761*, 

4-03 

16-99 

2*60 



about 

about 

-h2i? 

2 








60 

1*05 



4»E . 

7187 

3*91 

17*06 

2-66 



about 

about 

2 ? 

1 








60 

1*05 



6»P . 

4493 

4-96 

16-71 

2-63 

2261 

5. 

5, 




6»P . 

3107 

6-95 

16-56 

2*63 

2236 

6, 

0 , 




7*P . 

..2276 

6-95 

16-46 

2*63 







Infra-red system ( upper state)§ 

263oo* 

2-084 

19-28 

2-36 

23,0- 

IflO- 

oa. 60 

ca. 1-2 

0 

0 

Infra-red system Ripper state) 11 

21009 

2-286 

18*76 

3*70, 

1900 


4o- 

i’a 

0 

0 

. 

0 

X 

16-16 

2*62 

2280 

60 

59 

1-06 




• Value for m small, 
t Value for m large. 

f These data assume that the relevant level upper of A 4142 *801 or upper of A 4097 *433) is a 3*eleotroiiio 
level. 

§ Xheso data assume the upper level to be a a -== 2 electronic level and that 11310 is the n' -^ \ baud. 

11 These data assume the upper level to be a a 3 electronic level and that 13402*1 i« thf? «' === 0 band. It seems 
pretty certain from these figures that the assumption (electronic n — 3) is untenable. 

^ The data lor this level are from an unpublished paper by Richardson and Dae. 


§ 5. The Range of Validily of the Expansions, 

In fig. 1, curve A is the graph of 

U = 6'288^* - 10-2U® 4- 12125* — + 16^5* 

and curve B that of 

U «= 6-2385» - 10-215* + 12-125* - 13-4s5* -f 15H* - 

D 2 
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This is the erpansion for 2 *8. The data give the coefficients as far as and 
the IcJ term is the extrapolation to give a second limit. In all cases it is seen 
that the signs of the tenrus are alternating and the absolute magnitudes either 
continue to increase or at least do not perceptibly diminish at the higher powers 
of These properties are also shown by the data for the HCl bands. These 
alternating signs are boimd to arise and mean that the force between the nuclei 
increases rapidly as they approach each other. In the energy curves it will 
appear that the amplitude inwards is not nearly so large as the amplitude out* 
wards, except when n is very small. If it were not so we could hardly get the 
eight or nine vibrational states which 2 ^S, 2 and 3 each possess. When 
the first two vibrational energy levels (1318^ and 2600 wave-numbers) are drawn 
for 2 (see fig. 3) it is seen that at n = 1 each nucleus swings inwards through 
about 20 per cent, of its normal distance from the centre, and outwards through 
nearly 30 per cent, of the distance. At n = 2 these values become 26 per cent, 
and over 40 per cent. The outward amplitude at the n = 8 level is pre¬ 
sumably very large. 

u 
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lu fig. 1 in curve A we stop at a positive and in curve B at a negative term, 
BO that the true curve is likely to lie between them for ^ = 0. 

The possibility of drawing a single U curve for the various nuclear swings in 
the neighbourhood of r = ro involves the assumption that the force on the 
nuclei (and thus the configuration of the electronic orbits) at a given r is 
practically independent of the particiilar swing, and thus of the instantaneous 
nuclear velocity. This is to be expected, since the nuclear motion is slow 
compared to the electronic motion. 

The forces exerted by the electrons on the nuclei are thus the same as if the 
nuclei were held at rest at the particular r, and U may be regarded as measuring 
(apart from a constant) the work done to bring the nuclei adiabatically to 
this particular separation, without giving them any velocity. The value of 
this quantity may be considered for quite small values of r, even though the 
nuclei, if released from such positions, would pass through the neighbourhood 
of r 0 with velocities by no means small. We shall refer to this quantity as U 
in the present paragraph, remembering that in the region of r = it is identical 
with our 5 series. 

It is interesting to consider how it behaves as r tends to zero, i.c., as the 
nuclei come very close together. The force on each of them must consist 
primarily of the repulsion of the other, so that the equal and opposite inward 
forces on them will be of the form 

F(r) === e^/r* + ar + fcr® + . . . (27) 

The series of positive powers are due to the electrons, which can give no con¬ 
stant term, since when the nuclei come together the electrons cannot exert 
equal and opposite forces on them. On the other hand the expression “ 
is an artificial simplification for the internuclear force at small distances. 
With this proviso U(r) for moderately small values of r may be represented by 
a power series 


U(r) 




^0 



+ 


... B + Dp* + Ep* + ... volts, 

• P 

(28) 


where p =* r/fj = 1 + 5 and A «= e*/ro. The values of A and B can be 
oaloulated for the states with which we are concerned. A, being equal to 
e* /fexpressed in volts has the values 10 • 9 for 2 *S, 14*3 for 2 *S, 13*6 for 3 *P, 
18 • 4 for 4 ‘P, 13 • Is for 3 ^B and 13 ■ 6 for Hg4-. To calculate B we note that, 
when the nuclei are held very close together, we have, as far as the eleotrons 
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are concerned, the 28 states of par- and orthohelium in the case of 2 and 2 * 8 . 
The amount of work to remove the first electron in the case of parhelium is : 
for 28, 3'96 ; for 3P, 1-496 •, for 4P, 0-842 ; and in the case of orthohelium: 
for 28, 4-75 ; for 38, 1-86 ; for 3P, 1-676; for 4P, 0-876; for 5P, 0-567 ; 
and for 6 P, 0 • 386 volts. These data are got from the helium term values given 
in Fowler’s Report on Series in Line Spectra. To remove the second electron 
from each of these and also from Hj-f- when the nuclei are kept at a fixed 
sufficiently small distance requires an ammmt of work 4R. Taking 2 as a 
typical case the work to remove the two electrons with the nuclei fixed very 
close together is thus 

4R + 3-95 = 58-12 volts. 


We may then separate the nuclei, requiring work — e®/r = — A/p. Thus 
the total work done is — A/p 58-12. The negative of this would be the 
value of U if the latter were defined so as to be equal to the total energy; 
actually, however, the U’s are defined so as to be zero in the equilibrium position, 
where for 2 ^8 the total energy is —20-40 volts. Thus as p -*• 0, 

U( 2 hS)'* A 2 >S/p - 68-12 + 20-40 = 10-9/p - 37-72 volts. 
Similarly, U(2 »S) - A 2 ^S/p - 58-92 + 19-77 = 14-27/p — 39-16 volts. 

To each is to be added the series of jwsitive powers of p due to the electrons. 

Similarly for the molecule ion Hj + Burrau’s E which gives the actual 
total energy for various values of r {i.e., is not defined so as to be zero in the 
equilibrium position), should tend to c®/r — 4R as r -►0. It does so, as may 
be seen from his table. 

If the p and ? series were to hold from p = 0top = liti 8 easy to show by 
binomial expansion that the coefficients of the powers of 5 cannot tend to zero. 
They would eventually tend, with alternate signs, to the value of A, if to 
anything. Our fonnulse in ^ show that this is not improbable. 

If, without assuming the values of A and B we form a series of the type of 
equation (28) containing seven terms such that, when expressed in terms of 
^ by the relation p = 1 + they agree with the I fotmulm ( 21 ) and (23) for 
2 ^8 and 2 ®S, as far as those formulae go, t.e., to we find for 2 *8 

U - 9- 9719/P-26 • 2733-f83 - 4736p*-141 - 4535p*-|-l 11 -06p«—48 - 7967p® 

+7-0281p*. (29 a) 

Similarly for 2 »S 

U =812-021 /p— 26-6274-67-363p®—84-465p»+60-934p®—22-906p®-f3-679p* 

(29b) 
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This is the function (for 2 *S) which is plotted in fig. 1 and gives the curve 
marked C. It will be recalled that curve A in fig, 1 is the graph of the right- 
hand side of (23) stopping at and curve B is the same series with the 

extrapolated term—16|^^. The abscissse in fig. 1 are the values of p r/r^ 
where Tq is the equilibrium nuclear distance for 2 *S. The ordinates are the 
values of U in volts. The graph C coincides with A and B where they agree 
with each other and lies between them when they branch apart on the right- 
hand side of the diagram ; on the left-hand side B and C are too close together 
to be distinguishable but C is higher than B and, of course, than A. Moreover, 
this function (equation (29)) goes to oo as r-^O and for these reasons the 
graph C probably covers the actual U over a more extensive range than B or A. 
We have found this to hold also for the other states; so that in the other 
diagrams in figs. 2 and 3 the fimction used is of the type given in equations 
(29), i.e,j an expansion in terms of p = rjrQ made to agree with the ^ functions 
over the range over which these are reliable. In other words, we add to the 
5 terms found theoretically, further terms with alternate sign and equal 
magnitude. As soon as ^ attains a value (positive or negative) for which the 
added terms contribute about 8 per cent, to the value U, we bring the curve 
to an end. 

The curve for H 2 + is taken from Burrau’s paper {loc. cit,). 

Reverting to the discussion of equations (28) and (29) wc see that the values 
of A are not very different from their theoretical values, but the discrepancies 
in the values of B show that the above procedure was not justified. This is 
not surprising when we remember that besides assuming that the formulfio in 
p hold from the region of p == 0 to the region of p = 1, we have, by curtailing 
the p fonnul® after seven terms, imposed arbitrary values for all the later 
coefficients of ^ after those actually known. If, for example, we had taken p 
series having nine terms, we could have given to A and B their theoretical 
values as 0, and could still have obtained (on converting to powers of 5) 
agreement with the 5 formulea as far as those formulae, go. This procedure 
would amount to imposing a different set of arbitrary values for the later 
coefficients in the ^ series. 

No conclusions can thus be drawn from the individual coefficients in (29). 
Nevertheless we have used such formul© as (29) for drawing the graphs of XJ 
since in the ranges considered they differ very slightly from the ^ curves called 
A and B, fig. 1, and satisfy the desirable conditions of lying between them for 
5 > 0 and above them both for ? < 0. 

As we have seen the XJ curves go to as r0. They should go to the 
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boats of dissociation asrlrs-* oo. The magnitudes of these quantities for all 
the Hj molecules are given in Table II ante. U (H,+), being on the -wave- 



mecUanicB, »hoiild, and does, go to {16 • 3 — K). This can be seen from fig. 2 on 
p. 16 of Burrau's paper, which is his E curve, and difiers from that in our fig. 2 
only in having the energy axis shifted by 16-3 volts, making the equilibrium 
position give a reading equal to the total energy —16 • 8, instead of the arbitrary 
value zero to which all our curves are reduced. 

[Note added in froof ,—The ideas of this paragraph may be illustrated 
by computing the U formula for the Bohr model, which, though yielding 
different dissociation prodticts has a U formula not unlike those above. 
We find 

U «: cVro(0-5835^* - 0-874^* + 1-025^ - l-OS^® + ...). (29o) 

At the next term, not given, the coefficient is returning towards 
that is, towards unity inside the bracket. This may be compared with the 
formulfle above by writing them in the form 

U(2»S) - eVro(0-4375* -- 0-7165* + 0-8485^ - 0*9435'^ + ...) 

u (2^S) e®/ro (0-261^* - 0 420^» + 0*6765^ 1-075* + 1*45* - 
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ia each of which fo has the appropriate value for the particular state* 
Converting the ^ series for the Bohr model to a p series in the manner used 
for the others, which is equivalent to adding an infinite number of terms 
whose equal and opposite coefficients are nearly unity (inside the bracket), 
we obtain a series which represents the true U curve well throughout a 
considerably greater range than does the original series (29c).] 


§ 6. The Mean Kinetic Energy of the Electrons. 

The ordinary band formul© are derived by assunaing that the forces on the 
nuclei, and therefore also the potential of those forces, can be represented as 
a function of the nuclear separation r, independent of the vibration quantum 
number, and therefore of the velocity which the nuclei have for this value of r. 
This implies that the electronic motions depend only on r, independently 
of the velocity of the nuclei. We should expect this, as we have stated already, 
on account of the comparatively slow motion of the nuclei, and the assumption 
is justified by the success of the band formulee. 

We may thus speak of the mean kinetic energy T of the electrons (the time 
average over their motion) for a given value of r. It will be the same whether 
the nuclei are passing through this position in their swing, or whether they are 
brought to rest there (by applying external forces), and held stationary. 

In the Report on Molecular Spectra in Gtises ’’ {loc. cit., p. 294) a formula is 
found for this mean kinetic energy, on an assumption (see footnote on that 
page), which is regarded as a special case of the general law that in a system of 
unconstrained particles in periodic motion, subject to the inverse square law, 
the mean kinetic energy is the negative of the total energy. It is stated that 
if some of the particles are held fixed the mean kinetic energy of the others is 
still equal to the negative of the total energy, provided that the mutual potential 
energy of the fixed particles is not counted in that total energy. 

That this is not the case may be seen by considering a simple example such 
as the unvibrating Bohr model of Hj, or, indeed, any molecule in which the 
nuclei are in their equilibrium position. The nuclei being in equilibrium, it 
does not matter whether we imagine them held there or not. For the first 
case, the general theorem says that the kinetic energy of the electrons is equal 
to the negative of the total energy, whereas for the second case {i.e., imagining 
the nuclei held), the statement in the report says that the kinetic energy is the 
negative of this total energy without the mutual potential energy c®/f of the 
nuclei. The result from the general theorem is, of course, the correct one, and 
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it remainB to determine the correct law for a system of particles of which some 
are held fixed. 

We have done this in an appendix to this paper. For the application to the 
case of two nuclei, with which alone we are concerned in this paper, the correct 
theorem is 

- T (r) W (r) ^ rF == W (r) + r . cHJ/ir === W (p) + p . dU/dp, (30) 

where W (r) is the total energy required to form the system with the nuclei at 
rest at separation r, and F is the mean outward force on each nucleus at separa¬ 
tion f. These formula) give the same answer to both forms of the question put 
to the Bohr model, since F - (fU/dr = 0, as the nuclei are in a position of 
equilibrium. Such formute do not use the idea of the spinning electron. 
The magnetic energy would introduce a correction term. 

W (r) exceeds the energy needed to form a molecule with nuclei at rest at 
separation Tq to form the state n = 0, w == 0) by the energy needed to 
change the separation from Tq to r without giving the nuclei any velocity. 
This latter energy is 11 (as in the graphs), since we have chosen U as zero when 
r = rp. If E is the work to take to pieces a molecule with « = m »= 0, we have 

W(f)=::-^^E + U(r) (31) 

and thus 

T (r) == E -- U (r) - f . dU/dr ^ E ^ d (Up)/dp, (32) 

the differentials having their values at separation r. 

The equations (32) have the following necessary properties :— 

(1) For the equilibrium state (w m = 0) we have r == and both U and 
dU/dr zero. Thus T (r) = E, the negative total energy. Tlxis agrees 
with the general theorem since no constraint is required in the equilibrium 
position. 

(2) When p oo, and therefore U the dissociation energj" D, the force 
F ::= (—dU/dr) on each nucleus is proportional to r”" where n is 
certainly greater than 1. Therefore r,dU/dr-^0 and from (32), 
T E — D. We have verified experimentally in § 4 that in a 
number of cases E — I) is equal to R + E /n* where R is Rydberg’s 
constant and n is the electronic quantum number of the molecule. As 
this means dissociation into an unexcited + an w-excited atom at rest 
at infinity, the equation T* = (1 + 1 jn^) R is correct. 

When p ->0, using (28) pU == A + Bp + Dp» + .. . and d(pU)/dp « B + 
8Dp* + etc.at Thus from (32) at p«=:0. In 



Volts 



Fio. S. 
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§ 6 we found B »= — 26*27 which would give T = 46*67 volts at p = r «= 0. 
However, as we have pointed out, the series is very rough and B might be 100 
per cent, wrong. We may instead use the theoretical formula B — B === 
4R + W (He) already mentioned where W (He) means the work to remove an 
electron from the corresponding helium atom. Thus T at r — 0 is equal to 
the total work needed to disrupt the double atom leaving the nuclei joined. The 
(joined) nucleus requires no external forces to hold it in position, so that the 
general theorem, T = — W gives the equation T = 4R + W (He) and thus 
confirms it. 

In fig, 3 we have plotted the T curves in equivalent volts for 2 3 ^B (strong 

Q), and 2 and 3 These have been got by graphical methods from the 
corresponding U curves and are less accurate than the latter. The abscissse 
in fig. 3 are the values of p — r/r^ where is the radius of the first Bohr 
circle for the hydrogen atom and is = 0*532.10“"® cm. 

The values of E and D for about 30 states of H 2 are given in Table II. 

§ 7. General Co7nparison of the States of and of the H 2 Molecule Ion, The 
Intensity Distribution in the Band Systems, 

In fig. 3 we have plotted, in addition to the T functions, the U functions for 
2 ^S, 3 ^B, 2 ®S and 3 ®P in equivalent volts against r/rn, rn being the radius of 
the first Bohr circle. For these graphs all the data were extracted by the 
formulae of the old quantum mechanics, the actual expansions used being;— 

For 2^8 U (p) = 9*9719/p -- 26*2733 + 83*4735pa-- 141*4535p® + lll*05p* 

-- 43*7967p® + 7*028Ip®. 

For 2 88 U(p) = 12-021/p - 26*527 + 67-363p8 - 84-466p® + 60*934p* 

-22*905p® + 3*679p®. 

For the others we used the exactly equivalent ^ functions, which are far 
more convenient for numerical calculation, viz.:— 

For 3 8P U il) = 6*372^* -- 8*361^8 + 8-461^^ - 8*38^® + 8$® 8^^ . . 

For 3^B U(5)5*1658 - 10*45® + 16*65® - 36?*^ + 195® 195^. . . 

These series have, of course, to be adapted to the co-ordinates used in the 
graphs. The functions are a good deal alike and are very similar to Burrau'a 
graph for the molecule ion. The one which deviates most from the rest is 2 
which is broader and has a higher r 0 than the others. This is a reflection of 
the exceptionally low cop and high moment of inertia of this molecule. The 
horizontal dotted lines indicate a number of the vibrational levels con?©- 



Energy Functions of H, Molecules. 


45 


Bpoading to the values of n which are given. It is obvious that the vibrations 
are very unsymmetrical even for the lowest values of n. 

The U curve for 3 *P is very close indeed to that for the molecule ion. It was 
felt possible that some of this similarity might be unreal as Burrau’s curve is 
calculated on the wave-mechanics and our data are got by the formulas of 
the old quantum mechanics. Accordingly we re-calculated U for 3*P in 
terms of the wave-mechanics using the transoriptiou formulae 

“o “ “o “ y — i». “ == a. y = y. B# = -f- JD, D =. D, (33) 

where the quantities on the wave-mechanics are distinguished from the othm's 
by a bar. These make Fues’s'^ formula for the molecular energy levels identical 
with the one we have used and his expressions for Wg, a, y> ... < in terms of i, 
o, 6, c, ... , are the same as ours for Wq, a, y ..., in terms of k, a,b,c,.... We 
therefore repeated the calculations using cog, a ..., given by (33) instead of 
o)g, a, .... This changed the expansion for 3 *P from 

U = (1 — 1-5565 + 1 -585® — 1 -665*) 

= 5-505* - 8-665* + 8-695* - 8-685® 
on the old quantum mechanics to 

U = 6-715*(l - 1-655 + 1-585* - 1-595®) 

= 6-715* — 8-855® + 9-025* - 9-085® 
on the wave-mechanics. 

In fig. 2 we have plotted U for 3 and also for the Hg molecule ion, both 
calculated on the formtdaa of the wave-mechanics. It is seen that the curves 
are aottudly so dose togetf^er that they cross each other three times* The data for 
H||+ are got from Burrau’s paper {loc, cit,)* In fig. 2 the ordinates are in 
equivalent volts and the abscissa) p = r/1 -061.10’"®. (For the purpose of the 
above comparison, it is evidently immaterial what constant we use for the 
denominator of p.) 

From any pair of the U curves, such as those for 3 and 2 ^S, we can deter¬ 
mine the cturve of intensity maxima in the vibration diagram for the corre- 
Bponding band system, in this case 3^B-*‘2^S, by Condon’sf method. The 
experimentally determined curve has been given in Part I of the spectrum of 
HgJ (the bands analogous to the par helium line spectrum), fig. 1, for this system. 

* ‘ Ann. Physik/ vol, SO, p. 367 (1026). 
t ‘ PhyB, Bav.,’ vol. 28, p. 1182 (1926), 

X * Roy. Soc. Proo./ A, vol. 128, p. 61 (1929), 
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The method involves the assumption that the electronic switch in a molecule 
occurs so rapidly, or in such a way, that there is no opportumty for the nuclear 
motions to accommodate themselves to the changed conditions. The effect 
is the same as if in fig. 3 the nuclei belonging to one of the curves, such as 3 
suddenly foimd themselves in the field pertaining to the other, such as 2 ^S. 
They would thus acquire an additional vibrational energy given by moving from 
their separation in 3 to the same separation in 2 ^S, t.e., along a vertical 
line until 2 was intersected. So far as is known there is nothing which tends 
to make such an electronic transition more likely at any one time interval in 
a vibrational swing than at any other ; so that, as the molecule spends most 
time near the ends of its swings, the most probable jumps will be those from 
them. Thus to find the most probable jumps from, say, = 1 of 3 ^B we 
draw vertical lines from the ends of the dotted line for w = 1 for 3 'B in fig. 3 
and find their intersections with 2 ^S. These points give the two final n^s 
which are most probable when the initial w' = 1. We can then repeat this 
treatment for the other values of n\ The points so ascertained have been 
marked thus x on the diagram which we originally published* (fig. 1 of Part I), 
and which is reproduced here as fig. 4a of this paper. It will be seen that 




Pia. 4M,t 


the agreement is very good and, in fact, as nearly perfect as could be expected 
by such a method. Pig, 4b shows the calculated curve of intensity maxima 
with Kapuscinski and Eymers^ measured intensities of the strong Q (3) lines 
of this system in the squares. A few intensities were given erroneously in 
Part 1. The figiures in brackets are Qale, Monk and Lee*6 eye estimates, 
actual measurements being lacking. 

A similar computation has been made by Mr. Das for the a^bands (3 »P 2 »S). 
This covers fairly well the known line of intensity ma3ti tT)ft in these bands, but 
suggests that there should be some strength further out in the infra-red than 
the present data cover. This may well be so. 

♦ * Roy. Soo. Proo.,' A, voL 128, p. 61 (1629). 
t The intensity for 2 ^ 2 $kotdd read 6*4 nol 64* 
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Some of the T curves in fig. 3 have a trend, on the right-hand aide of the 
diagram, towards values lower than (1 -f l/n^)R which we have seen is the 
limiting value as r oo . For 2 hS and 2 ®S, for example, the value of this is 
6R/4 — 16*927 volts. This may easily happen. U has to reach the constant 
limit D, the heat of dissociation, at r (or p) = oo . Thus the U curve in passing 
from p = 1 to p oo will have a slope which begins by being zero, increases, and 
falls to zero again. From the expression T — E — (U -f p dU/dp) it is evident 
that if the slope dU/dp attains a sufficient value, T may fall to quite low values 
in such parts of the range. 

This does not prove that dU/dp actually does attain such values in the present 
instances, and the effect may arise from the uncertainty of dlJ/dp in the extreme 
region of the graphs. The values of dU/dp for the curves A and B in fig. 1 
are obviously considerably different here. The curve for H 2 + may be 
regarded as the U curve for oo P or oo S. 

The values of the separations Tq are: for H 2 +> 1*064.10“®; for 2®S, 
0*998.10-®; for 2^8, 1*313.10“®; for3®P, 1*056.10“®; and for 
1*088.10“®. 

From the graphs, for both 2^8 and 2®S, at n = 1, each nucleus swings 
inwards from its equilibrium position by about 18| percent, of itsequilibriiun 
distance from the centre, and outwards by 27 per cent. At n = 2 the values 
are 26 per cent, and 42 per cent. The corresponding figures for the other 
states are similar. 


Appendix. 

On the Mean Kinetic Energy of a System of Particles in Motion under their 
Mutual Forces, some of the Particles being held fixed arid the others rerminiryg 
in their migM^ourhood, 

Let there be n particles of which s are fixed. Let be the vectorial force 
on the ptb particle due to the gth, vectors being indicated by heavy type, and 
time^averages by a bar above. Then the equation 

n 

mfp== E F,,, 

wfa.«re r„ is the vectorial distance of the jith particle from the origin (see hg. 6), 
is true for all the moving particles, t.e., for all values of p from « -f 1 to n. 
It may he written 
i 


n 
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Hence, sununing over the moving particles (p = « -f-1 ... n) and taking a 
time average of sufficient duration, 

- 2T = S 2 (34) 

» = i 

where T is the mean kinetic energy of all the moving particles, and therefore 
of the whole system. Equation (34) may be regarded as a special case of the 
virial theorem in the kinetic theory of gases. It may be written 

- 2T = S S - S 2 (36) 

since r, is constant for p = 1 ... «. 

may be written QpQ,/(r^) (r^ — T^jr^ where Q,, Q, are constants, 
and r„, the magnitude of — r, is taken positive. In the first term of (35), 
F,, the force on Qp due to Q, contributes a term 

Q»Q«/ (^m) *"«) 

while F^, the force on Q* due to Qp, contributes 

QiiQ«y (r^i Tp) Tq/t^. 

Thus their joint contribution to the first term of (35) is 

QsQa/ (^m) ^q) (^p “ *"a)/^pa ~ QpQ«.^(*^p«)*’p«" 

Hence the term is 

2 2 QpQa/M^ (36) 

p = 1 a«! 1 

in which each pair is counted once only. 

The second term is 


- 2 Fprp, 

p« i 


(37) 
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where is the total vectorial force on the J 9 th p^icle, due to all the other 
{articles, fixed or moving. 

Thus we have altogether for (35) 


— 2T 


1 ~ 1 p^\ 


m 


©atih pair in the first term being taken once only. 

Since the magnitude of the repulsive force between and Q« is QpQqf (r^) 
the mutual potential energy of the two particles is, if 


f ('^Pq) J 

given ^y Q.pQ,f{rp^)rp,J(l — 1). Thus the first term in (38) is (Z— 1)V, 
where V is the mean total potential energy of the system, and the equation 
becomes 

- 2T=:^(Z-^1)V^ i (39) 

p - 1 

We now apply this to the case of two nuclei fixed at points 5rq and on the 
x^axis. Since the inverse square law holds, I 2 ; also and Qa are the 
nuclear charges. Adding T to each side of (39) we have 

- f r: W FjX, - (40) 

where is the mean (Component, along the positive jj-axis of the total force 
on the gth nucleus, due to the other nucleus and the electrons. Hence Fj+Fg 
is the total mean force on the nuclear system due to the electrons, and is 
therefore e<|ua] and opposite to tlie total mean a:-force on the electronic system 
due to the nuclei. Accordingly, since the electrons remain in the vicinity of 
the nuclei, we must have F, + F 2 — 0. Hence equation (40) may be written 

-- T W ^ - X,) = W - rh\ rF, (41) 

where r means the intxirnuclear distance, and F ^ Fg — — is the total 
mean x-force acting away from the origin on the second nucleus (or towards the 
origin on the first nucleus) due to all the particles of the system, including 
the other nucleus. In other words, it is the mean repulsive fore^ between 
the nuclei, as modified by the presence of the electrons. 

We will illustrate the final equation, 

W -fF, 

by two simple examples in which the motion may be solved completely. 

(1) Bohr’s model of the hydrogen molecule, the nuclei being held at arbitrary 
separation 2a and the electrons moving in circular orbits of radius ft, not 
VOL, CXXV.—A. » 
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DAcaBoanly quantised. Bach side of the equation is easily shown to be equal 
to 


(2) Two nuclei, each with charge +E, held at separation 2c, while a particle 
with charge +e performs a linear oscillation (unstable laterally) along the inter- 
nuclear axis, about a point midway between the nuclei, with amplitude A (<c). 
Writing the equation in the form 

Vd«-rfFd<| 


2 J Td< = - 


for a complete period, each side may be shown to be equal to 




Eem 


„ c(c* — fc*) 


If 




c* ' 


1 /'1-3...2W 


n + 1 \ 2" . n ! 



It is evident from the left-hand side of the equation that this is the action 
integral of the motion. 


Spectrum of Thallium, Tl III. 

By Prof. J. C, McLennan, F.R.S., A. B. McLay, Ph.D., and M. F. Ckawfobd, 

M.A.* 

(Received June 3, 1929.) 

The term structure of the second spark spectrum of thallium, Tl HI, was 
investigated by Carrollf in 1926. He found it to be a simple doublet spectrum 
by the identification of the first member of an S, a P and a D term sequence 
and of a tentative F and a G first member. Carroll also found analogous 
features in each of the iso-electronic spectra Hg II and Pb IV and showed that 
these and Tl III were similar in character to that of An I that had been analysed 
by Thorsen.^ The doublet structure of each of these 8i)ectra is now known 
to be built on the ^8 (5d^®) state of the next higher ion. 

The authors examined the spark spectrum of thallium last spring and 

* Mr. Crawford wofi enabled to partioipate in this investigation through the award of a 
atudentshlp to him by the National Beiearoh Council of Canada. I am also indebted to 
the (/ounoil for tinanoial aid that enabled us to carry through this investigation and a 
number of others of the same oharaoter—J. C. McL. 

t ‘ Phil. Trans.,’ A, vol. 225, p. 357 (1925). 

t ‘ Naturwiss.,’ vol. 25, p. 600 (1923). 
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asBigned a number o£ wavedengthB to tbe apectrum, Tl 11, of the singly ioniaed 
atom. Two wave-lengths, namely, X 2530-88 A. and X 2452-00 A., that were 
shown to belong without doubt to Tl II, had previously been used by Carroll 
to establish the tentative term of Tl III mentioned above. The ®F term 
therefore was invalidated and with it also the dependent A subsequent 
investigation of Tl III was undertaken by u» and has resulted in the identi¬ 
fication of the real F and G first members and of members of each of the S, P 
and D series higher than those already located by Carroll, We also sought at 
the same time to extend the knowledge of the Hg II spectrum and made 
some progress in this direction. But the recent extensive analysis of Hg II 
by Paschenf has made it unnecessary for us to continue our examination. 
Our term scheme for Hgll in bo far as it was worked out corresponded to 
Paachen’s. 

The results of the term analysis of Tl 111 are given in Table I. The term 
designations used are those suggested by Russell, Turner and Shenstone in a 
recent report on spectroscopic notation that should be adopted generally in a 
short time. Each term prefix 6s, etc,, indicates the total quantum number 

w** (numeral) and the azimuthal quantum number I (denoted by the 
usual letter s, p, etc.) of the orbit occupied by the single electron outside closed 
shells. The terms have been separated into two groups in the table, namely, 
even ones at left and odd ones at right (21 even and odd respectively). The 
latter are distinguished from the former by the upper right superscript “ o.'' 


Table I.—^Terms of Tl III. 


Term. 

Value Jv. 

n*. 1 

!■ 

I; Term. 

Value dv. 

n*. 

e,>St 

i 

240600 

2*020 

1 

17«443s^ 

14813 

2-300 

7, *8* 

101391 

:m21 



2-472 


96246. 

>1314 

93931^ 

3-220 

7p*P»4 

82748^ 

77(m'^ 

6682 

3-465 

6(i»D2* 

3-243 

7p*P*i, 


3-680 


57413 

4-148 

6/«F*31 

66007. 

1362 

3-898 

7rf»Di* 

64244. 

> 692 
63652^ 

4*207 


63646^ 


3-939 


4-290 





6gH3^ 

895S9> 0 

4-995 






f Paacheru * Sitz. Preuss. Akad* Wise.,’ vol. 32, p. 536, 

K 2 
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The term subscript is the value of the inner quantum number j of that 
component. 

The term values are based on the value zero for the state ^8 (5d^^) reached at 
ionisation. This state is the limit common to all series given in Table I. 
The values were deduced as follows. A Hicks’ series formula was applied to 
the known first three members of the sharp series and a value 240,300 was 
obtained for Oir^Sj. However this is probably a little too low since lower 
numbers than those fixed exactly from series with more than three members were 
arrived at when the same formula was applied to the corresponding members 
of Au If and of Hg 11. The value calculated above was therefore raised by 
300 Justification for a change of this amount is obtained from the fact 

that the resultant n* (effective total quantum number) value of 6®G is 4*995, 
the level is nearly hydrogenic, in good agreement with a similar feature 
of the G term sequence of Hg 11. It seems probable therefore that the values 
assigned by us to T1 III terms are not in error by more than 100 units. The 
n* value for ea<!h term is noted in Table I. The progression of the values in 
each term sequence is qualitatively similar to that in the corresponding one of 
Au I and of Hgll. The ionisation potential of TIIII, computed from the 
value 240600 cmr^ for the term, is 29*7 volts. 

The wave-lengths assigned to TJ HI are recorded in Table II together with 
their wave-numbers, intensities and their series designations. The wave¬ 
lengths of many of the lines are from the published lists of Carroll (/oc, cit.) 
and the rest were measured by the authors. The intensities of all lines recorded 
in Table II were estimated visually by us from plates of the thallium spark 
spectrum taken with various t)^es of spectrographs. 

We have sought also for the inverted (5d®6s®) term of the doublet-quartet 
system of T1 HI that is built on the (bd%s) state of but so far 

without success. Two of us established the corresponding term of Au 
and Paschcn identified it in Hg IL We had also located the term in the latter 
spectrum before we noted Paschen’s commtmication. The position of this 
term of T1 III has been foxmd approximately by extrapolation of Vv/B values 
from Au I and Hg II. The deeper component should lie between the 
components of the known term and the interval should be about 

18000 These predictions indicate that in aU probability two of the 

t Thorwsn, ‘ NaturwiBs./ vol 26, p. 500 (1023); McLennan, McLay, ‘ Boy. See, Froo./ 
A, vol. 108, p, 671 (1926), vol. 112, p. 95 (1926). 

X McLennan and McLay, * Roy. Soc. Proc.,’ A, vol. 108, p. 671 (1925), and vol, 112, 
p, 95 (1926); Paechen, ‘ Sita. Preuss. Akad. vol, 82, p, 636 (1928). 
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Table II.—Classified Lines of TIIII. 


Infc. 

A(1.A.). 

: 

.Designation. 

1 1 

Auth. 1 

[at. 

A (LA.). 

V. 

Designatiotu 

Auth, 

4 

mn 

12496 


M. 

9 

3456-34 

28924j 

™5/*F®y4 

0. 

5 

5927-8 

16865; 


M.. 

3 

33<X)-80 

30287 

6d»Di>i -5/*F^21 

0, 

2 

5499-4 

18179 


M. 

6 

3103-53 

31600 


c. 

4 

5362-40 

18643 

7u»Si — 

C. 

1 

i 

A (I vac) 




4 

.TOse-Sfl 

19653 

7p*P»ii--8.«»Sj 


I * 

1660-05 

00239 

6p»P»ii—7o»Si 

M. 


4380-67 

22822 

7p»p®ii—7(/»r>jj 1 

1 

c. 

8 

1558-07 

61157 

6* »8j —Op *P®t 

M. 

0 

4209-81 

23414 

7;)»P«li~7c/*D‘4 

c. 

4 

1500-37 

66385 

07>*l'»li—<W‘Di} 

M. 

4 

4166-75 

24056 


c. 

10 

1477-14 

67699 

0p»P*ii 

M 

7 

4109-86 

24326 

7««Si -7p«P^ 

c. 

4 

1332 30 

75055 

6p*P®t —7«ASj 

C. 

2 

3946-02 

25336 


c. 

10 

1206-33 

78968 

0«*at —6p‘P*i| 

C. 

0 

393.3 06 

25418 


c. 

7 

1231-57 

81197 

Op *1*1 —Oii'Dij 

0. 

4 

.3607-41 

28603 

7/)*P«4 — 7ri‘*Dij ; 

c. 
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three lines of the XyiH--- *D multiplet are in the extreme infra-red 

region. At any rate, we have not been able to identify such a multiplet in 
TIIII. We hope, however, to establish the inverted H) term by its com¬ 
binations with other terms of the spectrum. If we are successful in this 
undertaking the results will be published in a later report together with those 
on the corresponding inverted *1) terms that we have located in the analogous 
Ga III and In III spectra. 
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TeMs of Significance in Harmonic Analysis. 
By R, A, F 18 HBR, F.R. 8 , 

(Received June 5, 1929.) 


1. Schusier^s Test, 


If a eeriee Mj, , ^ 2^>1 constitute a random sample from a normally 
distributed population, then any linear function 

2»+1 

A S {a,rUr) 


will also be normally distributed ; moreover its mean will l>e zero if S (a,) = 0 , 
and its variance will be equal to that of the original population if 


Any other linear fimction 


S M h 

2#i+l 

B= 8 (b,Ur) 

1 


will be distributed independently of the first if 

S(aA) — 

and in this case the sum of the squares, 

X = A2 + B», 

will be distributed so that the chance of exceeding any particular value of 
X is 

_ * 

e , 


where c is the mean value of r, equal to twice the variance of the j)opuiation 
sampled. 

This proposition, which gives the x* distribution for the particular case 
w = 2 , is the basis of Schuster^s test of the significance of any particular term 
in the harmonic analysis of a series. For the coefficients 


a,== \/ 


27cpr 

2n + 1 2 n + 1 


cos 


K V 


/ 2 . 2:ipr 

2n+ 1 "*'”2^7+1’ 


fulfil ihe necessary conditions for all integral values of p. Values of p from 
1 to n give independently distributed values of x and, if the variance of the 
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populatioB were JmowB a priori^ the test would be rigorous for any one of 
these chosen in advance. 

2. Allowance for Selection of the Largest Term, 

The practice of picking out the larger values of x, not in advance, but by 
reason of their exceptional magnitude, requires, as Sir Gilbert Walker has 
shown, an important modification of the test of Bignificance. For, if we wish 
to test the significance of th^ largest observed value of x, we must compare the 
value observed with the sampling distribution of the largest of n independent 
values, and not with that of any one value chosen in advance. If P stand for 
the probability which we adopt, as sufficiently small to be used as a criterion 
of significance, the corresponding value of x will be given by 

for any particular term, but if x is chosen to be the largest of n independent 
values, it is necessary that the probability shotild be 1 — P that all the n 
values shall be less than x, so that 

(i -f ?) = 1 - p 

is the c<j«ation which determines the least value of x to be judged significant. 
This is the criterion derived by Walker. 

3. Alhmncefor the Sa7nj)iing Error of the Estimated Variance. 

In the practical application of this criterion, when c is not known o priori, 
it is necessary to substitute for c an estimate of it derived from the data, and, 
for an exact test, to take into account the sampling error of this estimate. The 
estimate of c will necessarily be based on the variance observed in the original 
sample, or, what comes to the same thing, on the average value of x for 
the tt possible periods; and, whether we take, as our actual estimate, 
the average of all the n values, or the average of the (to — 1) values 
other t han that to be tested, all that is required for an exact solution, in either 
case, is the frequency distribution of the largest of « values of x, expressed as a 
fraction of the total of the sample of « of which it is the largest member. 

If 3 .], ...,x„ are the co-ordinates of a point in Pluclidian space of « dimensions, 
the simultaneous distribution of the to values will be represented by a densil^ 
function 

- 1(1, 4 *• + ••• 4 
e c 
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which is constant over plane finite regions of n ■— 1 dimensions, bounded by the 
tt-surfaces 

== 0 

in the form of a generalised tetrahedron. In every such region, the distribution 
of the ratio of the largest co-ordinate to the sum of all co-ordinates will be 
the same, and, since the density is constant over each sucli region, the 
distribution is to be found merely from the elements of generalised volume, 
into which the region is divided for fixed values of the ratio, A^ny particular 
co-ordinate, e.g., will be the greatest in one nth of the whole region, this 
fraction being bounded on the one hand by the loci, at which it ceases to be 
greatest, 

= X2, Xgf Xj = Xpi 

and, on the other, by the boundaries, 

X2==^(), iTjj ^ 0, == 0 ; 

within this region it is required to find the distribution of the ratio 

Xj 

a = -1-. 

iT, + + ... + 

4, The DiseofiHnuities of t}i>e Distribution. 

The distribution defined geometrically by the dissection of a gen(?ralised 
tetrahedron exhibits a number of discontinuities; the linear regions which 
constitute its boundary intersect w — 1 at a time at the sets of points 


typified by 

% ^3 .— 

= 0, = 55-3 — . , . , . = 

Xg “ Oj X| = X^ = . . . := Xff 

... . 

Xa = X 3 ==.X,, 0, 


at which it is evident that the values of g are 

i -J- i 1 

n’ n — l . *’ ’ 

representing in succession, the centre of the generalised tetrahedron, the 
centres of all its bounding faces, of successively lower dimenaions, which meet 
in the point, g 3 = 1 , the middle points of the edges running from this point, 
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9 Lnd finally the limiting point, ^ = 1, itself. Hence g is distribvited over the 
range from 1/w to 1 ; and for an exact test of significance we require to know 
the probability with which any particular value between these limits is 
exceeded. 


5. The Exact Distribution. 

A point about the distribution which greatly facUitates the solution, is that 
within the region between any two discontinuities the probability integral of 
the distribution is merely a polynomial in g of degree w — 1. For the 
boimdaries of any region, g = change the magnitude of their elements 
continuously at rates determined by the magnitude of their boundaries, and 
so on down to the bounding edges, the lengths of which are linear functions of 
g ; consequently the probability integral is in each region a polynomial of 
degree n — 1, but from region to region the (yi — l)th differential coefficient 
with respect to g changes discontinuous! y. 

We may therefore represent the probability integral by the form 

P = a, (I — gT~'- + aj (1 - -f (1 — 

in which as many terms are to be taken as have positive quantities within the 
brackets. The last term is therefore included for no possible value of but 
is written above in order to utilise the condition that when g < 1/n the 
probability integral shall be imity. This condition is sufficient to determine 
the n coefficients by equation of the coefficients of g^y g^y 

To determine their actual values let 

y m — 1 4^ + ^ 4 ^ + •** + 

then the equations of the successive coefficients give 



at the values ^ = 1. These are evidently equivalent to 

for the same value, so that/, beiug of degree n, must be a numerical multiple 
hf {t — 1)", or, in view of its first term, 

/•= — (! — (!)*. 
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We have therefore the probability integral in the form 
P = n {i_2,9ri+ ... +(-)*- \y 

where h i» the greatest integer leas than 1 jg. 

6. Summary and Table of 5 per cent. Values. 

A practical convenience of the form which has been obtained for the prob¬ 
ability integral, is that for small values of P, such as are needed in tests of 
significance, the magnitude of the successive terms decreases very rapidly, 
so that even when, as at the 5 per cent, point for n === 50, as many as seven 
terms exist, very high precision is obtained from the first three terms only. 

Indeed the first term alone gives a very satisfactory approximate test of 

significance. The first term has, moreover, a simple meaning in relation to a 
related statistical problem. There are, in fact four related distributions each 
of which is the appropriate solution of one of four problems. 

(I) The distribution of any one harmonic term obtained from a random 
sample of numbers drawn from a population of known variance, Schuster’s 
solution of this is given by the distribution of the form 

P-e-*, (1) 

(II) The distribution of the largest of the n harmonic terms obtained from a 
similar sample ; for this we have Walker’s solution 

p 1 (1 _ (2) 

(III) We may ask what is the distribution of any one harmonic term as a 
fraction of the total (or mean) of the terms obtained from the same sample ; 
here there is no restriction that our term should be the largest, and all points 
within the generalised tetrahedron are available, so that 

( 3 ) 

where g is the chosen tenn expressed as a fraction of the whole. 

(IV) Finally the probability that the largest of the n terms should exceed § 
is, HO long as this probability is small, natxiraUy not far from ntimes the value 
given by (3), and has been shown to be exactly 

p =«(1 - 9)- -... + (-)- (' - W-. W 


where h is the largest integer less than 1 jg. 
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How good an approximation is obtained by using the first term only, is 
shown by the following table giving the 5 per cent, values of g for values of n 
from 5 to 60 in a parallel column with those obtained by ignoring all terma 
after the first. 


n. 

ff ! 

ff 


(by exiw't formula). 

(by first term only). 


0-68377 

0*68377 

le 

0-44405 

0-44405 

j:> 

0-33462 

0-33463 

20 

0-27040 

0-27046 

25 

0-22806 

0-22813 

30 

0-19784 

0-19794 

35 

0-17513 

0-17525 

40 

0-15738 

0-15752 

45 

0-14310 

0-14324 

50 

0-13136 

0*13140 


This table can be used directly in testing significance ; the 5 per cent. jx)int 
is the lowest level of significance likely to be wanted, and for higher levels, 
such as the 1 per cent, point, the first term will provide an even closer approxi¬ 
mation. The method of section 5 should be useful in many distriVnition 
problems involving points of discontinuity. 

The value of g may in all cases be very easily obtained. If all the Fourier 
Bubmultiples have been worked out, it is, as already defined, 

^ 1 +^ 2 + +^» 

The denominator of this expression is, however, merely 

211+1 

S 

f “1 

In the case vfhcre the number oi observations in the series is even, (2 h + 2), 
we need still only consider the n complete harmonic terms, and can obtain 
their sum as 

*"s* (u — «!*— ~ ’*2 + % ~~ •“ ~ af 

2 « + 2 
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The Arc Speclrum of Chlorine. 

By Kanaickndu Majumxmr, M.Sc., Demonstrator, Physical Laboratory of 
the University of Allahabad. 

(Comriiunicatcd by M. Saha, F.R.S.—Received April 15, 1920.) 


IfUroductiofi, 

The arc spectrum of chlorine has hitherto been only partially investigated. 
In 1926, L. A. Turner* * * § discovered the fundamental arc lines in the Schumann 
region due to the transition Nj). de Bruinf found a number of 

lines on the shorter wave-length side of the visible with the constant frequenc}" 
difference of 530. More recently Laporte4 in a note to ‘ Natui’e/ announced 
the discovery by Asagoe of a set of arc lines between X 4700-4200, which he 
ascribed to the transition 4M2 (N,N^). Apparently some of these lines are 
identical with those of de Bruin. 

Lomtion of the Oroup 4 M 2 N^). 

The theories of spectra have now so far advanced that it is possible to predict 
and locate the exact position of groups of lines corresponding to definite tran¬ 
sitions. In a recent paper,§ it has been shown that if we consider the arc 
spectra of a group of successive elements, as for example, 

Al, Bi, P, S, 01, A, K, (1) 

then the wave-numbers of the strongest lines of the elements due to the transi¬ 
tion NI ^ N 2 increase linearly vriith the atomic number. This fact is graphically 
represented in fig. 1 and has also been verified in otlier similar groups (c.y., 
B, C, N, 0, F, Ne, Nas; Si+, P+, S+, Ca+). 

In the group of elements we are considering, viz., Al to K, we have complete 
knowledge of the lines due to the transition Nj ^ Ng of the elements Al, S, A 
and K, In the figure each dot represents a multi pie t or the frequency of the 
strongest line in the raultiplet. It will be seen that the average of these in the 
different elements lie almost on a straight line. Thus chlorine lying between 

* ‘ Phys. Rev./ voi. 27, p. 397 (1926). 

t * Amst. Pr^x*.,’ vol. 30, p. 20 (1927). 

t ‘ Natare/ vol. 121, p. 1021 (1928). 

§ Saha and Majumdar, ‘ lad. J. Phya./ vol. 3, p. 67 (1928), 
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8 and A will have for the frequency of its average multiplet the value of 
V = 11930. The positione of the other groups can be located from a com¬ 



parison of the positions of the corresponding groups in the spectra of atoms 
having the same electronic configuration. This is available in the spectrum of 
A+ which has been analysed by de Bruin.* For comparison the frequencies 
of the ionised elements, Si+, P+, 8+, ....Ca+ which have respectively the 
same electron structure as those of group (1) have also been plotted in the 
figure. Thus it is seen that the groups of lines of chlorine due to the transition 
(Nj ♦- Nj) are expected to lie in the region X 9300-77(X). 

It is, therefore, clear that Laporte’s identification of the group at 

♦ * Anuit. Proc,,’ vol. 31, p, 771 (1928), 
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X 470(^4200 being due to 441^ (Nj N^) is wrong. These have to be identified 
as the higher Rydberg sequence, viz., due to the transition 4 M 2 (N^ ^ Og). 

With a view to discovering these predicted infra-red lines of chlorine, an 
investigation at this end of the spectrum was undertaken. 

ExperimentaL 

The experimental work proved to be more difficult than was at first sup¬ 
posed, not only on account of the difficulty of photographing tliis part of the 
spectrum with sufficient dispersion, but also on account of the great activity 
of chlorine specially when a discharge is passed through it. It was found that 
after running the chlorine tube for some time, the pressure of the gas in the 
tube diminished, thereby the nature of the discharge changed, Tliis phenomenon 
is due to the fact that with the electrical stimulus chlorine acts readily with the 
material of the electrodes and forms chloride of the metal which deposits on 
the walls of the tube. Thus the pressure of the gas in the tube is reduced. 
Hence a tube permanently sealed was found to be unsuitable for the purpose. 
In order to overcome the difficulty the arrangement illustrated in fig. 2 was 



Fto. 2. 


used. It consists of a pyrex glass tube i*5 cm. in diameter with a capillary 
in the middle, the total length of the tube being 40 cm. Two side tubes EE 
carry the electrodes by means of molybdenum wires, which seal readily in 
the pyrex glass under vacuum. The electrodes were of nickel sheets bent into 
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cylinders, this metal having been chosen as it was found that it was less acted 
on by chlorine than the other conunonly used metals. The ends of the tube 
were provided with brass sockets carrying glass windows, which were plaxjed 
at a sufficient distance from the electrodes to prevent the frequent deposit of 
the chloride on them. To maintain the pressure fairly constant for a sufficient 
length of time, the tube was kept connected to a bell-jar A, so that slight 
decrease in the amount of the gas did not alter the pressure appreciably. The 
pressure of the gas in the system was about 12 mm. The supply of chlorine 
was obtained from another bell-jar B connected to the tube through a stop¬ 
cock S. This bell-jar was from time to time tilled from a steel cylittder 
containing liquid chlorine at high pressure. 

The tube was run by an induction coil, supplying about 100 watts at 20,000 
volts. It was found that a transformer having a large current-carrying 
capacity was not suitable, as the action of (ffilorine on the electrodes increased 
greatly with the current in the tube. An oil-immersed plate condenser had 
to be put in parallel with the tube ; otherwise the band spectrum of chlorine 
appeared strongly. 

The spectrum was produced by means of a plane replica glass grating having 
about 16,000 lines to the inch. The photographic arrangement consisted of 
an Adam Hilger camera wliich is supplied with the constant-deviation spectro¬ 
graph. Thus the dispersion in the first order was about 29 A. per millimetre at 
X8000. Photographs were taken on neocyanin plates hyperseusitised with 
ammonia, using neon lines as standards. The second order lines were cut off 
by means of Wratten orange filter. Exposures varied from 24 hours to 80 
hours. Even with maximum exposures given, no lines could be obtained 
beyond X87()0, though they are expected to be present. This is probably 
d^le to the fact that these infra-red sensitive dyes are rather unstable com¬ 
pounds and are very sensitive to heat. Long storage and climatic conditions 
are responsible for loss of sensitiveness. The lines due to oxygen and nitrogen 
appeared strongly on the plates. It hastbeen noted before by previous workers 
that chlorine contains nitrogen and oxygen as impurities in ^sufficient 
quantities to make their line spectra prominent. These lines, however, served 
to check the wave-lengths of the chlorine lines measured. 
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OlassificcUion, 

The structure of cUorine may be represented as follows :— 
2 

Lj 1^2 

2 6 


M, 

M» 



2 5 

(1) 




N. 

Ns 

N. 

(1) 

(1) 

(1) 




Os 

Os 


(1) 

(1) 



The following sets of terms with different configurations of electrons are thus 
obtained : ~ 

Table 1. 

Tt!rmH (oVwerved), 

% 

*D 

*D 


As has been mentioned before, the lines in the Schumann region were obtained 
by Tamer and may lie identified as originating from the combination of the 
doublets of DM^ with the quartet and doublet tenns of 4 M 2 NJ. The lines from 
the transitions 5 M 2 (M 2 -^ M 3 ) are also expected to lie near about these lines 
though more shifted towards the higher frequency side, but have not been 
observed. The infra-red lines found in the course of this work have been 
identified as belonging to the transition and are given in Table II 

in the form of multiplets. So far it has only been possible to discover *D 
and ^S terms of the configuration The *P terms and the other doublet 

terms have not been identified and are possibly outside the region photographed. 
Table III contains the lines from the combination (Nj-e- Oj) giving the higher 


l^lioctfon 

roiitiguration. 








TcrmH (ihoorctical). 


stp 

4J> ap q[) 

_ * 1 ) <P *8 _ 

HD ’»F «P 

Ditto 
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Table II. 



*P, (530) 

‘P. 

(339) 

*Pi 

4M^ 

1 



\ 





‘D, 

(8) 

11936-2 




{230) 

(12) 

(4) 



*D. 

12174* 

11644-8 



(216) 


(3) 


(5) 

‘D, 

— 

11861*1 


11522* 

(136) 


(4) 


(2) 

*D. 


11995-9 


11667*9 

‘8. 

(2) 

(») 


(1) 

13777*5 

13246*4 


12907*2 

* Maaked by the strong nitrogen groups at X 8211-23 and at A 8680-86 respeotively. 


Table III. 



^\4M,N, 

♦Pj (630) 

‘p. 

(339) 

*P|. 

\ 






(10) 

(2) 




23016*6 

22484-9 



(340) 

(3) 

(8) 


(2) 

‘P, 

23366-6 

22826*1 


22486-9 

(876) 


(8) 


(6) 

% 


23200*6 


22861*6 


(9) 




*»« 

23604*2 




(-62) 

(3) 

(8) 



*D, 

23442*4 

22912-0 



(207) 


(0) 


(») 

‘D. 

1 — - 

23209*2 


22868*8 

(288) 


(3) 


(«) 

‘Di 


23461*0 


23123*7 


(7) 

(«) 


(0) 

*6. 

23664-0 

1 

23ia3-7 


22786-4 


» 


VOI<. OXXV.—A 
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Rydberg sequence to the terms from 4MjNg configuration. Laporte has 
probably arrived at a similar analysis, for the region which he mentioned in 
his letter to * Nature ^ coincides with that described here, but since his full 
paper is not available a comparison has not been made. The lines from the 
transition 4M2(N2^ N^) wo\ild lie still further in the infra-red, and have not 
been found. 

Table IV contains the full list of new lines of chlorine measured in the infra¬ 
red, along with all the lines classified by the present analysis. 


Table IV. 


XhA, 

I. 

V (iTftO.). 

Combinatioii. 




4M,(N, . N.) 

S09S-8 

j 0 

11495-3 

8676-7 

5 

11522 

•P, - •!>, 

8685-2 

4 

11644-8 

*P, - 

8575-5 

2 

11657*9 

*P. - *», 

8428*6 

a 

11861*1 

*P. - < 

8376-3 

9 

11936-2 

*P. - ‘D, 

8333-6 

4 

11995-9 

*P, - ‘D, 

8211-3 

12 

12176 

«P, - *D, 

8302*0 

1 

X2186-8 


8087-6 

3 

12361*3 


7883*5 

0 

12681*2 


7826-4 

0 

12773-7 


7758*7 

1 

12885-2 


7746-5* 

1 

12907-2 

*P, - *8, 

7720*3 

0 

12949*3 


7547*2 

1 

13246-3 

•P, - *8, 

7266-2 

2 

13777-5 

*P. - *8, 

6687-8 

1 

149i8-6 


6661*9 

2 

15006-6 


6614*5 

3 

15114*1 


6487*1 

3 

16411-0 


6465*9 

1 

15461-5 

4M,(N,*-0,) 

4446-18 

2 

22484*9 

•P, - 

4445*93 

2 

22486*9 

*P» - *P. 

4387-54 

5 

22785*4 

•P, - *8, 

4379 91 

8 

22826-1 

*P. - 

4872-96 

0 

22861*5 

‘Pi - *>» 

4371-55 

5 

22868*8 

«P, - «», 

4363-31 

8 

22912*0 

*P. - •!>. 

4343 66 

10 

28015-6 

*P. - *P. 

4323-36 

6 

23123-7 

/*P. - *l>i 

\*P. - *8. 

4309-03 

3 

28200*0 

*P» - *Pt 

4307-43 

6 

23209-2 

*P. - *D, 

4283*46 

3 

23855*6 

*P. - 

4264-58 

3 

23442*4 

‘P. - ‘D. 

4261-19 

8 

23461-0 

*P. - *l>i 

4253-37 

9 

23504*2 

*P. - ‘dI 

4226-42 

7 

23654*0 

*P. - *8, 
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Ionisation Potential, 

The quarter D-terms from the configurations 4 M 20 a forming a 

Rydberg sequence will have for their ^D 4 -tennB the values near about 22100 
and 10630 respectively. Now since the frequency of the line *Ps — ^D 4 be¬ 
longing to the transition 4 M 2 (Ni Nj) is 11936, the term value of of 
configuration iMaN^ will be 34036. According to Laporte,* the frequency of 
the line ^Pj — ^Pa due to the transition 4 M 2 (M 2 -<“Ni) is 71947, which gives 
the value of ^Pj of the fundamental configuration 5Mj as 106980 in wave- 
number units. Since *P 2 is greater than *Pi, this gives the ionisation potential 
of chlorine as 13*1 volts. 

Comparison with the Solar Wavele'tigths, 

In order to find out if these infra-red lines of chlorine occur in the sun, the 
following comparison has been made. The evidence, however, seems to be 
indecisive. 

Table V. 


Chlorine 

waveJength. 

Intensity. 

Classification. 

Solar 

wave-length, t 

Intenaity. 

8670-7 

5 

*Pi - ‘I>i 



8686-2 

4 

*P, - *D, 

8686-58 

-2 

8676-6 i 

2 

*1*1 - -Di 

8676-73 

-2 

8428-0 1 

a 

*P, - *D, 

8428-08 


8370-3 

9 

«P, - -D. 

8370-38 

—2 Atm. 

8333-0 

1 ^ 

‘P, - 

8333-89 

-2 

8211-3 

; \ 

«P, - 

821M9 

—2 Atm, 

7746-6 

1 


— 


7647-2 

f 

•P, - «S, 

— 


7260-2 

2 

*P. - ‘S. 

I 7260-13 

-^2 Fe T 


The author wishes to express his indebtedness to Prof. Meghnad Saha, D.Sc., 
F.R.S., under whose direction and guidance this work has been carried out. 
His thanks are also due to Mr. S. C. Deb, M.Sc., for much useful help in the 
experiments. 

Summary, 

The spectrum of chlorine has been photographed in the region X 6400 to 
8700, and the lines obtained have been identified as belonging to the transition 
4 M 2 {Nj ^ N^)* The group of lines occurring at X 4200-4600 originates from 
4he combination 4 M 2 (Ni' 4 -Oj), giving the higher Rydberg sequence to the 
terms of the configuration 4 M 2 N 2 . The ionisation potential has therefore 
been calculated as 13*1 volts. 

* Xoceit. 

t ” Reviaion of Rowland's Preliminary Table of Solar Wave-lengths,” by 8t. John and 
othen. 
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On ike Numerical Solution of Eqtwtions with Complex Roots. 

By R. A. Frazer, B.A., B.So., and W. J. Duncan, B,Sc., A.M.I.MeoliJ!. 

(Communicated by H. Lamb, F.R.S.—^Received Aprii 26,1929.—Revised 

June 1, 1929.) 

1. Introdwtion.—PartB I and II of the present paper give a brief desoriptiaa 
of two methods, which are believed to be substantially novel, for the numerical 
resolution of equations with complex roots. As regards rapidity of com¬ 
putation, the methods will probably be found inferior to others such as Aitken’s 
extension of Bernoulli’s method,* or the root-squaring method as improved 
by Brodetsky and Smeal.f On the other hand, a feature of the alternatives 
proposed is that arithmetical errors need not be cumulative. Certain further 
merits wiU be suggested in due course. 

Part III contains a r6sum6 of Bairstow’s variant of the root-squaring method, 
and Part IV deals with successive approximation to a quadratic factor. The 
substance of these parts has already appeared in aeronautical publications, 
but may not be familiar to the general soientific public. 

Part L—“ Test Function " Method. 

2. General Description. —The underlying principle is very simple. Suppose 
that an equation has a pair of roots a d: where a is real and ^ is either real 
or pure imaginary. If the roots of the equation be decreased by the real 
quantity oc, then the modified equation will have the pair of equal and opposite 
roots ± The occurrence of equal and opposite roots is indicated by the 
vanishing of a certain “ test function.” The use of this functioi4 thus permita 
the determination of a, and an explicit formula for ^ can readily be obtained. 

3. Construction of the Test Function. —Suppose that the original equation, 
on reduction of its roots by the real quantity (i, becomes 

/(*) = Po*" + + • • • + * + P» =» 0. (1> 

If jjL is such that (1) has the pair of equal and opposite roots ± then 

♦ ‘ Proo. Roy. Soo. Edinburgh,* voL 46, p. 289 (1926). 

t * Proo. Oamb. Phil. Soc./ voL 22, p. 83 (1924). 

X For an account of these “ test functions ’* see Frasutr and Bunoan, * Roy. Soo. Proo,,. 
A, vol 124, p. 642 (1929). 
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/(W “/(~~ P) = 0- ^"01 equations of even degree {e.g., n = 2m) it follows 
that 

f>oy”+i>ay"'“‘ +... +j>2»-2y+j>2» = o, (2) 

+ Pay""* +... + j>2m-sy+i>2«-i = o, ( 3 ) 

where y has been substituted for Analogous relations hold good for equa¬ 
tions of odd degree. 

Any form of the eliminant of (2) and (3) may be adopted as the test function 
T. The standard form of T is the determinant obtained by the application 
of Sylvester^fl dialytic method of elimination^ but others may be more con¬ 
venient for computation. Some of the alternatives will be indicated hereafter. 

When T vanishes, y is a common root of equations ( 2 ) and (3), and the 
explicit expression of this root in terms of the coeflScients can be derived by 
a process of “ partial elimination.”* 

The method of Jelinekt may be regarded as a special case of the test function 
method. Jelinek substitutes the roots of ( 2 ) in the expression on the left of 
(3) and varies |x until (3) is satisfied. Evidently this process amoimts to the 
use of a test function, but the treatment developed in the present paper is 
more general, and is believed to be more cdnvenient. 

The detailed application of the test function method to quartic, sextic and 
octic equations will now be considered. 

(a) The Quartic ,—In this case ( 2 ) and (3) become. 




Poy* + Pay + p« = 

(4) 

Hence 


Piy+ Pa = 0. 

(6) 

T3 = 

Pi 

Po 

= PiPaPa - P1*P4 “ Pa'Po, 

( 6 ) 


n 

p* Pi 



and from (6), 

0 

P 4 Ps 





y = P* = - 

(7) 

(6) The Sextic. —The equations for y are 



Poy® + Pay* + Pay + Pe — 0, 

(8) 



Piy* + Pay + p6 == 0. 

(9) 


• Eraser and Duncan, /oc. § 6, 

t * Die AufiOflung der hOheren numerkchon Gloiohungen,* Leipzig, 186S. 
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The standard determiuantal form of the test function givrai bj the dialytio 
method of eliminatiim is 

T:, = Pi Pi> 0 0 0 (10) 

Pa Pa Pi Pa 0 

Pa Pi Pa Pa Pi 

0 p, pr. p. Pa 

0 0 0 pe ps 

Another form of the test function is 

Tr.' = Pi po 0 X Pi Po 0 — Pi Po 0 *, 

Pa Pa Pi Pa P* Pa Pa Pa Pi 

Pa Pi Pa 0 Pa Pa 0 p# ps 

and y is given by 

y Pi Po ^ + Pi Po 0 =0. 

Pa Pa Pi Pa Pi Pa 

0 Po pi, 0 po pr, 

Probably the simplest of all the forms of the test function is 

Tr" = (Po^i’’ + Piyi* + PiPi + Pa) + P^a* + Pi!fa + P«)- (13) 

where yi and y, the roots of the quadratic 

J>iy* + Pa!f + Pa = 0 . (14) 

When T 5 " vanishes, at least one of its factors must vanish, and the corresponding 
value of y (E P*) must obviously be real. Thus, if the roots of (14) are complex 
the assuiped value of |ji is certainly incorrect, and the computation of T/' 
may be unnecessary. Clearly, the two factors of (13) can always be dealt 
with separately. 

(c) The Ootio, —Here the standard test function is 

T7= Pi Po 0 0 0 0 

Pa Po Pi Po 0 0 0 

Pa Pi Pa Pa Pi Po 0 

Pi Pa Pa Pi Pa Pa Pi 

0 Pa P? Pa Ps Pi Pa 

0 0 0 Pa Pt Pa Ps 

0 0 0 0 0 po p7 


( 11 ) 


( 12 ) 


( 16 ) 
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The expresaion ooirespondiug to ( 11 ) is 


Pi Po 0 0 0 

X 

Pi Po 0 0 8 

— 

Pi Po 0 0 0 

Ps p 2 Pi Po 0 


Ps Ps Pi Po 0 


Ps Ps Pi Po 8 

Ps Pi Ps Ps Pi 


P 5 Pi Ps Ps Pi 


P5 Pi Ps Ps Pi 

P7 p« Ps p« Ps 


0 Ps p# JJ5 


Pt Pe P6 P. Ps 

0 Ps P7 Ps Ps 


0 0 0 Pb P 7 


0 0 0 })8 P 7 


and y is given by 


Pi 

Po 

0 

0 

0 

+ 

Pi 

Po 

0 

0 

0 

Ps 

Ps 

Pi 

Po 

0 


Ps 

Pa 

Pi 

Po 

0 

Ps 

Pi 

Ps 

Ps 

Pi 


Ps 

Pi 

Ps 

Ps 

Pi 

P7 

p« 

Ps 

Pi 

Ps 


0 

Ps 

Pt 

Ps 

Ps 

0 

0 

0 

Ps 

Pt 


0 

0 

0 

Ps 

Pt 


(17) 


In actual computation it may be found convenient to transfer the fourth 
rows to the leading position, for then the minors of the elements in the first 
rows are identical in the two determinants. 

Both T 7 and T?' are rather laborious in use, and a more convenient test 
function is 


T?" = + P 5 y» + fi) {Piyi + Pays* + P^ya + P?), ( 18 ) 

where y^ and y, are the roots of the quadratic,* 


y* 

Pi Po 8 

+ y 

Pi Po 8 

+ 

Pi Po 8 


Ps Ps Pi 


Ps Pi Ps 


Pt P« Ps 


0 Pr JJ7 


0 Pr Pt 


8 Pb Pt 


Equation (19) is a partial eliminant of equations ( 2 ) and (3) with m = 4. The 
actual treatment of T?" in relation to the nature of the roots of (19) would be 
strictly parallel to that already detailed for the sextic. 

4. lUuMrative Apfiicalion to a Particular Sextic .—^Let the equation for 
solution be 

+ 20z* + 3z* + 22* + 4z + 5 = 0. (2©) 

The following table contains the values of the coefficients, and of T 5 for a 
series of values of p, the real quantity by which the roots of ( 20 ) are 
reduced. The details of the calculations of the coefficients by Homer’s process 
are omitted. 

* Fraser and Dnnoan, loe. eit., equation ( 31 ). 
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Table I. 



J>0* 

Pv 

Pr 

J»«* 

Pr 

Pr 

1>«* 

T, X 10"«. 

0 

1 

30 

20*0 

3*0 

2*0 

4*0 

5*0 

-1*32 

0*1 

1 

3 6 

21*65 j 

11*32 i 

4*1316 

4*57166 

5*42503 1 

-4-966 

0*8 

1 

4*8 

26*85 

30*24 

16*4315 

8*30608 

6*03102 

-27-62 

0-45 

1 

5*7 

29*7876 

46*8974 

33*6988 

15*6383 

8*30217 

-2-103 

0-46 

1 

6*76 

30*074 

48*0947 

36*1237 

16*3264 

8*52194 

+4-107 

0*47 

1 

6*82 

30*3035 

49*3034 

36*5846 

17*04347 

8*68879 

14-22 

0*6 

1 

60 

31*26 

63*0 

41-1876 

19*376 

9*23435 

63-60 

1*0 

1 

90 

50*0 

133*0 

176*0 

118*0 

38*0 

27824-0 


Fig. 1 ie a preliminary graph of Ts on a base of (x, while fig. 2 shows the result 
of more detailed exploration for the range 0*45 to 0*47. The approximate 




Fia. 1. Fio. 2. 


value of a for one pair of roots of the sextic is seen to be 0*464. By means of 
equation (12) the corresponding value of y(= p*) ie found to bo —0*343. 
Thus p = ± 0*686i; and a pair of roots of the sextic is approximately 
0*464 ± 0'686t, corresponding to the quadratic factor s* — 0*908s -|- 0*649. 

Bairstow’s process of successive approximation (see Part IV) is now applied, 
and a more accurate value for the factor found to be 


so that the roots are 


2* - 0*91036* + 0*56862, 
0*46618 ± 0*69282*. 


( 21 ) 

( 22 ) 
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The actual time taken by a computer, not experienced in the method, to obtain 
iihiB result was 3 hours. 

When the sextic (20) is divided by the quadratic factor (21) the quotient is 
the quartic 

2* + 3 -OlOSOz;® + 23-00122* + 21 *76492 + 8 *9667 = 0. (23) 

The roots of (23) are found by means of the test function Tj. Values of the 
coefficients and of the test function are given in the following table. 


Table II. 


i 


Vv 

Vt‘ 

i 

1 jPj* 

Pv 

T,. 

0 

1 

3*91036 

23-0012 ' 

21-7649 

8*9657 

1346-6 

-0*1 

1 

3-61036 

21-8882 

17-268 

7-0004 

942*3 

-0*6 

1 

1-91036 

18-6366 

1■1865 

3-4022 

28-4 

-0*61 

1 

1-87036 1 

18-6789 

0-8143 

3-39226 

16-8 

-0-623 

1 

1-81836 

18*6070 I 

0-3322 

3-38481 

--0-12 

-0-63 

1 

1*79036 

18*4091 

0-0734 

3-38339 

-.8*4 


A graph shows that a close approximation to the value of a is — 0*5228 and 
equation (7) gives = —0*1867. Hence an approximation to a pair of 
roots is — 0*5228 ± 0*432i, and the corresponding quadratic factor is 
2* + 1*04662 + 0*4900. Bairstow's process now gives the more correct 
expression 

2*+ 1*04682 + 0*45818. (24) 

By division the second factor of (23) is 

2* + 2 * 864562 + 19 * 5472. (26) 

The complete solution of (20) is accordingly 

+ 0*4562 ± 0*6928i, 

- 0*5229 ± 0*4298t, 

- 1*4323 ±4*1828*. 


6. Singular Oases of the Test Function Method .—Singular cases arise when 
iyro or more pairs of roots of the equation have the same mean value {e.g., 
there are roots of the forms a ± « ± p,). Such oases are not of much 

praotioal importance, but present some points of interest. The ootic equation 
will be taken as an example. 

Suppose, firstly, that merely two pairs of roots have the same mean value a. 
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Then obviously both of the roots yi and of the quadratic (19) must cause the 
expression 

P\f + Pay* + Pay + p? 


to vanish. Each of these roots determines a value of p®, so that four roots of 
the octic are found. 

Next, suppose that three pairs of roots have the same mean value a. Since 
T 7 " vanishes for three distinct values of y, these must be the roots of 

Pi/ + Pay* + phV + P7=^0. (26) 

The three roots of (26), which are necessarily all real, determine the three 
relevant values of p®. 

Lastly, let all four pairs of roots have the same mean value. Then the cubic 
equation (26) has four distinct roots, and is thus an identity. Hence 

= Ps = Pr. = J>7 = 0, (27) 


and the four values of p® are the roots of the quartic 

Poy* + PaV® + P4.V® + P«y + Ps = 0 . (28) 


It will be seen that the singular cases present no difficulty when the test 
function T," is adopted. On the other hand, the determinantal forms (16) 
and (16) of the test function become nugatory. Since in* the singular cases 
more than one value of y corresponds to a certain value of a, it follows that 
the equation (17) miist be indeterminate, and both of the determinants involved 
must vanish. Thus, all the determinants of the following matrix must 
vanish 


Pi 

P 3 

P 5 

pT 

0 

0 

Po 

P* 

P 4 

p« 

Ps 

0 

0 

Pi 

P 8 

Pi 

P7 

0 

0 

Po 

Pa 

p* 

Pi 

Ps 

0 

0 

Pi 

Pa 

pi 

P^ 


Pi 

Po 

0 

0 

0 

0 

Pa 

Ps 

Pi 

Pa 

0 

0 

pi 

Pi 

Ps 

Pa 

Pi 

Po 

P7 

Pi 

Pi 

Pi 

Ps 

Ps 

0 

Pi 

Pi 

pa 

pi 

Pi 

0 

0 

0 

Pa 

Pi 

Pi 


(29) 


(30) 
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it followB, on expansion in the elements of the last column^ that Te vanishes. 
Also 


Pi 

Po 

0 

0 

0 

Ps 

Ps 

Pi 

Po 

0 

Vu 

n 

Ps 

Ps 

Pi 

Pr 

Po 

p:. 

p« 

Ps 

0 

Ps 

P7 

p« 

P.i 


is one of the determinants of the matrix (29), and therefore vanishes. Thus, 
when the quantity a is once repeated 


% T5 - 0. 


(32) 


The graph of T? on a base of fi would in such a case touch the axis of absciss®, 
and fail to give a precise value for a ; but the graph of Tr» would cut the axis 
and give the needed definition. More generally, in the case of an equation of 
degree n, if the same value of a is associated with s pairs of roots, the test 
function T,t - 2 « f) laiay be adopted. The corresponding values of are 
obtained from the roots of a partial eliminant of the equations (2) and (3) of 
degrees 8 in y. 

Whenever a singular case arises the determination of the remaining non- 
singular roots is facilitated. For example, suppose that a sextic has roots 
with a repeated real part a. When the roots have been diminished by a, the 
equation is 

Po®* + Pi*’ + Pa2* + Pa*® + Pa** + Pr.* + p« = 0, (33) 

which must be identical with 

Po (** - .Vi ) (** - Va) (** Vs) = (3^) 

On identification of the coefficients in (33) and (34) the following results are 
obtained:— 

Xg — — Pi/po> (36) 

Va = - PiPe/poP.v (36) 

Thus all the roots are at once calculable. 


Pakt II.— Graphical Solution. 

6. Oeneral Description .—In this method the coefficient of z and the constant 
term in a quadratic factor of the equation are deterqpined directlj as the 
00M»dinates of a point of intersection of a pair of plane curves. 
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Suppose that (z* — ^ ~ y)) is a quadratic factor of the equation, and let 
and Zj be the roots of the quadratic 

2* — 5z — yj = 0. (37) 


Whenever z has one of these values 

2 * = $2 -|- yj (38) 

2* = ^2* + yjz = (5* + >j)2 + 5»j (39) 

= (5* 4- y)) + 5r)2 = + 2^yi) z + y) (5» + y)). (40) 

etc. 

The formula for 2 " is 

2 ” = (^„_i 2 + y)^,_ 2 , (41) 


where is a function of \ and n), which obviously satisfies the recurrence 
relation 


Inspection of the first few members of the series suggests the formula 




n 


r n 


2r 


trn—sn-f 


(42) 


(43) 


which can be established by induction. A formula equivalent to (43) is quoted 
by Bairstow* with a different application in view. 

When the foregoing expressions for the powers of z are substituted in the 
original e(] nation a result of the form 


/i (i fi) 2 4-/2 (I, y)) = t> (44) 

is obtained, and this must be valid when z has either of the values Zy, since 
these are, by hypothesis, roots of the equation. Hence 

/i(i>3)-0, (46) 

and 

fz = <1* (46) 


If ^ and 7] be treated as co-ordinates in a plane, the equations (46) and (46) 
define a pair of curves whose real intersections determine the quadratic factors 
of the equation. 

In practice it is convenient to use a pair of equations derived from (46) 

♦ L. Bairatow, Appendix to “ Inve«tigationa Relating to the Stability of the Aeroplane," 
"* Reports and Memoranda No. 154 of the Advisory Committee for Aeronautioa,* October, 
1914. Bairstow attributes the formula to Encke. 
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and (46) rather than these equations themselves. By a process of partial 
elimination* equations of any desired degree in ^ or in tj can be obtained; 
in particular, explicit expressions for ^ in terms of t), and of y) in terms of 5, 
can always be found, but these latter forms are not always convenient.. 
Quartio and sextic equations will now be considered in detail. 

(а) The Quartic, —Let the equation be 

+ P^^ + Pz^ + Pa ^ (47> 

On substitution from (38)-(40) it appears that 

/i {t y\) = Po (?® + + Pi + ri)+ Pi^ + Ps == 0, (48) 

and 

/a (^, Yj) = poY] (^2 + ^fi) + Pi5y} + pgYj + p^ 0. (49> 

Equation (48) can be written 

TQ = (Po^* + Pi^® + Pil + P3)/(2po5 + Pi)- (b0> 

Multiply (48) by y) and (4S) by and subtract; the resulting equation can 
be written 

I = iPiyf + P8^)/(P4 - Po^®)' (61> 

The curves (50) and (61) can be plotted very readily. It may be noted that 
(60) has the asymptote 5 = Pi/2po, a»d (61) the asymptotes y) = ± (Pi/Po)** 

(б) The Sextic. —The equation to be solved is 

Po^f® + Pi«® +P^ + Pa^® + P42^® + Ps^ + Pe == 0. (62> 

In this case 

(5, fi) = (3Po5 + J»:) TQ* + (4j)oe + 3j>ie + + PaU 

+ iPoV" + Pil* + Pzi^ + PbI* + Pti + pe) = 0, (63> 

a, >j)=Pc’}*+(3f oe+ 2p,z + p,)v 

+ + + + + 5)6 = 0. (64> 

Equation (69) is a quadratic for r) and tHe corresponding curve can accordingly 
be plotted without difficulty. Multiply (63) by and (64) by (^* + tj) and 
subtract. The result is the following quadratic for 5 

(PoV* + 5)6) e + (Pi^^ — Ps^l) ^ + (Po'l* + PtO^ + J)*")!* + PeiQ) = 0 . ( 66 ) 
This equation may be adopted as the equation of the second of the intersecting 
curves in place of (64), but certain spurious intersections will be introduced. 
These, however, can inunediately be recognised, since they will necessarily 
lie on the parabola 5* + ’ll = 0. 

There is actually some advantage in the use of equations which are qxiadratio 

* 

* See Frazer and Dnnoau, loo* eit,, § 6. 
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ia one of the oo-ordinatee, for, since merely real interaectaoiu of the outves ue 
sought, those ranges of the variables which lead to im ag in a r y roots of the 
quadratics are immediately ruled out as irrelevant. Exj^cit formulss for 5 
and 7} can be obtained without difficulty, but they are comjdioated and con¬ 
siderably more laborious in use than the equations (53) and (65). The ezjdioit 
formula for ^ may, however, be quoted. It is 


^Po) + - P» + Y (Pi - PoY/P)/P' 


where 

Y = Pi — P*/»l* 
8=P» + P«/l- 


(57) 

( 68 ) 

( 69 ) 


Formul© equivalent to (51) and (66) are given by Bairstow for use in his 
version of the root*squaring method of solution (see Fart III). 

7. lUustraJtwe AppUcation to a Particular Seoetic .—^The graphical method 
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will be applied to tbe equation (20) which has already been solved by the test 
function method. 

A preliminary plotting is given in fig. 3, where the curve No. 1 corresponds 
to (63) and curve No. 2 to (55). For completeness the parabola “ 9 

(curve No. 3) is also represented. It will be seen that of the three intersections 
of No. 1 and No. 2 which appear in the diagram, one lies on the parabola, and 
is, therefore, spurious. Large scale plottings in the neighbourhoods of the 
two genuine intersections indicated are given in figs. 4 and 6. 



The following approximate quadratic factors are obtained 

2*-0*9102+ 0-669, 

23 + 1*0452 + 0*468. 

The approximations can be improved by the method of Part IV and the third 
factor obtained by division. Actually the above approximations are very 
dose to the truth (cp. (21) and 24)). 

Paet hi.—Note on the Boot-Squaring Method. 

8. Bair^mo^s Vwncmt ,—The principal difficulty in the application of the 
toot-squaring method in its earlier forms lies in the determination of the 
lunpUtudes of the complex roots. The scheme of Brodetsky and Smeal (foo. 
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Oif.), baaed on the use of an infinitesimal transformation^ successfully disposes 
of this defect, but it may be opportune here to refer to an alternative process 
due to Bairstow, which makes use of equations obtained incidentally in Fart 
II of the present paper. In his method the moduli are determined in the 
ordinary way, and the corresponding amplitudes are then obtained without 
ambiguity by an application of formules (51), (66), or their appropriate 
generalisations. 


Part IV.— Successive Approximation to a Quadratic Factor. 

9. General Description .—The following very useful method of improving the 
accuracy of a quadratic factor of an equation is due to Bairstow. In principle 
it is similar to Newton’s method of obtaining a rani linear factor by successive 
approximations. 

Suppose that {z^ — — t)) is known to be an approximate quadratic factor 

of the equation / (z) = 0. Divide / {z) by (s;* — ^ — yj), and let the quotient 
be Qi (z) and the remainder R^z -+> R,,. Next divide Qj {z) by the same quadratic 
factor, and let the remainder be RgZ + Rg- Then the corrections to be added 
to ^ and y] are 


Rj, R3 

/ 

Ra. Ra + ^Rs 

Ro, Ra 

/ 



Ri, 

Ra + ^Rs 

/|R„ 

Ra+SR, 

Ro, 

^jRs 

1/ IR*. 

^Ra 


(61). 


The process must be continued until the remainders Rj and Rq are sufficiently 
small. Once a near approximation has been attained, it will be found that R^ 
and Rg remain almost constant, and it becomes unnecessary to recalculate 
them at each step. 

10, Proof ,—The following proof of the method is a slight modification of 
that given by Bairstow in R. & M. 164.^ Let a + p and a — p be approxi¬ 
mations to a pair of roots of the equation. Then the corresponding approximate 
quadratic factor is (z — a)® — P* and 

/ (*) = Qi (*) {(* - a)» - + Ro. (62), 

Substitution of the values a + p and a — p for z in (62) gives 
/(a+P)-Ri(a~f-p) + Ko, 

^(a-p) = R,(«-p)4.R„. 

* See footnote, p. 76. 


(63) . 

(64) . 
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Hence 

(65) 

2Ro =/(a + P) +/(a - - 2aRi. (66) 

Now, by the definition of Rg and R3 : 

Qi {z) Qg (z) {(z ^ ^ + R3^ + R3. (67) 

Hence the equation (62) becomes 

f{z) - Qa {Z) {(z - a )2 + R^) {(z ^ ^ p2j 4. ^ Ko. (68) 

Differentiate the last equation with respect to z, and then put z = a ± p. 

The restilting equations are 

/' (a f p) 2p (Ra (a + p) + Rg) + R^, (69) 

/' (a -- p) ^ - 2p {R3 (a ~ p) + R^) + Bx* (70) 

Suppose that the correct values of the pair of roots considered are a + Sa ± 
(p + 8p). Provided that 8a and Sp are sufficiently small, and that the 
differential coefficients 0Rx/3a, etc., are not all zero, it will be legitimate to 
retain merely the liiiear terms in the Taylor expansions for Rj^ and Rq. Hence 


and 


R„+|k.Sa + ^'.Sfi 


■5F 


0 . 


(71) 


(72) 


’ By equations (65), (66), (69) and (70) the differential coefficients 0Rj/0a, 
etc., can be expressed in terms of ^a- Upon substitution, (71) and (72) 

become 

Ri + 28a (R* + aRs) + = 0 


Ro - 28a {(a 2 - ^ 2 ) R 3 + aR*} + 2 pSpRis = 0 - 

Now ^ ss 2 a and y; = p* — a®, so that 

2Sa = 8^, 

2pSp = Sn) + 

With these substitutions (73) and (74) become 

(R3+^R3)S? + R3S7)H-R, = 0. 

7;E3S5 + RaSr) + Ro = 0. 

Solution of the last equations leads to the formulae (60) and (61). 
VOL. OXXV.—A. 


(73) 

(74) 


(75) 

(76) 



82 Nwmerical Solution of Equations with Complex Roots. 

11. Nufnerical lUmtration. —In the solution of the equation (20) by the test 
function method, the approximate quadratic factor «• — 0 - 90782 :+0*6494 
was obtained. 

It is found that 

Ki== 0-240 Ro= 0-140 

R8 = 43*16 R8== -6-89. 

Hence by (62) and (63) 

85= 0-009, 

8/) = -0-0125, 

and the corrected quadratic factor is — 0-91682: + 0-6619. 

On a repetition of the divisions, 

Rj== 0-0747 Ro = -0*140 

Rs = 44-89 Rg^- 6-698. 

Whence 

85 = —0-00644, 

87) = 0-00328. 

The third approximation to the quadratic factor is accordingly ... o - 91036z + 
0*55862. On division of (20) by this expression, Rj = —0*0001 and 
R^ = —. 0-0028. This approximation was judged sufficient for the purpose 
in view. 

12, Condmion ,—As regards the practical utility of the methods suggested 
in Parts I and II of the present paper, it may be remarked that both permit a 
determination of merely a single pair of roots quite independently of the 
remainder. This may be a distinct advantage, since in some physical problems 
the interest is confined to particular pairs of roots. Moreover the computer 
has frequently a rough knowledge of such roots at the commencement of the 
calculation. For example, in dynamical problems, the real part a of a complex 
root determines the damping of an oscillation of the system, and its order of 
magnitude will usually be obvious. Thus, in an application of the test function 
method, the range of values of jx for trial is not large, A further feature of 
the test function method is that it can be applied without difficulty to cases in 
which roots are approximately, or exactly, duplicated. 



High Frequency Fatigue. 

By C. F. Jbnkin and G. D. Lehmann. 

{Communicated by Sir Richard Glazebrook, F.R.8.—Received May 4, 1929.) 

I.— Summary. 

The object of these researches was to determine the effect of the frequency 
of alternation of stress on the fatigue limits of various metals. The work was 
carried out in the Engineering Laboratories, Oxford, Tests were made on 
rolled, normalised and hardened steel; rolled aluminium; annealed copper 
and normalised armco iron. The ordinary frequency employed in fatigue 
tests is 50 periods per second. Jenkin* in 1924 carried out tests up to 2000 
periods per second and in the research described in this paper teats were made 
at frequencies up to 20,000 periods per second. In all the higher frequency 
tests the specimen consisted of a bar supported at the nodes, and vibrating 
freely. Jenkin used an electro-magnetic method to produce the vibrations, 
but this will not work for very high frequencies and a new method had to be 
invented. In the experiments now described fluctuations of air pressure 
acting directly on the specimen were used to make them vibrate and a number 
of methods were tried before a successful apparatus was evolved. The apparatus 
consists essentially of the two blowers used to vibrate the specimen. Each 
blower consisted of a small adjustable resonating chamber, into which air was 
admitted by a throttle valve in the back, while the front was closed by one 
face of the specimen. The position of the specimen was so arranged that as it 
vibrated to and fro it alternately released the air pressure or allowed it to 
mount up in the chamber. 

The strains were calculated on the assumption that the bar vibrated freely 
and the only measurement necessary was the amplitude of vibration at the 
centre of the bar. Lord Rayleighf has shown how the strains may be calculated 
for a long, thin vibrating bar. But using the method of vibrating by air, the 
bars had to have a moderate width and for the highest speeds they had to be 
short, so that Lord Rayleigh’s theory was no longer sufficiently accurate. The 
experiments would have been impossible but for the assistance of Prof, Love, 
who explained how the known theory could be applied to bars of moderate 
width, such as could be used in our apparatus. 

♦ * Roy. Soc. Proc.; A. vol. 109, p. 119 (1925). 
t * Sound.* 
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The resxilts obtained were very interesting. In Jenkin’s experiments the 
largest increase of the fatigue limit was only 15 per cent, but he pointed out 
that much larger rises were to be expected at higher frequencies. In the 
present tests increases of fatigue limit up to 60 per cent, have been recorded. 
It has also been found that the fatigue limit does not increase indefinitely with 
the frequency but reaches a maximum value, and in some tests was shown 
actually to fall at the highest frequencies. The greatest drop obtained beyond 
the maximum fatigue limit was about 9 per cent, of the maximum. This 
fall might have occurred for the other metals also, if they had been tested at 
still higher frequencies. 


11.—Introduction. 

This research on high frequency fatigue in rolled, normalised and hard 
steels, rolled aluminium, annealed copper and normalised armco iron was 
carried out in the Engineering Laboratories, Oxford. The cost of the apparatus 
was defrayed by a grant from the Engineering Research Board of the Depart¬ 
ment of Scientific an^ Industrial Research. 

The necessity for some work in this field has been realised since 1911 when 
Hopkinson* published the results of some tests on mild steel carried out at 
about 116 periods per second. As these were not considered to be conclusive 
further work was done by Jenkin (loc. dL) who, while showing that in Hopkin- 
son’s tests the effects of speed were exaggerated, confirmed his anticipation 
that the fatigue limit increased with the rate of alternation. Jenkin also 
showed that at higher speeds the effect was becoming considerable and that 
still more striking effects were to be expected if the speed of alternation coiild 
be further increased. He used an electrical method, with which he reached 
2000 periods per second, but failed to obtain sufficient power to break specimens 
at higher frequencies. 

The higher frequencies reached in the present paper were obtained by 
using fluctuations of air pressure acting directly on the test pieces. Preliminary 
investigations were made upon the possibility of adapting the accepted methods 
of sounding organ reeds, but in these little power is developedf as the small 
amplitudes required only develop stresses well below the elastic limit, whereas 
for materials stressed to the fatigue limit considerable power is required to 
overcome hysteresis.^ Therefore trial experiments were made to find a method 

♦ ‘ Roy. Soo. Proc.,’ A, vol. 86, p. 131 (1911). ^ 
t Lehmann, ‘ Sound * (Pressure in Organ Pipes), 
t Gough, ‘ Fatigue of MetaJs,* p, 129, etc. 
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which would develop more power. For simplicity, cantilever bars were used 
in these preliminary tests instead of free-free bars, which are the most desirable 
form of test piece. * 

III.—The Evolution of the Apparatus, 

The first apparatus designed was based on a suggestion by Prof. B, P. Haigh, 
viz., that the pressure variations in a convergent-divergent throat could be used 
as a source of power. The design of apparatus I is shown in fig. 1. The throat 


c 



Fio. 1. 


is formed by the two parallel semicircular plates A and A^, the revolving 
plate B and the cantilever specimen C. The plate B could be turned about the 
axle D and fixed by the nut D', thus adjusting the position of the throat along 
the length of the specimen. The width of the throat could also be altered by 
moving the plate B upon its axle D, the diameter of the hole in B being made 
slightly larger than the diameter of the rod. The specimen C was held in 
position by the bolt E. When the two cover plates A and were bolted in 
position a chamber F was formed at the base of the specimen. The high 
pressure air entered this chamber through the orifice G in the base of the 
apparatus. The reed was just free to vibrate between the two cover plates. 

By adjusting thct position and width of the throat, and the air pressure, the 


• Jenkin, he, cit. 
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combination developing maximum power was found, which was again increased 
considerably by covering the small chamber H at the back of the specimen with 
a plate. The specimen then acted as a valve opening and closing this auxiliary 
chamber, into which air entered by leaking between the walls A, Aj, and the 
specimen. In this way an aluminium specimen was successfully broken in 
fatigue at approximately 5000 periods per second. But difiiculties were 
experienced in starting the specimen vibrating, as the throat width had to be 
made so small that the specimen struck the opposite edge. 

The design of the next apparatus (apparatus II) is shown in fig. 2. The air 
enters the chamber B (formed by the plate C, the cantilever specimen D and the 
two circular plates A and A^) through the adjustable orifice E. The specimen 
D was adjusted so that when it vibrated it would act as a valve opening and 



Fio. 2. 
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closing the chamber B. The position of the back of the chamber could be 
changed, by moving the sliding steel plate C in its groove G. A series of 
experiments were then made upon the orifice size and the volume of the chamber 
to obtain maximum power. From these sufficient data were collected from 
which to design the third apparatus in which the same method was applied 
to specimens supported as free-free bars. Using apparatus II some steel 
specimens were stressed to fracture at 5000 periods per second, but the stresses 
developed were unknown, as the specimens were of cantilever form and not of 
uniform cross section. One important disadvantage of this type of apparatus 
was that with the single blower used the stresses developed were not equalised 
upon the two faces of the specimen, as the deflection away from the blower 
was greater than that towards it. The specimen would therefore sometimes 
take a permanent set away from the chamber, and failing to fimction as a 
valve the vibrations would cease. 

The original form of the next apparatus (apparatus 111), which was designed 
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to equalise the stresses on the two faces of the specimens hy using multiple 
blowers, is shown in fig. 3. (This was the first apparatus designed to stress 
free-free bars.) 

The blowers were situated at the end of the specimen above the nodes. The 
front faces of the chambers were formed by the specimen S (fig. 3), the tops by 
a plate A and the back and sides by the machined gap in the nozzle block C. 
The cover plates were adjustable and were held in position by the small screws 
J (fig. 4). The slot K (fig, 4) allowed of a vertical motion, and the horizontal 
movement was obtained by adjusting the two fine screws L. The rubber 





lining M at the back of the cover plate took up the required motion without 
increasing the chamber area. The movement of the specimen was again 
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used to open and close the chamber, which was charged tliroiigh the adjustable 
orifice N in the block C. As this must not touch the specimen, there was 
always a small air leak at E. But the motion at this point being very minute 
the gap could be made extremely small. Various devices for reducing this 
leak without damping the specimen were tried, the most successful being pads 
of vulcanised rubber. 

Using this apparatus considerable power was developed with a single nozzle 
chamber. With two nozzles an increase of power was obtained, but tlie adjust¬ 
ment of the cover plates was very difficult, any small upward motion of the 
specimen due to one blower would cause the specimen to touch the cover plate 
of the other and the vibrations to cease. 

A series of experiments were made upon the most efficient methods of 
supporting the specimen at the nodes. These are explained in detail in section 
IV. At this stage while experimenting with a jet of air delivered from a small 
orifice in the centre of a flat disc, it was noticed that when a plate was placed 
close to the disc a negative pressure was produced between the plate and the 
disc, while at points fui*ther away the effect was reversed. The positions 
depended upon and varied with the air pressure, the size of the disc and the 
orifice. There was therefore somewhere between the points a position of 
instability surrounded by zones of potential high and low pressure, A trial 
showed that a specimen placed in this position could be made to vibrate. 

Apparatus IV (fig. 5) shows the form designed to produce vibration by this 
method. The specimen is shown in position between the two blowers B and 
The air entered along the tube C, and escaped between the faces of the specimen 
and the heads of the blowers. The positions of the blowers were adjusted by 
sliding in the block A. 

This type of apparatus had the following manifest advantages over its 
predecessor 

(а) Simplicity of design and manufacture. 

(б) Simplicity of setting- no microscopic adjustments of cover plates. 

(c) In the previous tj^e, the power developed depended upon the specimen 
acting as a valve for the oxitlet of the air, so that a large amplitude or 
a very critical adjustment of the cover plate was necessary. But in 
this method a small movement of the specimen was sufficient to start 
vibrations. The blowers could therefore be placed at its centre (fig. 5), 
where, although the amplitude is only 60 *6 per cent, of the amplitude 
at the free antinodes, there is more room. 
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{d) Following from (6) a double blower could easily be used giving more 
power and an equalised maximum compression and tension upon the 
two faces of the specimen. 

The blowers B and Bj were now replaced by the type shown at £ in fig. 6 
in the heads of which a chamber was formed by the adjustable orifice holder D. 
The specimen was again made to act as a valve. By this means more power 
was developed and a series of experiments were carried out:— 

(i) Varying the blower head diameter (B) from 0-263 inch to 0-6 inch. 

(ii) Varying the orifice diameter in the orifice holder D from 0-6 mm. to 

2-6 mm. 

(iii) Varying the depth of the chamber from 0 to 0-6 inch, 

(iv) Varying the diameter of D from 0-126 inch to 0-375 inch. 
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The amplitudes obtained were plotted against these variables, giving an 
extremely interesting series of curves. The graph (fig. 6) shows a typical 



example which seems to show that some resonance of the type developed by 
Hartmann and Trolle* in their air jet generator was present. 

The next apparatus (apparatus V), designed from the knowledge obtained 
by these experiments, is shown in fig. 7. This contains all the essential parts 



Fio. 7. 


of the final type of apparatus without any of the refinements which were made 
later. The specimen A is shown in position with one of the oscillatory chambers 
B. The distance of the face of chamber B from the specimen was regulated 

* The Air Jet Generator,” * J. Soi. Inst.,* vol. 4 (1927), 
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by revolving the screw thread C, which was looked in any position by tightening 
G. The plunger E, which is a sliding fit in the oscillatory chamber B, contains 
a small orifice l^mm. diameter at its centre. This plunger could be adjusted 
horizontally by sliding the tube F in the screwed tnhe C. F is connected to 
the high pressure air supply by a flexible tube. 

Fig. 8 (apparatus VI) shows the final form of the apparatus which is an 
improved type of apparatus V, designed to stress specimens of varying lengths 



Fig. 8. 


and widths. The blowers were adjusted by moving the milled nut B, and locked 
in position by the milled nut C. The plungers could be moved in and out in 
the oscillatory chambers by rotating the milled head D. 

When the specimen is vibrating fluctuations of pressure occur in the small 
chamber, from which the air is periodically released by the specimen acting as 
a valve, and recharged through the orifice. The exact action is uncertain but 
if ^-ll that was necessary to develop power was an approximate 
adjustment between the volume of the chamber and the size of the orifice, 
fluctuations of pressure will then occur which are out of phase with the 
motion of the specimen. But in addition to the simple throttle action some 
form of resonance occurred similar to that described by Hartmann and Trolle 
{loc. cit.). 

There is a limit to the frequency obtainable with this apparatus. To obtain 
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appreciable power a certain mininnun amplitude of vibration is necessary. 
With very short specimens, strain hysteresis begins and power must be 
supplied at amplitudes lower than this minimum. Under these conditions 
vibration cannot be started. The weaker the material the lower is the above 
frequency limit. This limit was reached for some of the material tested. 

IV.--"-Supporting the Specimen. 

Steel needles were used to support the first specimens of the free-free type. 
The preliminary design is shown in fig. 3, Uj, and are four plates fixed 
to the apparatus by the four set screws D and arranged so that the centres of 
each pair are the same vertical distance apart as the nodes of the specimen. 
The two plates and carry one needle each at their mid-points and the plates 
Ug and two needles each, so placed that they are one-quarter of the breadth 
of the specimen from each of its sides (as shown in the plan view, fig. 3). The 
specimen had six small punch marks made at the nodes, two on one face and 
four on the other. The plate was fixed. The plates and were adjust¬ 
able horizontally at right angles to the plane of the face of the specimen, while 
the plate Ug was made adjustable horizontally on a plane at right angles to 
this. In this way the needles could be made to move up to the specimen and 
hold it in position by entering the punch marks on its facn^s. The pressure 
exerted was regulated by the two screws and Hg. This aiTangeinent failed 
after the specimen had been vibrating for some time, the needle points either 
becoming blunted or else digging into the specimen, Figs. 9a and 9 b show 



Fig. 9a. Fig. 9b. 
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the further modifications made to overcome this defect. The first modification 
is shown in fig. 9a where the needles are each held in position by a separate 
screw, with a hollow top made to fit the butt end of the needle which was 
ground hemispherical. In the next modification, fig. 9b, the circular butt of 
the needle was supported by springs. Each of these methods worked, but 
did not overcome the fault of the original apparatus, so modifications at the 
point of contact were considered next. In the first place the points of the 
needles were gro\md in the holes made on the specimen, imtil both were 
rounded and smooth (when viewed under a microscope), next the contacts were 
changed to annular rings by using spherically-ended needles in V-shaped holes, 
and finally the contact areas were reduced by grinding two parallel faces on 
each needle (fig. 10a). These methods were all improvements upon the original, 
but the needles were inclined to jamb in the holes. To overcome this a small 
hole was bored right through the specimen and a needle of larger diameter 
was placed as shown in fig. 10b. This was better but was still unsatisfactory, 
and finally needles were abandoned for the wire supports shown in fig. 10c. 
Wires of 10/1000 inch diameter were spidered into position through the speci- 
men. In the earlier experiments three wires were used, two through one node 
and one through the other, but in the final form two wires were placed at each 



Fig, 10. 
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node arranged so that they were also at the nodes for anticlastic bending. 
With the aluminium and duraluminium specimens the wires could not be 
soldered. To fix them a copper wire of 0 * 0048 inch diameter was wound around 
the steel wire until a length 1 • 5 times the thickness of the specimen was 
covered. This was theSi completely covered with solder, forming a barrel- 
shaped bead of 0-02 inch diameter upon the supporting wire, which was then 
placed in a hole drilled in the specimen, so that the bead of solder protruded an 
equal distance upon each side of the specimen. The solder was then riveted 
over into the two countersinks, which had been made on each side of the 
hole drilled in the aluminium. This method answered very satisfactorily. 

V.— Thk Air Supply. 

The compressed air was supplied by a 7-h.p. air compressor driven by an 
electric motor. The output air from the compressor was circulated through a 
cooler and then taken to an air container. From here, after passing through a 
glass wool trap, it was taken through flexible tubing to the two blowers. The 
air-pressure was regulated by a throttle valve in conjunction with a pressure- 
gauge. 

While some of the aforementioned apparatus was being made two other 
types were designed. In the first a jet of air was made to drive a disc while 
at the same time passing through the disc to impinge on a reed, thus causing it 
to vibrate. An automatic speed regulator was arranged so that the frequency 
of the jet of air was kept the same as that of the reed, but out of phase with it. 
The second was made to work on the principle of the acoustic generator,* 
in which the vibrating reed was made to form the back of the pulsator chamber. 
Neither of these apparatus was made as the other types worked successfully, 
but some of the principles developed in them were incorporated in apparatus 

IV. 

VL—Calculation of Strains in a Vibrating Beam. 

Rayleigh's theory for the stresses in a long thin beam is given in Jenkin's 
paper and need not be reproduced here. The final result may be written:— 

R = 8 *49/6 *49,.Formula A 

where R = extreme fibre strain (at centre of beam); 2a thickness of beam ; 

^ amplitude of vibration at the centre of beam; \ml 2*365 radians; 
I = whole length of beam. 

♦ Hartmann and Birgit Trolle, loc, cit. 
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When the present research was begun this theory was applied to calculate 
the stresses in the relatively wide bars used in the apparatus which has been 
described, and a large number of testa were made on copper, duraluminium, steel 
and aluminium. Later it was realised that antit^lastic bending would introduce 
serious errors. Their importance was therefore investigated and it seemed 
likely that this type of air machine would have to be given up, as it was 
improbable that bars could be made to vibrate of such a size that anticlastic 
curvature could be neglected. At this stage the authors asked the advice of 
Prof. Love: ho explained that the known theory does not avail to obtain 
corrections for wide bars (plates) and how it may be applied to bars of 
moderate width. A small modification in apparatus VI enabled bars of these 
widths to be vibrated. The oscillatory chambers B (fig. 7) which were 
cylindrical for the wide specimens were now narrowed by the addition of the 
sliding blocks F (fig, 8), which were kept vertical by the rectangular plungers G 
carrying the orifices. A narrow chamber was thus formed which coidd be 
completely closed by the specimen. 

The following note on the mathematical theory of vibration of a bar of 
moderate width was supplied by Prof. Love. The ide^. of the theory of trans¬ 
verse vibrations of a bar is that the bar may be divided in imagination into a 
large number of short lengths or elements,” each of which is strained, at any 
instant, in the same way as a bar, held bent by opposing couples, these 
couples being adjusted so that the curvature of the central line of the bar at 
the centre of the element is that which would be produced statically by the 
couples associated with the element. In other words: the curvature of the 
central line is known from the theory as given by Lord Rayleigh, and the 
strain in the element is the same as if the element were a bar bent to a 
uniform curvature equal to that of the central line at the centre of the element. 
The strain in a bar bent to a given imiform curvature is, of course, 
known. 

According to this idea let u denote the displacement of a point of the central 
line, the axis of z in fig. 11a, in the direction of the axis of a;. u is a certain 
function of z. 

The displacement of any particle of the bar in the central plane of x and y 
is (x® y*) = Ui, say, where Wp is the value of u at the origin and k 

is the value of dhildz^ at the origin. Also a is the value of Poisson’s ratio for 
the material (one-third or one-quarter for most solids). 

Let the bar be of length I and let E be Young’s modulus for the material. 
Let p be the density and 2a the thickness. The frequency of the gravest 
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symmetrical mode of oscillation is n/2ir where 3n*p/JBa*=: m*, and m is the 
smaUest root of the equation 

tanh Iml + tan Jwjf = 0. 


The value of mi/7^ is 1*50562 approximately. 

The formula expressing u in terms of z and t is 

u 0 (cosh JwZ cos mz cos Jtw/ cosh me) C/OS n/, 


where C is an arbitrary constant, whicii must be small. 

It follows that 

(1 I cosh iml ™ cos yd o / s 

="" I'-*”• 

Now if 26 is the breadth of the bar. and is observed for x = 0, y = 6, 
the formula giving Uq is 


/ , , , cosh iml —' cos iml o, ^ 

XI. 1 + 5^——;-f—. 

/ . “ cosh iml cos 


The greatest strain in the bar is 

awom^ (cosh ^ml — cos JmJ)/{cosh ImJ + cos |wi) . . Formula B 

It should be noted that is the amplitude measured at the side of the specimen 
and is due to direct and anticlastic bending. 


VI1. - Measueemknts. 

Measurements had to be made of (i) the amplitude—to calculatve the strains, 
(ii) the frequency, and (iii) the time to fracture. 

(a) The Amplitude, 

To measure the amplitude the specimen was illuminated from the front and 
the length of line made by the vibration of a bright speck on the surface was 
measured. A bright light shining upon the flat edge of the specimen would 
show on the surface various very small spots of light, so small as to have no 
appreciable size even when seen imder a magnification of 150 diameters. For 
some tests a minute bead of gold, as described in Jeukin*s paper (Joe, cit.), 
was used. When the specimen started to vibrate this spot formed a bright 
line of light whose length was easily measured accurately. Measurements 
were made with a microscope fitted with a Beck micrometer eyepiece—con* 
sisting of two hair lines, which could l>e adjusted to the two ends of the line 
of light, and the length read on a micrometer scale. Object glasses of different 
tol. oxxv.—a. h 
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focal lengths were used according to the amplitude of the vibrations which 
were to be measured. 

An experiment was made to see whether the specimen was vibrating equally 
about its zero position. For this four small arms were fitted to the face of the 
apparatus, to which very small springs were attached, joined diagonally by 
two pieces of 40 gauge copper wire. The two bottom arms could be rotated 
through alxjut 20*". By this means the small V made by the intersection of 
the wires could be moved about the face of the specimen. The wires were 
made to touch each other and could be adjusted so that they nearly touched 
the face of the specimen. The spot of light reflected in the gold bead was then 
ananged so that it was at the intersection of the two wires and the specimen 
was started vibrating. When the spot of light was in focus the two wires 
were only just out of focus and the point of intersection could be plainly seen. 
The two hair lines were then placed at the ends of the line of light. From tliis 
it was foahd that the amplitudes on each side of the V were equal, and there¬ 
fore the maximxim positive and negative stresses on the tw^o faces of the specimen 
were ecjual. The nodes of the specimen were also viewed during this test and 
it was seen that there was no lateral motion of the complet*^ specimen. 

(b) Time. 

Time measurements were made by means of a stop clock started and 
stopped by hand. 

(c) Frequency. 

The size of the specimens to give the required frequencies were calculated 
and stroboscopic tests were made up to 10,000 periods per second as a check 
upon these figures. The direct and calculated results differed slightly showing 
that E increased with the frequency,* For making stroboscopic observa¬ 
tions a telescope was fitted at the side of and at a small angle to the measuring 
microscope. A hole was cut in the supporting plate at the back of the appara¬ 
tus, so that the top of the specimen could be illuminated from behind and 
viewed from the front. The illumination consisted of a 4-volt straight filament 
lamp A (fig. 11), shielded by a sheet of black paper in which a very fine vertical 
slit B had been cut. The lamp was mounted so that tike vertical filament 
was directly belxind the slit E, which was brought to a focus at C (at the side 
of the specimen S), by a lens. The image and the specimen, which was partly 

* E wan assumed conttUot in all stress calculations. Any increase in E would accentuate 
the slope of the curves. 
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obscuring it, was then viewed through the telescope F. M ivas a smaD high¬ 
speed motor, fitted with a Bpiruile geared to a cormter and a brass disc D 


I 



around a circumference of which JOO holes Od)l inchdiamctfir had been drilled. 
The source of illumination A was placed directly behind the disc. When the 
specimen was vibrating, but the disc stationary, the illumination viewed through 
a hole in D was seen as a band of light shaded on one side by the vibrating 
specimen. The disc was then started rotating and the speed adjusted until 
a nearly stationary black band replaced the shaded area in the slit of light. 
The fre(juency of the npecimen was then the same as or some multiple of the 
number of holes passing the light per second. 

VIII.—Matbrials Tested. 

The four materials teted were copper (annealed), O-ll per cent, carbon 
iSteel (both in the rolled and normalised conditions), 0*89 per cent, carbon 
steel (hardened) aluminium (as rolled) and armco iron (normalised). These 
materials were selected because most of the researches of the Fatigue Sub- 
Committee of the Aeronauti(jal Research Committee had been carried out on 
them, and also because they gave a good range of variations in crystalline 
structure. 

(a) Heat Treatment, 

Copper,--The copper strips were cut into lengths and carefully straightened 
by gentle blows with a wooden mallet and then annealed for half an hour at 
600** C. in an electric furmice. The straight rods were put into one limb of a 
hard glass U-tube, the otlier limb of which was filled with scrap copper wire. 
Dried hydrogen was passed very slowly through the tube as it lay in the 
furnace, entering by the side filled with scrap copper. At the end of the period 

M 2 
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the tube was taken out of the furnace and, allowed to cool. There were slight 
traces of oxidation in the first inch of the scrap wires but none on the test 
pieces. 

Steds.- The 0-11 per cent, carbon steel was cut into lengths, straighteneil 
like the copper and then normalised by heating for half an hour at 880"^ C. and 
then cooling. The straight strips were put into a piece of iron gas pipe fitted 
with caps and packed with kieselguhr. The whole was heated in an eU'ctric 
furnace and then taken out and allowed to cool in the air. The strips when 
removed from the kieselguhr were silver grey. 

The O'86 per cent, carbon steel was required in a ‘‘ hardened ” condition. 
The strips were cut into the required lengths and the necessary holes for the 
wires were drilled. They were then strung together on a wire and put in a 
bath of a molten salt in the furnace. The furnace temj)erature was hold at 
800® C. for 15 minutes, after which the string of specimens were removed and 
quickly plunged into a bath of cold water. The salt prevented oxidation by 
forming a film around them, which cracked away immediately they were 
immersed in water. Care was taken that each specimen was well separated 
from the others, so that the cooling was rapid and equalised over the surfaces. 
After quenching the specimens were a dull grey. Subsequent examination 
showed that tliis treatment had not been satisfactory. A microphotograpli 
showed that the carlK)a had not been fully dissolved before quenching. The 
tensile tests confirm this. 

Armco Iroti, .- When the armco iron specimens were treated in the same way 

as the 0*11 per cent, carbon steel, a film of oxide was formed over the faces of 
the specimens. To prevent this they were packed in a thin layer of kieselguhr, 
then in a very fine copper gamse, after which they were placed in a tube and 
surrounded with kieselguhr. Care had to be taken that the strips did not 
actually touch the copper as when this tiappened they became copper plated. 
The tube was then heated to 950® C. for half an hour in the electric furnace, 
after which it was taken out of the fuxnace and allowed to cool. The specimens 
upon removal from the tube were found to be silver grey without any signs of 
oxidation. 

(6) Brindl Hardmss Numbers, 

The microscopic brinell tests wete made with balls of 2 and 1-2 mm. diameter 
and loads varying with the materials tested. 

Hard steel, P/D* ™ 30. 

Rolled steel, normalised steel, P/D* =» 10. 

Copper, aluminium, P/D* «= 5, 
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HafdnesB Nufntms. 

0*86 per cent. C 8t*eel 
0*11 per cent. C steel 

Armco iron .. 

Copper . 

Aluminium . 


As rolled. After treatment. 

245 550 

200 101 

84-9 

-- 38*1 

38*1 — 


IX. " Testing Procedgke. 

For each recorded test a fresh specinum was put into the apparatus, the air 
turned on, and a small adjustment made until the desired amplitude viewed 
through the microscope was obtained. The amplitude was then kept steady 
by small further adjustments if necessary. The position of the oscillatory 
chambers and plungers were fixed before the air was turned on so that to 
regulate the amplitude only a small movement of either the oscillatory chambers 
(by rotating the milled nut B, fig. 8) or of the plungers G (by rotating the 
milled nut I), fig. 8) was needed. 

At the lowest frequencies used, t.e., 600 periods per second, the time for 
10,000,000 periods was hours approximately, while at the highest frequency, 
20,(KK) periods per second, the time retpiired was only 8 minutes 20 seconds. 
At the low speeds failure was gradual : the first sign being a decrease in the 
frequency and the amplitude, owing to the increase of the natural period of 
vibration of test piece with the formation of the crack. If more power was 
turned on and the amplitude increased the note became lower and lower until 
the specimen was completely broken in half. The specimen could therefore 
be stopped at any stage and the cracks could be viewed from the very initial 
stages of hair crack until the final stage of fracture. But with the very high 
speeds, no lowering of the note could be heard, and upon the formation of a 
very fine crack the specimen ceased to vibrate. 

Using the final form of apparatus (fig. 8) the amplitude could be very easily 
regulated. This was done in five ways, by adjusting (i) the distance of the 
oscillatory chambers from the specimen, (ii) the distance of the plunger from 
the face of the oscillatory chamber, (iii) the pressure, (iv) the size of the 
oscillatory chambers, (v) the size of the orifice. 

Adjustments (i), (ii) and (iii) could be done very simply during the test. 

Upon moving the oscillatory chamber away from the specimen, after a 
certain position was readied the pressure reading remained constant and the 
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vibrating specimen did not touch the walls of the chamber.* Further move* 
ment of the chamber away from the specimen gradually increased the amplitude 
to a maximum after which there was a small decrease and then suddenly tlie 
vibrations stopped. By increasing the pressure this maximum amplitude could 
be increased. All tests were carried out with the oscillatory chamber approxi¬ 
mately at this position of maximum amplitude, only the final slight adjustment 
being made by a movement of the oscillatory chamber out of this position. 
Both sides of the apparatus were always moved in step. Very fine adjustments 
of the ampbtude could be made by movements of the plungers. There was 
foimd to be with each material certain settings of the adjustments (i)-(iii) 
when the amplitude was unstable, i,e., increasing rapidly when the unstable 
adjustment was reached. When, however, it was necessary to take readings 
at this amplitude the position of instability could be changed by altering 
adjustments (iv) or (v). 

X. - Temferature. 

Jenldn (loc. cdt,) showed that specimens running at temperatureH above 
normal were appreciably stronger than those tested at room t<jmperatarefl. 
In the present paper it was assumed that the temperature of the test pieces 
was kept at Iff C. which was the temperature of the air blast blowing past 
them. 

XI.-— Results. 

The results are given in Tables I to VII. The strains were calculated from 
formula (B), p. 97. As fatigue limits are usually expressed in terms of stress, 
not strain (the stress being calculated from the strain on the assumption that 
the material is elastic), stress readings are placed beside the strain figures, 
calculated from an assumed value of E. It is probable that E increases 
with the frequency, but for all readings an average value of E (checked by 
stroboscopic readings at some frequencies) was used. 

Figs. 12 to 17 show the variations of the fatigue limit with the frequency 
(plotted as periodic time). 

The thickness and breadths of the specimens tested are given at the head of 
each table. For each material tests were made on the following lengths ; 
7-26 cm., 3'24 cm., 2-395 cm., 1*96 cm. and 1*695 cm. 


* During recorded teifitB the specimen was not allowed to touch the walls of the oscillatory 
chambers while vibrating. 
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Normalised Steel, 0*11 per cent, carbon. (Fig. 12.) 
E rrr 30 X 10^' Ib./sq. in. a = 0-286. 

Tensile strengths of strip as used :— 

Maximum Load/Original Area 22*5 fons/sq. in. 
Breaking Load/Reduced Area 32 tons /sq. in. 
Brinell hardness number of strip as used, 101. 

Specimen: Thickness, 0*109 cm.; breadth, 0*3 cm. 


Table T. 


Specimen 

number. 

JSrS, 37 
NS. 39 
NS. 3K 
N8. 40 

i No. of 

1 cycles. 

1 

1 

Fofft 

j Strain. 

lula 

Formula B. 

F'tcqciortcy. 

Remarfc«. 

1 

j Str».*SN, 

1 

Strain. 

StresB, 

i >: 10«. 

4-8 
! M4 

1 8*74 

11-82 

X \xr\ 

in. 

■ X 10-^ 

9-34 

12-96 

10-89 

10-70 

lon.n/rtq. in, 
12-84 
17-81 
14-99 
14-72 

fill 

Unbroken 
Bro ken 
Broken 
Unbroken 

Fatigue limit. 

1 iO-92 

15 (>.*{ 

j 10-89 

j 14-99 

1.100 


N8. 47 

1 9-9 



U-86 

16-30 

6.500 

Utibroken 

NS. 48 

1 7 09 



12-33 

16-98 

5w>00 

Broken 

N8. 49 

6-48 



12-73 

17-52 

5,r>oo 

Broken 

NS. oO 

1 6-2S 



12-33 1 

16-98 

5,<50t) 

Broken 

NS. 51 j 

' lO'OI I 



12-14 

16-7 

5,500 

Broken 

B'aligue limit.. 

12-24 

l«-84 

12-14 

16-7 

5,500 


NS. 30 

0-60 



15:18 

21-18 

10,000 

Broken (3 








wires) 

NS. 31 

0-63 



15-38 

21-18 

10,000 

Broken (4 








wires) 

N8. 32 

10-35 



12-80 

17-60 

U),(K)0 

Broken 

N8. 33 

3-61 



14*29 

19-65 

10,000 

Broken 

NS. 34 

5-50 



13-22 

18-20 

10,<XK) 

Broken 

NS. 35 

15-00 



12-69 

17-43 

10,000 

Uobrt)ken 

NS. 36 

6-40 



13-04 

17-92 

I0,0(H) 

Broken 

Fatigue limit. 

13-04 

17-9.3 

12-86 

17-69 

10,000 ' 


NS. 46 

4’62 



13-8H 

19-1 

15,000 

Broken 

NS. 43 

6-71 



13-34 

18-.38 

15,01 Ml 

Broken 

NS. 42 

9-67 



13 07 

17-99 

15,000 

Broken 

NS. 46.... 

13-7 



12-82 

. 

17-6:i 

l5,mio 

Unbroken 

Fatigue limit.. 

1 

13-42 

18-49 

13-07 

17-99 

15,000 



Fatijoie limit at 50 pt-riodn per second ^ U-2 fconB/Hq. in. approximately. 
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Fig, 12. 

Early tests on wide specimens (see p. 96). 

Normalised steel, O-ll per cent, carbon (as in Table I). 
Specimen thickness, 0’109 cm.; breadth, 1*27 cm. 


Table II.- (Formula A.) 


Specimen 

number. 

No. of 
cyclee. 

8treR«. 

Frequency. 

Hemarkft. 

NS. 10 

NS. 12 

NS, 18 

X !()• 

403 

/)‘75 

8*45 

i Tons/sq. in. 
i 16-4 

1012 

16-85 

1,100 

Broken 

Broken 

Broken 

Fatigue lux 

lit.. 

15*85 



NS. 17 

606 

18*8 

.5,500 

Broken 

NS. 10 1 

7-24 

18-25 


Broken 

NS. 21 

4*75 

19* 12 


Broken 

NS. 23 

6-28 

19-21 


Broken 

NS. 25 

6-56 

18*37 


Broken 

NS. 20 

12*29 

18-1 


Unbroken 

s 

1 

1 

lit. 

38-2 



NS. 4 

10*00 

19*7 

10,000 

Unbroken 

NS. 5 

2M0 

18*30 


Unbroken 

NS. 8 

10115 

23*06 


Unbroken 

Na 7 

0-64 

23*15 


Broken 

NS. 0 

517 

23 05 


Broken 

Fatigue Un 

lit... 

1 

23*05 
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Rolled Steel, 0*11 per cent. Carbon, (Fig. 13.) 
E = 30 X 10® Ib./sq. in. o == 0-286. 

Tensile strength of strip as used : ~~ 

Ultimate strength, 43 tons/sq. in. 

Brinell hardness number of strip as used, 200. 

Specimen: Thickness, 0-109 cm.; breadth, 0*3 cm. 


Table Til. 


Spciriroen 

number. 

R. 31 

K. 32 

No. of 
cycles. 

X 10«. 

0*94 

8-62 

Formula A. 

Formula B. 

Frequency. 

liemarks. 

Strain. 

X 10'^ 

Stress. 

- 1 

tons/sq. in. 

Strain. 

St ress. 

X 10-^ 
17*28 
10*84 

tons/sq, in. 
23*74 
23*16 

1,100 

1,100 

Broken 

Fatigue lir 

Hit. 

10*87 

23*19 

, 

10*84 

23-15 

1,100 


K. 37 

4I(> 



17*91 

24*t»6 

5,500 

Broken 

K. 38 

10*50 : 



1 17-45 

24*00 

5,500 

Broken 

R. 30 

I0'5»i 



J7-38 

23-88 

5,500 

Unbroken 

■ ■■ ■' 1 ■" . 

Fatigue limit. 

.. 1 . 

17*57 

24*18 

17-45 

24*00 

5,500 


R. 43 

1 0*01 



23-58 

39*25 

10,000 

Broken 

R. 44 

7'0O 



18*4! 

25-35 

10,000 

Broken 

R. 45 

7*55 



18*08 

24*85 

10,000 

Broken 

R. 4<i 

IMO 



17-79 

24-00 

10,000 

Bn>ken 

R. 47 

12*00 



17*79 

24*60 

10,000 

Unbroken 

Fatigue limit. 

18*19 

25*00 

17*79 

24-00 

10,000 


R. 40 

0*45 



24-17 

33*2 

15,000 

Brt^kcn 

R. no 

2*18 



20*94 

28-8 

15,000 

Broken 

R. ni 

6 •40 



19*30 

26*58 

15,000 

Broken 

R. C2 

0*45 



18*41 

25*34 

15,000 

Broken 

H. ri3 

18*35 



18-29 

25*15 

15,000 

Unbroken 

Fatigue Jii) 

^. 1 

ttit—. 

19-59 

20*95 

18*38 

25-25 

15.000 

— ■*] 



Fatigue limit at 50 periods per second ^22*7 tonn/^q. in. approxiinaU*Jy. 









Fatigue limit strees, in ton*/ Fatigue limit stress^ In tona/D 
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Annealed Coffer, (Fig. 14.) 

E 16*4 X 1(V^ \h,hq, in.* or O-SS.f 
Tensile strength of strip as used :— 

Ultimate strength 14 *78 tons/sq. in. 

Brinell hardness man her of strip as used, 38-1. 

Specimen : Thickness, 0*0878 cm.; breadth, 0*3 crb. 


Table IV. 




Formula A. 

Formula B 



8t>eoimen 

Ko. of 







number. 

cycles. 





h reqiiency. 

Rmnarks. 



Strain. 

Stn>ss. 

1 Strain. 

Stress. 




X lo«. 

X 10“<. 

toiis/sq. in. 

> lO-^. 

tons/sq. in. 



c. ;i2 

0<78 



8*95 

6*54 

600 

Broken 

C, 33 

1-66 



7*82 

5*72 


Broken 

C. 34 

4-07 



6*84 

5-0 


Bn>kon 

C. 35 

11-68 



6*48 

4*74 


l)n broken 

Fatigue limit. 

6'70 

4*91 

6*69 

4*00 

660 


C. 41 

0-46 



8*l>4 

6 32 

3,200 

Broken 

C. 42 

301 



8*06 

5-9 

3,200 

Broken 

(J, 43 

4-73 



7*66 

5*61 

3,200 

Broken 

C. 44 

10-2 



7*52 

5*50 

3,200 

Unbroken 

H 

1 

1 

nit. 

7'66 

r.-tii 

7*59 

5*55 

3,200 

Brtjketi 

C. 47 

1-2 



10-99 

8 04 

5,900 

Broken 

C. 48 

1-09 



11*72 

8*58 

5,900 

Broken 

C. 60 

6*98 



8*04 

5*88 

5,900 

Broken 

C. 61 

4-6 



8*04 

5*88 

5,900 

Broken 

C, 62 

5-9 



7*87 

5*76 

5,900 

Broken 

0. 68 

12-5 



7*74 

5*66 

5,900 

Unbroken 

Fatigue limit... 

7*9.3 

5*80 

7*76 

5*68 

5,900 


C. 67 

3*93 



H-44 

6-18 

8,800 

Broken 

C. 58 

1M9 



7*55 

5*68 

8,800 

Unbroken 

C, 59 

6*67 



7*93 

5*8 

8,800 

Broken 

c.oo 

U)‘0 



7*77 

5*69 

8,800 

^roken 

Fatigue lit 

.. 

nit. 

8*04 

5-88 

1 i 

! 7*77 

1. 

5*69 

8.800 



Fatigue limit al i>0 period.s {)t?r second — 4-79 tons/sq. in. 

The fatigue limit strengths obiairicii in these te.«tts are slightly lower than those o!)taivied by 
Jenldn for the same frequency. This nuiv 1 k‘ due to the circumsfcanoes that the copt>ei' was 
heat treated in a slightly different way; and while, for the tost published iu this pa|>or, tlu 
temperature was for thost- of Jenkin tin- temperature was slightly higher. 


♦ Jeokiti. 


t Kaye and Laby. 
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Rolled Aluminium. (Fig. 16.) 

E = 9*6 X lO*' Ib./sq. in.* c == 0*36.* 

Tensile strength of strip as used : 

Ultimate strength 6*4 tons/sq. in. 

Brinell hardness number of strip as used, 38*1. 

Specimen : Thickness, 0*102 cm.; breadth, 0*3 cm. 


Table V. 




Formula A. 

Formula B, 



Sp<ioiineu 

Mo. of 







number. 

cyclcH. 

Strain. 


Strain. 

j Stress, 




X 10«. 

X 10-^ * 

tonfi/eq. in. 

X io-<. 

tons/aq. in. 



AH. 3fi 

10*0 

9-70 

4 11 

9*68 

4-1 

900 

Unbrok<‘n 

AR. 37 

4-51 



10-88 

4-6) 

5,000 

Broken 

AR. 38 

9-22 



10*69 

4*53 

6,000 

Broken 

AB. 39 

10 0 



10*60 

4*49 

6,000 

Unbroken 

1 

Fatigue limit. 

10*80 

4*58 

10*69 

. 

4*53 

5,000 


AR. r>i 

1-44 



13*6 

6-76 

9,200 

Broken 

AR. f.3 

11-04 



10*88 

4*61 

9,200 

Unbroken 

AR, 54 

2-H3 



12*39 

5*25 

9,200 

Broken 

A R. S7 

3-11 



11*62 

4*88 

9,200 

Broken 

AR. 58 

11-H) 


1 

n-J9 

4-74 

9,200 

Broken 

Fatigue limit 

. I 

11*48 

4*80 

11-19 

4*74 

9,200 


AR. 46 

1-69 



16*45 

6-92 

14.100 

Broken 

AR. 40 

3-68 



13*00 

5-61 

14,100 

Broken 

AR. 47 

2-47 



14*04 

6-96 

14,100 

Broken 

AR. 48 

2-64 



13*55 

6-74 

14,100 

Broken 

AR. 60 

5-.30 



11*99 

6 08 

14,100 

Broken 

AR. 52 

10-0 



11*49 

4-8(t 

14,100 

Unbroken 

Katigue limit.. 

( 

1213 

614 

11*74 

4*97 

14,100 


AR, 00 

1 2-2 



13*21 

6*60 

18,400 

Broken 

AR. fll 

3*31 



12*88 

6*46 

18,400 

Broken 

AR, 03 

15*43 



11*61 

4*88 

18,400 

Unbroken 

AR. 64 

7-35 



11*86 

6*02 

18,400 

Broken 

Fatigue limit. 

1 

12*31 

5-22 

11*85 

6-02 

18,400 



Kfttigue Jimit at 50 periods per second — 3*76 tonfi/sq, in, approximately. 


♦ ‘ Aluminium, Facts and Figures. 
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Normalised Armoo Iron. (Fig. 16.) 

E = 29-85 X K*® Ib./sq. in.* a = 0-285.+ 

Tenailo strength of strip used ;— 

Ultimate strength 20-OS tons/sq. in. 

Brinell hardness number of strip a« nsed, 84-9. 

Specimen : Thickness, 0-091 irn.; breadth, 0-3 cm. 

Table VI. 




Formula A. 

' 

FVirm 

tila B. 



SptMiimen 

No. of 







number. 

cyelt'H. 

Strain. 

tSiroBB. 

Strain. 

StretiH. 


1 Cf.' lu H' r i4 


X 10«. 

X lo-<. 

tonB/'sq. in. 

UM. 

to UN/bo. in. 



A. 2 

1-4 


12 24 

10*3 

920 

Broken 

A. 3 

3-71 



11*49 

15-30 

920 

Broken 

A. 4 

0*00 



10*23 

14 <15 

920 

■Broken 

Fatigue limit.. .. 

11-22 

14*97 

11*2 

14*93 

920 


A. 8 

3-52 



13*34 

17*78 

4,000 

Broken 

A. 9 

3*89 



12*99 

17*31 

4,600 

Broken 

A. 10 

6-02 



12 58 

10*75 

4.000 

Broken 

A. 11 

9-8 



12*58 

16-76 

4.000 

Broken 

Fatiguu lira it . 

12-04 

10 80 

12 58 

10*76 

4,600 


A. 13 

3ir> 



15*09 

20*1 

8.400 

Broken 

A. 14 

3(M) 



15 Oft 

20*01 

8,400 

Broken 

A. 15 

5-33 



14*11 

18-82 

8,400 

Broken 

A. 10 

ti-24 



13*82 

16*43 

8,400 

Broken 

A* 17 

8*72 



13*55 

18*06 

8,400 

) Broken 

I 

Patiguo limit. 

13*78 

18*35 

13*55 

18*06 

8.400 


A. 19 

IKO 



15*59 ; 

20*76 

12,400 

Broken 

A. 20 

3 08 



14*40 , 

19*2 

12.400 

Broken 

A, 21 

5-41 



13*93 

18-50 

12.400 

Broken 

A. 22 

7'95 



13 47 

17*96 

12,400 

Broken 

A. 23 

7-75 



13 47 

17*96 

12,400 

Broken 

A. 24 

14-90 



13 24 

__ __ 1 

17*65 

12,400 

Unbroken 

.Fatigue limit. 

-1„. 

13*81 

18-4 

13-47 

17-96 

12,400 


A. 25 

1-49 



15*29 

20*36 

16,600 

Broken 

A. 2« 

5 01 



13*95 

18*0 

16,500 

Broken 

A. 27 

0 - 24 



13*51 

18*01 

16,600 

Broken 

A. 2B 

11 02 



13*20 

17*6 

16..'KK> 

Broken 

A, 29 

14*13 



12*92 

17*22 

16,600 

Unbroken 

Fatigue limit. 

1 

13 01 

18*18 

13*20 

17*6 

16,600 



Fatigae Jimij. at 50 pt^riode per seoond « 13*75 tona/aq. in. approxinatoly. 

* ‘ Dep. Soi. lad. Be»., Eng. Res,, No. 1, Special Report.’ 

t Aeronaut. Res. Com. Elasticity and Fatigue Sub-Committee, EF. 178, “ Variation 


of PoisBon's Ratio.” 
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Hard 0*86 fcr cent. C stecL (Fig. 17.) 
fS 30 X 10*^ ]b./sq. in. a “ 0*286. 
Tensile strength of strip as used’*':— 
intimate strength 50 in. 

Brinell hardness number of strip as used ™ 550. 

Specimen: Thickness, 0-099 cm. ; breadth, 0*3 cm. 


Table VJl. 




Formula A. 

KorrnuJa B. 



SjXHjimon 

iiuinUir, 

No. uf 
cycleH. 





Frequency, 

1-lemai lv«- 


Strain. 

StroBH. 

Strain. 

Strens. 



m. 21 

X 10« 

X 10-*. 

lonM/sq. in. 

y U)-*. 

Umw/Bq. in. 



11 01 


19*94 

27*42 

r>.ooo 

L’n broJicn 

H«. It) 

1’7 



23-10 

31*8 

5,000 

Broken 

H8. 20 

2*52 



21 (>4 

29*8 

5,00(» 

Broken 

H8. 24 

0*6 



20*03 

28*42 

6,tK>0 

Broken 

HS, 23 

4*5 



20*78 

28*59 

5,000 

Broken 

Fatigue limit. 

20-52 

28*23 

20*40 

28* 19 



HS. 13 

1 41 



25*94 

:15*00 

9,200 

Brok('n 

HN. 14 

no 



23*44 

32*25 

9,200 

Unlmikeii 

HR 17 

4-2 



24*20 

33*3 

9,200 

Broken 

HS. 15 

5-70 



23 01 

32*5 

9,200 

Broken 

Fatigue limit. 

23*88 

32*80 

23*48 1 

32*3 

9,200 


HK. 12 

4-03 

___ , 


24*10 ; 

33*2 

13,0011 

Broken 

HR n 

18*37 



22*90 : 

31*5 

13,000 

Unbr<»ken 

m 10 

10*92 



23*18 

31*85 

13.000 

Broken 

HS. 9 

9*4 



23-27 

:i2-o 

13,000 

Broken 

Fatigue bmit. 

23*75 

32*08 

23*18 

31*85 

13,000 


HS. 2 

l*4rt 



:10*O3 

49-0 

18,200 1 

i Broken 

HS. 4 

l'»2 



25*44 

:i5 -0 

18,200 ' 

Bmki-n 

H8. 6 

4*5 



22*08 

. 31*2 

18,200 

Broken 

HS. 6 

0*28 



21*05 

29*8 

18,200 

Broken 

Ha 7 

13*1 



21*07 

29*0 

18,200 

Unbroken 

Fatigue limit. 

__L._ 

22-05 

:U)*36 

2i:i8 

29*4 

18.200 



Fatigue limit at 50 periotlw jwi 20 lout^/sq. in. appnjximately. 


♦ The beat treatment wm unHutisfactory (eec p. 100). 
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The following table flutnmarises the resalts :— 


Material. 

Critical 

frequency.* 

Maximum 
fatigue limit. 

Ratio 
Maximum 
F.L. to 
Ultimate 
Tensile 
stress. 

Ratio 

F.L. at 30 /s. 
to 

Ultimate 

Tensile 

stress. 

Maximum 
increaao 
abov'e F.L. 
at 50 ^ . 

Nt) rmalwed 0*11 per 
cent, 0. steel .. . 

! 

Approx. 

20,000 

tons/sq. in. 

>17*00 

>0*700 

0*631 

per cent. 

>26*7 

Holled 0*11 per cent. 
C. steel .. 

>20,000 

>26*25 1 

>0*588 

0*528 

>11*5 

Annealed copper. 

1 10,000 

6*69 

0*385 1 

0*324 

18*8 

Rolled aluminium . 

! 20,000 

5*02 

0*785 

0*586 

33*0 

Normalised armoo iron 

10.000 

18-1 

0*003 

0*685 

31*6 

Hardened 0*86 per 
cent. C. steel. 

10,000 

32*4 

O‘058 

0*400 

62 


* The critical frequency the frequency at which the F.L* was the maximum. 


Figs. 18 to 23 show the comparisons between fatigue limit stress calculated 
from formulas (A) and (B). The stresses calculated from (A) which neglects 
anticlastic bending, increase more rapidly with the frequency than those calcu¬ 
lated from (B). The differences below 1000 periods per second are very small. 
The frequencies are plotted as periodic time on a logarithmic scale. 
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Fia. 18.—Normalised 0*J1 percent. C steel. 



Fio. 19 .—Rolled Ovll per oent C steel. 


Vot. CXXV.—A. 


1 
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Fig. 20.—^Copper. 
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Fig, 24 shows the large errors due to auticlastic bending when too wide bars 
are used (such as those in the original test). Curve I is for a bar of 1 '27 cm. 



wide, using formula (A) which neglects anticlastic bending. Curve II is for 
a bar of 0*3 cm. wide using formula (B) which makes anticlastic bending 
corrections for narrow bars. 

Farther TeMs, 

BrineU hardness tests {vide p. 100) and microscopic investigations of the 
fractures were made on the specimens. But as these were not part of the 
original programme they were not carried out very systematically, and a fuller 
investigation on these points is reqmred to establish the results with certainty. 
Only a few results were recorded, but these are very suggestive. BrineU tests 
were made on the annealed copper, normalised mild steel and normalised armco 
iron specimens of the fracture. The microscopic BrineU tests do not give a 
real hardness, because the hardness of the broken specimen presumably varies 
from a maximum at the surface to a minimum at the core, which being un¬ 
stressed remains nearly unaltered. The hardening on the surface also varies 
along the length of the specimen and is a maximum at the crack. Nor are the 
results directly comparable, because it was not possible to me^ure the hardnesses 
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at the same distances from the fracture. They show, however, that the Brindl 
hardness number of the fractured specimens rises with the frequency, and for 
artnco iron drops again at the highest frequencies, the maximum Brin^ figiure 
occurring at a lower frequency than the maximum fatigue limit. 

A few microscopic examinations of the fractures were made from which it 
appeared that the fractures of the mild steel bars at the highest frequencies, 
beyond the maximum fatigue limit, were inter-crystalline, whereas at all 
lower frequencies they ran across the crystab. Too few samples wore examined 
to determine this point with certainty. 


GotUrol Tests. 

Three additional tests were made to investigate whether the results obtained 
were affected by :— 

(i) The stiffness of the supporting wires. 

(ii) The size of the blowers. 

(iii) The sharp corners of the specimens. 

(i) The effect due to the stffueas of the supports would be greatest with the 
lightest material vibrating at the highest frequency, i.e., for the shortest 
ahuninium specimens. Tests were therefore carried out with aluminium 
specimens stressed at 18,400 periods per second, using supporting wires of 
0*006 inch diameter, instead of 0*01 inch diameter wires used throughout the 
recorded tests. These tests showed no appreciable change in the calculated 
fatigue limit. 

(ii) Tests were carried out with blowers of different sizes, so that the area 
subject to air pressure varied. There was no appreciable change in the calcu¬ 
lated fatigue limit. 

(iii) Specimens of hard steel (frequency 18,200 periods per second) were 
made with the edges microscopically rounded. When these were tested the 
fatigue limit was very slightly greater than that obtained for the specimens 
with sharp edges. The rise in fatigue limit, however, was very small, and 
might be due to a very small decrease in frequency. The fatigue limit/periodic 
time curve at that point being nearly vertical, and very small change in frequency 
will give an appreciable change in fatigue limit. 

XII .—Discussion, 

In comparing the results for different metals it is necessary to remember 
that the maximum frequencies obtained were not the same. The same length 
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and breadth test pieces were used, so that the frequency depended upon 
Young’s modulus, the density of the material and the thickness of the specimen 
{mde p. 96). An examination of the graphs show that the fatigue limit of all 
the metals rise as the frequency increases, but that a frequency is reached 
when this rise ceases, and in the normalised armco iron and the hardened 
high carbon steel the fatigue limit actually fell again at the highest frequencies. 
The maximum rise in fatigue limit for any material is about 60 per cent, above 
the value at 50 periods per second, and the greatest drop in the fatigue limit 
is about 9 per cent, of the maximum. The Brinell hardness of the metal near 
the fracture also rises with the frequency (inde supra) and for normalised armco 
iron shows a drop at the highest frequencies. The maximum Brinell figure, 
however, occurs at a lower frequency than the maximum fatigue limit. This 
hardening has been observed before and was referred to in Dr, Aitcheson’s* 
paper on “ Cold Work and Fatigue,” where he also states that the hardening 
due to cold working on a material is limited in extentf and may be reversed 
and softening occur, so that the BrinellJ value is lower than that for the 
original material. Possibly this effect of excessive cold work may be con¬ 
nected with the drop in the Brinell figures and even the drop in fatigue limit. 

The results given in this paper may be criticised from several points of 
view:— 

(i) The apparent change in the fatigue limit may be due to the mathematical 

analysis of the strains. The formula used may not give a sufBiciently 
accurate approximation to the true strains as the length of the test 
piece decreases. 

(ii) The shape of the bent bar may be affected by the forces applied by 
the air. 

(iii) The shape of the bent bar may be affected by the method of support, 

(iv) The mathematical theory assumes that the metals are perfectly elastic, 
which is known not to be exactly true at such high stresses, 

(i) With regard to the first objection, we necessarily rely on Prof. Love’s 
theory, but it seems unlikely that the complex form of the graphs can be due 
to any systematic error, 

(ii) The forces required to vibrate the bar are so small that its shape when 
bent must be almost exactly that assumed by a free bar. These forces may be 

* ‘ Aeronaut. Res. Com, Rep, and Memo., No. 923,’ M. 27. May, 1924, 
t Of. Beilby’s ‘ Aggregation of Flow of Solids^’ p. 161, 

} Roaenhain and Fiy, * J. Inst. Met.,‘ p. 11 (1919), 
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estimated from the work they do in overcoming hysteresis. Making reasonable 
approximations it can be shown that the effects of the forces will not increase 
for the shorter specimens. Again the complex form of the graph confirms 
this. 

(iii) The control tests show that the effect of the supports was negligible. 

(iv) Imperfect elasticity may affect the shorter bars more than longer, thus 
producing a systematic error. 

In conclusion the authors wish to thank Prof. A. E. H, Love for the essential 
mathematical theory ; Messrs. Thos. Firth & Sons, Messrs. Arthur Ijee & Sons, 
and The Armco International Corporation, for supplying the special materials 
rolled to the sizes required ; Amalgam, Ltd., for supplying a suitable salt for 
hardening the steel; and Messrs. Brimtons for supplying a very fine steel 
wire. 


Gaseom Combustion at High Pressures,—Part XIIL The Mole¬ 
cular Heats of Nitrogen^ Steam^ and Carbon Dioxide at High 
Temperatures, 

By D, M. Newitt, Ph.D., D.LC. 

(Communicated by W, A. Bone, F.R.S.—Received May 11, 1929.) 

The only information available concerning the internal energy of gases at 
temperatures higher than 20()()® C. or so is that provided by the results of 
explosion experiments in which the energy liberated during the combustion 
serves to raise the products and any other gases that may be present in the 
medium to some definite maximum temperature. By varying the proportions 
of the reacting gases, or by adding suitable quantities of some diluent gas, 
this temperature may be varied between comparatively wide limits. 

In a previous paper*** of this series the method of calculating the mean maxi¬ 
mum temperature attained during a gaseous explosion in a closed vessel was 
discussed, and those calculated from our experiments for theoretical CO-air 
and H^-air explosions at initial pressures of between 3 atmospheres and 176 
atmospheres were given. At Prof. Bone/s request I have recently reviewed 
and analysed the mass of data accumulated during these researches, together 

♦ Part X, ' Koy. Soo. Proc.,’ A, vol. 119, p. 464 (1928). 
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with otheiTfi resulting from the supplementary experiments described herein, 
with a view to seeing how far it is possible to deduce, not only a quantitative 
estimate of the energy distribution at the moment of maximum pressure in 
tjrpical explosions at high pressures, but also the mean heat capacities of the 
various explosion products over a temperature range from 15® C. up to various 
definite points between 2600® and 3000® C. The results of this investigation 
are described in the present paper. 

It may be well to recall that in such explosions the energy developed is 
dwtributed at any moment between («) kinetic energy in the products, 
(b) potential energy of either “ dissociated products ” or of unburnt gas, and 
(o) that lost by radiation and conduction to the walls of the containing vessel. 

The effect of both (6) and (c) is to lower the maximun\ pressure attained; 
but whilst (b) is solely a property of the gases concerned and of the temperature 
and pressure, (c) depends, not only upon such properties of tlie gases as con¬ 
ductivity and chemi-luminescence, but also upon the shape and size of the 
containing vessel, the nature of its surface and the position of the point of 
ignition* 

The magnitude of the heat losses due to all causes usually represents an 
important fraction of the total heat of combustion and must l>e estimated 
accurately before a proper energy balance can be deduced from the explosion 
data. The direct measurement of these losses presents formidable diflBculties 
and although many attempts have been made the problem cannot yet l>e said 
to have been successfully solved. The indirect methods usually employed 
take into account some fraction only of the heat losses, neglecting the remainder, 
and are based upon assumptions of somewhat doubtful validity. A critical 
survey of the results of specific heat calculations based upon explosion methods 
indicates the possibility of greater errors on this account than arc sometimes 
supposed unless the experimental conditions are known to be such as will 
minimise the losses referred to. 

Our knowledge of the radiation emitted during explosions in closed vessels 
is still very imperfect. Prof. W. T. David found by direct measurement in 
a cylindrical vessel of diameter 30 cm. and height 30 cm.—that in the 
explosion of a 25*4 per cent, hydrogen-air mixture 0*5 per cent, of the energy 
liberated was lost by radiation up to the moment of attainment of maximum 
pressure; for a 9*8 per cent, coal gas air mixture the corresponding quantity 
was 7*0 per cent. That radiation loss in carbonic oxide-oxygen explosions 
may sometimes involve as much as 10 per cent, of the total energy liberated 
has recently been shown by Gamer and Johnson. 
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Very little quantitative work appears to have been done on the effect of 
initial pressure upon the absolute amount of chemi-luoiinescence resulting 
from gaseous combustion under explosive conditions. David has shown that 
in the case of a 15 per cent, coal gas-air mixture fired at initial pressures of ^ 
and atmospheres, respectively, the total energy lost by radiation up to the 
moment of attainment of maximum pressure was 3‘3 per cent, of the heat of 
combustion at the lower, and 2*5 per cent, at the higher, pressure. This 
would seem to indicate an increase in the opacity of the medium with increasing 
pressure, an observation in line with the results of our experiments over a much 
wider pressure range. 

In this connection a most noticeable feature in all our explosion experiments 
is the progressive increase with pressure of the ratio of maximum to initial 
pressure for any given mixture. Thus, for example, comparing the two 
mixtures 2 H 2 + Oo + and 2CO + Oo + 400 the ratio increases are as 
follows :— 


Initial pmsurc: 

AtmoophenM. 

1 

3. 

1 

10. 

50. 

76. 

100. 

1 

125. 

150. 

1 

2U, + 0, 4N,- 

. 

K. 

1 

1 

7*8 , 

2586^ 

7*98 

2630'’ 

8*0 

2650^ 

8-14 

2696'’ 

8-27 

2728° 

8-36 

2746® 

8*36 

2760® 

SCO + 0, + 4C0-- 

. 

T„“K . 

803 

2710’ 

8'3e 

2820® 

8-63 

2873° 

8-e3 

3010® 

8-95 

3018® 

004 

.3060® 

907 

3072® 


When the initial pressure is increased from 3 to 150 atmospheres the increase 
of ratio is 7-2 per cent, for the hydrogen mixture and no less than 11-4 per 
cent, for the carbonic oxide mixture. Furthermore, experiments carried out 
in these laboratories furnish support for the view that, in the case of carbonic 
oxide-oxygon explosions the ultra-violet radiation emitted is, at high pressures, 
partly absorbed by any excess of the combustible gas or by nitrogen present 
as a diluent, and that the amoimt absorbed increases with increase of pressure. 
In so far as the absolute amount of radiation varies with pressure, a corre¬ 
sponding change will be produced in the amount of kinetic energy found in the 
products of combustion ; and it therefore becomes possible to estimate, from 
the change in kinetic energy with pressure, the magnitude of the total 
radiation emitted. 
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The importance of the heat losses due to conduction in the calculation of 
specific heats from explosion data has long been recognised. Both Berthelot 
and Vieille and Mallard and Le Chatelier applied corrections to their experi¬ 
mental results on this account; the former, by employing explosion vessels 
of different sizes and thus varjring the surface/volume ratio, and the latter by 
a graphical method applied to the pressure-time records of their explosion. 
Recently Bjerrum and Siegel have estimated the heat losses due to conduction 
in these experiments hy observing the change in the ratio of maximum to 
initial pressiire caused by increasing the initial gas density and assuming the 
heat losses to be inversely proportional to such increase. 

So far, in nearly every instance, the principle has lix^en adopted of minimising 
the heat losses by using explosion vessels as large as is practicable (t.e., with a 
small surface/volume ratio) having regard to the pressures involved. Pier, 
Bjerrum and Siegel for example, worked with a spherical bomb of 35 litres 
capacity having a surface/volume ratio of 0-14 ; but whereas Pier and Siegel 
employed initial pressures of 1 or 2 atmospheres, Bjerrum used pressures as 
low as 0 • 25 atmospheres, thereby sacrificing in some measure the advantage 
due to the size of his explosion vessel and introducing heat losses estimated in 
some cases to be as much as 19 per cent, 

Hopkinson, David and Maxwell and Wheeler have carried out explosions at 
relatively low initial pressures in bombs having highly polished inner surfaces, 
a device which reduces considerably the amount of radiation absorbed by the 
walls. 

There is another, and in some respects perhaps a better, way of dealing with 
the problem, namely, by working at relatively high pressures ; because, although 
in high pressure explosions it is not practicable either to employ vessels of 
large capacities or to maintain their inner surfaces in a highly polished con¬ 
dition, the relative heat losses can be diminished asymptotically merely by 
increasing the initial pressure of the medium, and at exceedingly high pressures 
they can be reduced to an absolute minimum. Hence estimations of the energy 
distribution at the maximum temperature in such high pressure explosions 
have a special interest for comparative purposes. 

The Exy^erinienUil Data and their Analysis. 

The experimental data which I have selected for the purpose of calculating 
the mean molecular heats (C|,) of carbon dioxide, steam, or nitrogen have all 
been derived from explosions at high initial pressures (i) of theoretical hydrogen- 
oxygen mixtures diluted with either argon or nitrogen or (ii) of carbonic oxide- 
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oxygen mixtures containing excess of the combustible. I have reBtrict^ed 
myself to explosions in which the initial pressure was at least 50 atmospheres, 
the explosion period did not exceed 0*025 second, and the pressure-time 
curve was quite free from any vibrational disturbance at the maximum pres¬ 
sure. It will be seen later that, with the particular media referred to, this 
imposed certain limits (namely, 2600'^-3000^ K.) upon the maximum explosion 
temperatures considered ; and therefore it should be understood that in each 
case the mean molecular heat value deduced from the experimental results 
refers to a temperature range between 15° C. and the particular maximum 
explosion temperature in question. 

The experiments were all carried out in a steel bomb having a spherical 
explosion chamber of 3 inches diameter (capacity 240 c.c.), the explosive 
mixture being ignited by the electrical fusion of a thin platinum wire. Pres¬ 
sures were recorded by means of a Petavel manometer and its optical acces- 
Bories. Full details of the experimental method are contained in the earlier 
papers to which reference should also be made for a description of the apparatus 
employed. In calculating heat losses in explosions an assmnption first made by 
Bjerrum, namely that for any given mixture they are inversely proportional 
to the initial pressure, has been adopted, with the proviso (which I consider 
necessary) that one pressure is no more than double the other. On such 
assumption, the total heat loss for a 88 hydrogen'-r2 oxygen mixture fired at 
100 atmospheres initial pressure is found to be 2 per cent, of the total heat of 
combustion, whilst for the same mixture fired at 50 atmospheres initial pressure 
it would be about one and a half times as great, the explosion time being 0 -OOS 
second in both cases. 

It may be pointed out that this method of applying a correction for heat 
losses conceals any variation of the internal energy of the gases that is solely 
a function of pressure. 

The Molecular Heat (C,) of Nitrogen.~The method employed for calculating 
from explosion data the molecular heat of nitrogen depends upon the assump¬ 
tion that the molecular heat of the monatomic argon is independent of tempera¬ 
ture, and that the increase in its energy of translation per T rise in temperatme 
is 1 * 6 E or 2 ‘ 977 cals, per gram-molecule. By exploding a series of 2H^ 
mixtures diluted on the one hand with argon and on the other with the diatomic 
gas in varying proportions, it is possible to obtain by interpolation the com¬ 
position of pairs of mixtures which on explosion will attain the same mean 
maximum temperature. If the heat losses up to the moment of attainment of 
nsiaximum pressure were either negligible or equal to one another the heat 
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capacities of the two diluents could be equated and the molecular heat of the 
nitrogen found directly. Actually the heat losses differ and the apparent 
value of the molecular heat so obtained is too large by an amount proportional 
to the difference. If, for example, the two mixtures 2 H 2 + O 2 + oA and 
2H8 + Og + hNj on explosion at an initial pressure of P atmospheres and a 
temperature of T® C. both attain tlie same mean maximum temperature 
then if the heat losses for the two mixtui*es are the same the mean molecular 
heat of the nitrogen between and (Opn,) will be given by 2*977a/6. 

If, however, the equivalent heat loss for the argon diluted mixture is H 
calories and for the nitrogen diluted mixture is H' calories, then 

2-977a + H = C,N,6 + H' (1) 

and 

C.K.-{2-977a + (H--H')}/6. 

To obtain the true mean molecular heat it is necessary to carry out a second 
series of explosions of mixtures 2 H 2 + Og + xNg at some other initial pres¬ 
sure, say P' atmospheres. If the composition of the mixture giving on 
explosion at P' atmospheres a mean maximum temperature of is 2Hg + 
Og + cNg* and the equivalent heat loss is H' calories, then 

2-977a + H=:aN.M-H", (2) 

and from equations (1) and (2) 

If P' does not differ greatly from P the respective heat losses may be taken as 
inversely proportional to the initial pressure, and the true mean molecular 
heat of nitrogen is then directly obtained from the apparent values ;— 

C.K. - 2*977a (P, P'6)/6c (P P'). (3) ' 

Accordingly two series of nitrogen diluted 2 H 2 + Og mixtures were exploded 
at initial pressures of 76 and 100 atmospheres respectively, and a series of 
argon diluted mixtures at an initial pressure of 100 atmospheres, with results 
which are summarised in Tables I to III, where 

Pm/Pi = ratio of the observed maximum pressure to the observed initial 
pressure. 

™ to Pi oaoh corrected for deviations from the gas 

laws. 

as time in seconds for the attainment of maximum pressure. 

K. mean maximum temperature actually attained in the explosion. 

* A Binail oorreotion is neoessary due to the differenoe in the degtee of dissociation of 
steam caused by changing the pressure from P to P' atmospheres. 
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Table I.— 2 H 2 + Oj + xA Mixtures Kred at P, — 100 atmospheres. 


Initial mixture. 





2H. + 0,. 

Argon. 

Diatomic 

gaaes.* 

sees. 



T«'K. 

per cent. 
24-6 

per cent. 
72-2 

per cent. 
3-2 

0*02 

8*90 

8*32 

2620 

28-1 

69-2 

2-7 

0*02 

9*55 

8>9S 

2860 

29*1 

68*2 

2-7 

0 02 

9*70 

9*13 

2920 

30 0 

670 

2-4 

0*016 

9*96 

9*39 

3010 

34-2 

63-5 

1 

2-3 

0*005 

10*60 

10*0 

3256 


♦ Any hydrogon or oxygen in excess of the theoretical proportions together with any adventi¬ 
tious nitrcigen and oxygen oontained in the argon are included under the heading of diatomic 
gases. 


Table II. 2 H 2 + O 2 + icNg Mixtures Fired at = 100 atmospheres. 


Initial mixture. 

secs. 

VJVi. 


T ®K. 

2Ha f 0,. 

N..* 

X JV. 

per (w*.nt. 

36*6 

1 i>er cent. 

63*4 1 

0*025 

7*66 

7-2J 

2370 

.37-6 

«2*6 

0*025 i 

7*70 

7*26 

2396 


59*6 

0*015 

8*17 

7*75 

2578 

43*5 

56*6 

0*005 1 

8*65 

8*25 

2785 

42*8 

56*2 

0*006 1 

8*70 

8*32 

2816 

43*6 

66 4 

0*006 1 

8*90 

8-44 

2860 

46*9 

64* 1 

0*006 

8*86 

8*61 

2900 

49*4 

60*6 

0*006 

9*25 

8*96 

3086 

49*8 

50-2 

0*006 

9*20 

8*92 

1 3065 

53*3 

46*7 

<0*006 

9*60t 

9*36 

3270 


* Any hydrogen or oxygen in oxoeas of the theoretical proportions is included in the nitrogen, 
t The preesuie-time record showed marked secondary vibrations. 


Table 111.— 2 H 2 + Oj -f xNj Mixtxires Fired at Pj = 75 atmospheres. 


Initial mixture. | 

secs. 

PmIPi. 


'IV K. 

2Hj 4“ Oj. 

N,. 

per cent. 

38!) 

per cent, 
66*7 

0*015 

6*68 

6*42 

2086 

37-1 

« 2 -e 

0*010 

7*45 

7*17 

2366 

40-5 

69*6 

0*010 

8*03 

7*71 

. 2675 

44*8 

57*2 

0*005 

8*34 

8*01 

2700 

47*1 

62*9 

0*006 

8*96 

8*60 

2950 
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From an inspection of results it will be seen that the upper temperature 
limit is determined by the nitrogen diluted mixtures at P* = 100 atmospheres 
(Table II), for when the nitrogen content fell below about 50 per cent, the 
explosions were so violent that vibrations were set up in the recording manometer, 
and it became difficult to measure with sufficient accuracy the recorded maxi¬ 
mum pressure. On the other hand, the lower temperature limit was found to 
depend on the argon diluted mixtures (Table I) because when the argon content 
exceeded 72 per cent, the explosion time, and consequently the heat losses, 
increased rapidly as the mixture was made progressively weaker. Taking 
these facts into consideration no attempt has been made to calculate molecular 
heats at temperatures below 2600"" nor above 3000° K. Within these limits 
the explosion times never exceeded 0*025 second and the pressure-time records 
were free from secondary vibrations. 



The curves in fig. 1 show graphically the relation between the mean maximum 
temperature and the amoimt of diluent in the initial mixture for the three 
series of experiments. By interpolation of the results the composition of 
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equivalent mixtures at temperature intervals of 100° between 2600° and 
3000° K. have been found and are recorded in Table IV, 

Table IV.—Composition of Equivalent Mixtures at Various Temperatures. 


Temporaturo 

°K. 

2H, + 0, + iN,. 

2H, -f- Og + «A. 

Pj^75 Atmospheres, j 

P^«al00 atmospheres. 

atmospheres. 

3000 

;t: 3-23 

X 3*30 

ar 7-12 

2000 

3‘47 

3‘55 

7‘72 

2800 

3-74 

3*84 

8-30 

2700 

4 02 

4-14 

0*07 

2000 

4'28 

' 4*44 

9‘S8 


From the composition of such equivalent mixtures the apparent mean 
molecular heats of nitrogen at the various temperatures have been calculated 
in the manner explained (Table V). 

Table V. -Apparent Mean Molecular Heat of Nitrogen. 


Temperature ® K. j 

Pi = 76 atmospheres. 

Pi rm 100 atmospheres. 

289 to— 



3000 

6‘56 

6*42 

2000 

ft‘63 

6*47 

2800 


0-48 

2700 

6-72 

6*62 

2000 1 

6-86 

6*61 


The decrease in the value of the apparent mean molecular heat with increase 
of initial pressure is due to the relatively smaller heat loss at the higher pressure. 
Assximing the heat loss to be inversely proportional to the initial pressure the 
true mean molecular heats as calculated from the above figures by means of 
equation (3) are as follows :- - 


Table VI.—True Mean Molecular Heat of Nitrogen. 


Tomi>erature ” K. 

C»N,. 

289 to— 


3000 

6*01 

2900 

5-99 

2800 

5-96 

2700 

5*94 

2600 

6^87 
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The Mean Molecular Heat of Steam, 

From a knowledge of the heat of combustion of hydrogen, the degree of 
dissociation of steam and the mean molecular heat of nitrogen it is possible 
to calculate from the results recorded in Tables II and III the mean molecular 
heat of steam. Before this can be done, however, it is necessary to determine 
the heat loss in order that the distribution of energy at the momeiit of attain¬ 
ment of maximum pressizre may be known. This is best done by calculating 
from pairs of equivalent mixtures fired at different initial pressures a series 
of apparent values for the molecular heats and then determining from them 
the true value on the assumption that the heat loss is inversely proportional 
to the iizitial pressure. 

The method of carrying out the calculation may best be shown by an actual 
example. By reference to Table IV it will be seen that a mixture of com¬ 
position 2 H 2 + Og H- S-TiNg fired at an initial pressure of 75 atmospheres 
and a mixture of composition 2 H 2 -f Og + 3-84X2 fired at 100 atmospheres 
each attained a maximum temperature of 2800*^ K. In the former case, the 
steam in the products at T,,, was dissociated to the extent of 1 *7 jwr cent, and 
in the latter case to 1 - 5 per cent. Taking 67,500 calories as the beat of com- 
bustionof hydrogen to steam, at the momentof maximum pressure (temperature) 
this energy is distributed as follows :— 

For the Mixture 2 H 2 + Og + 3 * 84 X 2 . 

To the steam . 0^,0 X (0*986) X 2511 calories. 

To the nitrogen . 6-96 X 1 -920 X 2611 calories. 

To the products of dissociation . 5*96 X 0*022 X 2611 calories. 

Chemical energy in dissociated products 862 calories. 

Heat lost to the vessel . h calories. 

And C,H.o + A/{0-985 x 2511) 1 M 6 calories. 

For the Mixture 2Hg + Og + 3 * 74 X 2 , 

To the steam . CpB,o X 0*983 X 2611 calories. 

To the nitrogen . 6*96 X 1*87 X 2611 calories. 

To the products of dissociation . 5*96 X 0*025 X 2611 calories, 

CShemical energy in dissociated products 977 calories. 

Heat lost to vessel.... A' calories, 

Ct,H,o + ^7(0*983 X 2511) ==: 11-40 calories. 

These quantities may be termed the apparent mean molecular heats ; they 
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differ from the true molecular heats by amounts proportional to the respective 
heat losses. 

The terms containing h and V depend for any particular mixture upon the 
shape of the explosion vessel, its surface/volume ratio, the position of the 
point of ignition, and the initial pressure at which the mixture is fired. Assuming 
h and h* in the above example to be inversely proportional to the initial pressure 
the true mean C, value between 289° and 2800° K. is found to be 10*40 
calories. 

By calculating in a similar manner for the remaining equivalent mixtures 
given in Table IV the following results are obtained :— 


Table VII.—^Apparent and True Mean Molecular Heats of Steam at Constant 

Volume. 


Temperature ® K. 

Apparent mean molecular heat. 


Vi »• 75 atmospheres. 

P{ ss 100 atmospheres. 

289 to-- 
3000 

IMO 

1085 

10'60 

2900 

11*28 

11*07 

10*44 

2S00 

11-40 

11*15 

10*40 

2700 

11*68 

11*34 

10*82 

2600 

12-14 

11*67 

10*26 


The Mean MolemlaT Heal of Steam and Carbon Dioxide calculated from results 
of Experiments unth Mixtures of Composition 2Hj + O 2 + 4 N 2 and 
2CO + Oa + 4CO Fired at various Initial Pressures, 

In Part X of this series the mean maximum temperatures attained on the 
explosion of mixtures of composition 2 H 2 + Og + 2CO + + 4Na and 

2CO 4 . O 2 + 4 CO were calculated and are recorded in Tables III, IV and 
VI (q,v,). The results showed that for all three mixtures there was a rapid 
rise of temperature as the initial pressure was progressively increased from 3 
to 60 atmospheres, and that thereafter in the case of the carbonic oxide mixtures 
the maximum temperature continued to rise steadily but slowly with increase 
of pressure up to 160 atmospheres. The hydrogen series was anomalous in 
that the temperature after rising from 2685° at 3 atmospheres to 2700° at 100 
atmospheres then remained constant to 125 atmospheres, and subsequently 
fell to 2660° at 160 atmospheres ; the discontinuity observed between 60 and 
76 atmospheres is due to the fact that beyond 50 atmospheres an explosion 
vessel (bomb No. 3) of greater strength had to be employed, and although its 
VOL. OXXV.—A. K 
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internal dimensionB were the same as those of the bomb employed at the 
lower pressures (bomb No. 2} the cooling efiects of its more massive walls 
introduced a disturbing factor. 

The explanation of the fall of temperature observed in the case of the 
hydrogen mixtures was at first sight not obvious ; the pressure-time records 
were consistent and any abrupt change in the specific heat of steam due to 
increase of density appeared inadmissible. A re-examination of the results 
pointed to the possibility of an error in the determination of the hydrogen-air 
isotherm at the higher pressures. This isotherm had been measured initially 
in the bomb apparatus, pressures being observed by means of a standard 
Boiurdou tube gauge calibrated against a dead weight pressure balance at the 
National Physical Laboratory; and it had subsequently been redetermined 
in a special apparatus installed for the purpose up to a pressure of 60 atmo¬ 
spheres. More recently Mr. G, A. Scott working in these laboratories has 
completed the measurements up to 160 atmospheres, and the new values 
reveal the existence of the suspected error in the earlier determinations 
amounting to 2*6 per cent, at 160 atmospheres. The new values for the 
compressibility factors are as follows :— 

Pressure (atmospheres) .... 90 120 150 

Compressibility factor .... 0 • 981 0 • 970 0 • 967 

Using these values the mean maximum temperatures have been recalculated 
for initial pressure of 75 atmospheres and upwards and the results are recorded 
in Table VIIL 

Table VIII.—Initial Mixture 2Ha + Oj + 4 N 2 . ' 


Pi atmospheres. 

75 

100 

272d^ 

125 

150 


1 26»5® 

2746* 

2700^ 

. 


* These temperatures are the mean of the temperatures calculated by means of equations 
(S) and (3). 


In deducing the mean molecular heat of steam from these results it must be 
borne in mind that the maximum temperature is progressively changing with 
increase of initial pressure, and that the heat losses are becoming relatively 
smaller as the initial pressure increases. 

The apparent molecular heats for the series calculated in the manner already 
described are as follows 


Peesaure.| 

00 

76 

100 

125 

150 

Temperature * K. 

2850° 

2805° 

272S* 

2746® 

2780° 

Apparent . 

12-27 

11-78 1 

11*40 

IMS 

1104 
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Under ideal conditions such that no heat is lost during the experiment) 
and assuming molecular heats to be independent of pressure a series of explosions 
of similar mixtures at different initial pressures should give rise to progressively 
increasing maidmum temperatures, the increase of temperature being due to a 
diminution of the dissociation with increase of pressure; in the case under 
consideration the dissociation of steam, however, is insufficient to alter 
materially the temperature attained. 

Taking the heat loss to be inversely proportional to the initial pressure the 
results set forth in Table IX are obtained. 

Table IX.—Mean Molecular Heat of Steam Calculated from the Results of 
2 H 2 + O 2 + 4Njj Explosions. 


Pcewnre (fttmospheres). 


150. 

125. 

100. 

75. 

1 

50. j 

1104 

10*34 

10*32 

10-32 

10-42 


2700** 

2835° 

2824° 

2825° 

2815° 



1M8 

10-30 

10-21 

10-45 

Mean temperature 


2746° 

2813° 

2820° 

2808° 

2816° K, 



11-40 

10-32 

10-63 

Average mean 






molecular heat of steam 



2728° 

2827° 

2806° 

« 10-41. 




11-76 

10-74 



! 


2695° 

2785° 






12-27 






2660° 



la the Table the iigures to the left of the heavy line are the actual maximum 
temperatures and the apparent mean molectilar heats calculated therefrom. 
To the right of the line are the corrected temperatures and molecular heats 
obtained by taking successive pairs of mixtures. It will be seen that with 
the exception of the results at 60 atmospheres the agreement between 
the figures is good, and that the average of the results confirms the figure 
already found (Table VII) for the C, of steam at 289®-2800® K. They 
forthermore afford justification for the assumption made in the earlier part 
of the paper in respect of the relation between initial gas density and heat 

K 2 
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loss. It should be pointed out in this connection, however, that the agree¬ 
ment between the values for the molecular heat found at the same tempera¬ 
ture but at different pressures is not proof of the independence of molecular 
heat on pressure, since the method of calculating heat losses would conceal 
any such variation. 

The Mean Molecular Heat (C„) of Carbon Ditmde, 

The results of a series of explosions of the mixture 2CO+ 02 + 400, 
between initial pressures of 60 and 150 atmospheres are available for this 
purpose; this series is well adapted for the calculation of molecular heats since 
the explosion times are identical at all the pressures in question and dis¬ 
sociation of the carbon dioxide is almost completely suppressed and may be 
neglected. 

In carrying out the calculations the mean of the temperatures obtained by 
correcting the maximum pressures, according to the two methods described 
in the previous paper, have been taken (loc, dt,), the temperatures being read 
off from a smooth curve drawn between the points. 

The apparent and true mean molecular heats of carbon dioxide so obtained 
are set forth similarly in Table X. 

Table X.—Apparent and True Mean Molecular Heats of Carbon Dioxide. 


Pressure (atmospheres). 


160, 

120. 

100. 

1 

60. 


12^40 

n-45 1 

11*40 

11*43 


3072' 

8182' 

3180° 

8171' 

liean temperature 

3173 °K. 

Average mean moieoolar 
heat of carbon dioxide 
11*42. 


12-09 

8080' 

11*36 

8178° 

11*43 

3168° 



12*90 

11-47 



8018° 

3163° 





14-88 



1 


2878° 



Discmsion of ResuUa. 

The values for the mean molecular heat of nitrogen over the temperature 
range ,289*^-2600® to 3000® K, are in general higher than those found by Pier 
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(correoted). Thus, whereas his results may be represented by the empirical 
equation 

C^ = 4-86 + 0-000376 T, 
mine are better represented by 

4-87 + 0-000387 T. 

The following comparative figures indicate the magnitude of the differences : 


Temperature ^ K. 

Author. 

Pier (oorreoted). 
CpN,. 

Experiment. | 

Calculated. 

Calculated. 

1 

3000 1 

601 

603 

SOS 

2000 

5-99 

6*99 

5-94 

2S00 j 


5-9S 

5*91 

2700 

5-94 

6-92 

6*86 

2600 ! 

6-87 

5>88 

5*82 


My results for the molecular heat of steam and carbon dioxide are somewhat 
higher than those of Pier at corresponding temperatures. 

For comparative purposes the results of some of the best molecular heat 
determinations for nitrogen, steam and carbon dioxide extending over a wide 
temperature range are shown in fig. 2. From these curves it will be seen that 
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in the case of steam the results are by no means concordant. There is a region 
of temperature between J600® and 20(10® K. which has not been covered by 
any of the methods so far employed. The results of Holborn and Henning 
between 800® and 1600® K. suggest that Pier and Bjerrum’s values over the 
range 2000® to 3000® K, may be low ; in this connection it may be mentioned 
that Callendar has drawn attention to systematic errors in Holborn and Hen¬ 
nings results between 800® and 1400® K. which may make them as much as 10 
per cent, too low. Taking these facts into consideration my values do not 
seem inconsistent with those found by Holborn and Henning at temperatures 
between 300® and 1600® K. 

In conclusion my thanks are due to Prof. W. A. Bone for his advice in the 
preparation of the paper, to Dr. D, T. A. Townend for assistance in carrying 
out some of the experiments, and to Mr. G. A. Scott for a number of com¬ 
pressibility measurements ; the investigation has been aided by grants made 
by the Department of Scientific and Industrial Research to the Imperial 
College for the work. 


The Absorption Coefficient for Slow Electrons in Mercury 

Vapour. 

By Robert B. Brode, University of California, Berkeley, California, U.S.A. 

(Communicated by F, A. Lindemaim, F.R.S.—Received May 18, 1929.) 

The effective cross-sectional area of an atom is defined in this paper as that 
area within which a passing electron is deflected so that it can no longer go 
through a system of slits defining a beam of electrons. The sum of all of these 
areas in a cubic centimetre of the gas defines the absorption coefficient, the 
reciprocal of which is the mean free path. The absorption coefficient is a 
function of the atom stiidied and the velocity of the electron. It may also 
depend on the geometry of the apparatus which defines the maximum angle of 
deflection. From the agreement of the results obtained by several observers 
with different limiting angles, the variation of the observed absorption 
coefficient with the size of the limiting angle appears to be small. The 
absorption coefficient is computed from the equation 

I =« Ioe“*^, 



Mercury Vapowr. 185 

where I is the electron current at the end of the path, I© the current at the 
beginning of the path, x the path length, p the pressure of the gas and a the 
absorption coefficient. 

Apparatus .—For the measurement of the absorption coefficient a modifica¬ 
tion of Rarasauer’s original apparatus* was used. The same modification was 
previously used for the measurement of the absorption coefficient in other 
gases giving results in good agreement with those by Ramsauer’s more com¬ 
plicated apparatus.f 

Another change in this apparatus was in the source of electrons. K. Cole| 
has shown that with a filament in the centre of a cylinder with a fine longitudinal 
slit in the side, a very fine beam of electrons can be produced. The apparent 
sharpness of the beam was due in part to the focussing action of the magnetic 
field. A further advantage of this source was found at potentials where 
ionisation takes place. The space charge about the filament was changed by 
this, but the distribution of current was unchanged due to the symmetry of the 
apparatus. The same fraction of the total emission still left through the slit 
as at lower potentials. 

A cross-section of the apparatus is shown in fig. 1. The mean radius of the 
path in which the electrons moved was 
15*0 mm. The slit in the cylinder, S^, 
was 0-20 mm. wide and 6 mm. high. 

The slit Ss was 1-0 mm. wide and 
10 mm. high. The other slits were all 
2-0 mm. wide and 10 mm. high. The 
cylinder C had a radius of 3*5 mm. 

The filament F was a 3 mill tungsten 
wire 16 mm. long. The filament was 
held centred by circular quartz in¬ 
sulators at each end of the cylinder C. 

A small hole in each insulator allowed 
the filament conductor to pass through. 

The filament leads were kept as close 
together as possible to avoid magnetic effects of the filament current. A small 
effect was observed in the currents that arrived at B when the direction of 
the filament current was reversed. The values of the absorption coefficient 

♦ ‘ Ann, Phyaik,’ ^ol. 64, p. 613 (1921). 

t Brode. • Phys. Rev.,’ vol. 26, p. 636 (1926). 

{ ' Phya. Rev.,’ vol. 28, p. 781 (1926). 
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oomputed from data obtained when the direction of the filament current 
was unchanged, were identical with those obtained when the filament current 
was reversed. The filament current was about 0*6 ampere. 

Electrons were accelerated from the filament to the cylinder C. This 
current was measured by a microammeter and was of the order of 10 micro¬ 
amperes. The current from B passed through a high sensitivity galvanometer 
to the lead that came from the remainder of the apparatus. The lead then 
went to another high sensitivity galvanometer. When working with low 
velocity electrons, galvanometers of a sensitivity of about 10““^ amperes per 
division were used. For higher velocity electrons galvanometers with a shorter 
period and a sensitivity of about amperes were used. 

The earths field was neutralised by a large pair of square coils. A solenoid 
30 cm. long and 15 cm. in diameter was placed so that its centre was coincident 
with the centre of the apparatus and its axis perpendicular to the plane of the 
apparatus shown in fig. 1. The magnetic field required to bend a beam of 
electrons into a given circular path depends directly on the velocity of the 
electrons or on the square root of the potential through which the electron has 
passed. Plotting the current used to produce the magnetic field against the 
square root of the potential applied to the electrons should give a straight line 
passing through the origin. Using only the points for potentials between 200 
and 400 volts where contact E.M.Fs, were negligible, the slope of the 
line was determined. When the current producing the magnetic field was 
known, the velocity of the electrons in square root of volts could then be 
determined* 

Two furnaces were used for controlling the temperature. One heated the 
apparatus and the other heated the mercury in a tube connected to the 
apparatus. The electrical heating wires for the furnaces were wound so that no 
magnetic field was produced. Reversing 5 amperes in the furnaces did not 
produce an observable change in the magnetic field required to bring a beam of 
slow electrons into the collecting box. The furnaces were constructed so that 
about an hour was required before a constant temperature was reached. This 
had the advantage that fluctuations in the heating cuirent which was taken 
from the power lines produced effects so small that the temperature could easily 
be held constant to a quarter of a degree. The temperattire was measured by 
means of copper-constantan thermocouples attached to copper cylinders that 
were in contact with the glass walls of the ajpparatus. The walls of the furnaces 
were also made of copper so as to ensure uniformity of temperature throughout 
the furnace. The thermocouples were calibrated by comparison with a Bureau 
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of Standards certificated thermocouple. Temperatures were read to 0*1® C. 
by means of a potentiometer. 

The metal parts of the apparatus were constructed of tantalum as the metal 
used must be non-magnetic and must not alloy with mercury. Tantalum also 
has the advantage of being reasonably easy to work and readily spot welded. 
The apparatus was supported on tungsten seals through Pyrex glass. Each of 
these seals was protected by a pair of guard rings. A Pyrex bulb with a tube 
projecting from one end for the purpose of holding the mercury, enclosed the 
apparatus. The tube was evacuated by a mercury diffusion pump and baked 
for 8 hours at 500^^ C. The metal parts were then glowed to a bright yellow by 
an induction furnace. A small amount of carefully distilled mercury was then 
slowly distilled into the tube and the tube sealed off from the pumps. 

MeAhod .—The apparatus was maintained at a temperature which was from 
20® to 50® C. above that of the mercury. The pressxxre was corrected for 
thermal effusion and reduced to an equivalent pressure at 0® C. The tempera¬ 
ture of the mercury was varied from —6® C. to 30® C. For temperatures below 
room temperature the furnace about the mercury was replaced by a cooling 
bath of water, ice or brine and ice. The pressure of the mercury vapour was 
determined from the vapour pressure data given in Landolt and Bornstein’s 
table of physical constants. The International Critical Tables give values 
about 10 per cent, lower for corresponding temperatures, which would result 
in values of the absorption coefficient about 10 per cent, larger. 

In making observations the accelerating potential was fixed. The magnetic 
field was then varied slowly. The current to the galvanometer connected to 
B rose rapidly to a maximum when the field corresponding to the accelerating 
potential was reached. This maximum deflection was recorded as I. At the 
same time the deflection of the other galvanometer that measured the total 
current coming from the slit was recorded as M. These measurements were 
repeated throughout the range of velocities studied keeping the temperature, 
t.e., the pressure, as constant as possible. Changing the temperature values 
of M and I are obtained for different pressures from which the absorption 
coefficient could be computed. 

This current M was taken to be proportional to I^, the initial current of 
electrons that would have reached the collecting box had it not been for gas 
Jaaolecules inriihe path of the electrons. From the equation I == it 

shotiid be possible to measure 1q by making either xovp zero. If one makes the 
path length zero the definition of the limiting angle of deflection changes and 
iJbo many electrons will be caught in the collecting box that would never 
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have reached it due to the geometry of the apparatus. Reducing the pressure 
to zero will cause the emission of the filament to change due to the change in 
temperature and due to possible changes in the emitting surface. To ensure 
measurements being made under the same conditions measurements of I and 
Ig should be made nearly at the same time. Taking the emission through the 
slit in the oyhnder as proportional to Ig these difficulties are avoided. If KM 
is substituted for Ig and the value of axp solved for, then 

oxp = log (M/I) -f log K. 

If log (M/I) is plotted as a function of p the points will fall on a straight line 
whose slope is ax provided K is independent of the pressure. Fig. 2 shows some 
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of the observed points which clearly indicates that K is independent of the 
pressure. The failure of all of the lines to meet at a point where p is zero means 
that the proportionality factor K is a ftmction of the velocity. 

The ratio of the current at the beginning of the path to that at the end of 
the path is under some conditions a function of the current density in the 
beam. If very large current densities are used the beam will spread due to the 
mutual repulsion of the electrons. If ionisation takes place there may be 
more scattering if the value of a for the ion is larger than that of the atom. 
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Due to the accumulation of ions along the beam the scattering may be decreased 
by the positives pace charge of the ions. Metastable atoms along the path 
may also influence the absorption coefficients by having an absorption coefficient 
different from that of the atom investigated. For all of these effects the amoimt 
of the additional influence is proportional to the current, and hence the loss of 
electrons due to scattering in any element of length is proportional to the square 
of the current. The scattering in an element of length of the path ix is 

dl == (lap + V^p)dXy 

jS is the absorption coefficient for the amount of additional scattering material 
produced by unit current at unit pressure. Solving for I in terms of M gives 

M is varied by changing the temperature of the filament and the values of I 
observed as a function of M. At values of M above 10“^ amperes I was not a 
linear fimction of M. From the above equation it can be seen that if the 
reciprocal of I is plotted as a fimction of the reciprocal of M the result should 
be a straight line whose slope is the reciprocal of This was foimd 

to be true for currents up to 10*“* amperes. For convenience in measurement 
the currents were kept below 10“"^ amperes where I was proportional to M. 

Results ,—For each velocity six observations were made at six different 
pressures. Instead of using the graphical method the data was treated 
aualjdiically. The value of a was calculated for each of every possible pair of 
observations. The average of these is shown in fig. 3. Above 10 volts the 
values of a in no cases differed more than 5 per cent, from the average 
value. Below 10 volts the data were not as consistent although the values 
did not differ more than 10 per cent, from the average value. 

The absorption coefficient for slow electrons in mercury vapour did not 
show a Bamsauer effect, i.e., small values of a for low velocity electrons. The 
value of a was large at 0*6 volt, the lowest velocity studied and decreased 
rapidly with increasing velocity. A small change in this decrease was observed 
at about 6 volts. A minimum was reached at 20 volts followed by a maximum 
at 36 volts from which the value of a decreased monotonously with 
increasing velocity to 400 volts the limit of the measurements. 

Discussion.—The results of this measurement of the absorption coefficient 
for slow electrons in mercury vapour are compared with the results of other 
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VELOCITY IN /volts 

Fio. 3. 


observers in fig. 4. Although the first measurements of the absorption 
coefficient in mercury vapour* were made with a very much simplified apparatus, 
the results at low velocities are in good agreement with the present result. 
Due to the form of this apparatus secondary and scattered electrons could not 
be kept from the collector at the end of the path. The possibility of errors 
due to this was mentioned in the discussion of these first measurements. It 
now appears that the results of these first measurements are too small above 
about 16 volts, which is what would be expected as a result of secondary and 
scattered electrons. 

Maxwell’sft measurements although a little lower than the present results, 
are in best agreement as far as the details of the variation of the shape of the 
curve with velocity. He observed a break in the curve at about 6 volts, in 
the vicinity of the first resonance potential. Although the minimum at about 
20 volts and the maximiun at about 35 volts are observed by Maxwell, he 

• Brodo, ‘ Roy. Soo. Proo.,’ A, vol. 100, p. 897 <19SS). 

t * Proo. Nat. Aosd. Soi.,’ vol. 12, p. 609 (1926). 

J Maxwell’s own data given for the free path of electrons in nteroury vapour at a 
pressure of 8 baryes at a temperature of 76” 0. For the purpose of comparison his data 
has been reduced to absorption coefficients at 1 mm. of Hg at 0” 0. 
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ascribes them to the influence of secondary electrons. Due to the magnetic 
field in the present apparatus the secondary electrons cannot start at the 
beginning of the path and reach the collecting box. The maximum at 35 
volts is here shown to be due to a real variation in the absorption coefficient. 

The measurements of Beuthe* although made with a Ramsauer t 3 ^e of 
apparatus are in complete disagreement with other observers. The con¬ 
struction of his apparatus was such as to make evacuation difficult. The 
pressure of the mercury vapour was maintained by a constriction so narrow 
that the rate of diffusion of the vapour out of the region containing the apparatus 
was small compared with the rate of evaporation. This constriction was also 
effective in preventing the escape of foreign gas coming off the walls of the 
apparatus. Due to waxed seals and brass metal parts the apparatus could 
not be baked out. Beuthe was unable to take consistent measurements with 
his apparatus. The value of the absorption coefficient decreased with the 
length of time the filament had been in operation imtil negative values were 
obtained. Beuthe ascribes these influences to the formation of large numbers 
of negative ions in the mercury vapour. It seems more reasonable to ascribe 
kis difficultieB to foreign gases accumulating in the apparatus. 

* ' Ann. Physik,’ vol. 84, p. 949 (1927). 
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Jones* has measured the absorption coefficient for slow electrons in mercury 
vapour by both a modified form of the Ramsauer apparatus and a modification 
of the apparatus used by Mayer.f His results do not agree well for the two 
methods. The values obtained by the Mayer method are in excellent agree¬ 
ment with the results reported here. By use of a special source of electrons 
he seems to have eliminated the secondary electrons and his curves indicate 
that there is no maiimum at about 35 volts. This would appear to check the 
statement of Maxwell that the maximum at about 35 volts was not real but 
was due to secondary electrons. Jones, however, made no measurements in 
the region between 15 and 50 volts and was not justified in concluding from his 
data that Maxwell's assumption was correct. 

Summary. 

The absorption coefficient has been measured in mercury vapour for electrons 
with velocities corresponding to from 0*6 to 400 volts. No indication was 
found for small values of the absorption coefficient, i.e., long free paths, at 
low velocities. A change in slope of the curve was observed at about 5 volts, 
a minimum at about 20 volts and a maximum at 35 volts. 


* * Phys. Rev.,’ voL 82, p. 458 (1928). 
t ‘Arm. Physik,’ vol. 64, p. 451 (1921). 
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A Mechanism of Oelatinisation. 

By Francis L. Usher, The Uaiversity, Leeds. 

(Commumoated by R. Whytlaw-Gray, F.R.S.—Received May 29, 1929,) 

[PliATHS 4, 5.] 

In seeking to account for the transition of certain liquids to rigid jellies 
three main lines of explanation have been put forward, namely, (1) a micellar 
theory according to which the process consists in the separation of a dissolved 
or dispersed substance in the form of interlacing fibrils which are generally 
supposed to be associated with some of the solvent, any free solvent remaining 
enmeshed in the network so produced; (2) a theory which assumes a modi¬ 
fication of the properties of the solvent in the neighbourhood of the disperse 
phase so as to produce rigidity of the whole system, without requiring any 
particular spacial arrangement of the solid units ; and (3) an emulsion theory, 
which regards jollies as emulsions of two partially miscible liquid phases 
possessing an interfacial tension. Of these three theories, the last-named 
fails to provide a theoretically satisfactory explanation of the mechanical 
properties of jellies; it would only account for rigidity when the disperse 
phase occupied the major part of the total volume, and is not supported by any 
direct experimental evidence. The micellar theory, on the other hand, is 
supported in certain cases—for example, in that of sodium stearate in water, 
where a solid phase separates in the form of tenuous crystals—by direct ultra- 
microscopic observations, and a similar fibrillar structure is often assumed 
when no such arrangement is actually visible.* It has also been shownt 
that some of the elastic properties of jellies of gelatin and of cellulose acetate 
are best accounted for by this theory. Within the last few years an 
important class of reversible jellies, chiefly metallic oxides, has been 
investigated, and their properties have been extensively studied and 
described in a series of papers published from the Kaiser-Wilhelm Institut 
at Dahlem. In one of the earliest of these papers,J describing some 
nltramioroBCopic observations of gelatinising ferric oxide sols, it was 

* Dadce, MoBain jSsbnon, * Roy. Soc. Proo.,* A, vol. 98, p, 395 (1921); Seifrijc, 
* Colloid Symposium Monograph/ vol. 3, p. 285 (1925); MoBain, * J. Phys. Chem,,' vol. 
30, pp. 231, 312 (1926). 

t Pool©, * Trans. Faraday Soo./ vol 21, p. 114 (1925), and vol 22, p. 82 (1926). 

t Sohalek and Saegvari, * Kolloid Z.,’ vol 33, p. 326 (1923). 
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concluded that the formation of the jelly was not caused by any actual 
contact between the particles of ferric oxide, which remained more or leas 
uniformly distributed in the liquid, the only apparent difference between the 
jelly and the sol which gave rise to it being the absence of brownian movement 
in the former. This observation, if correct, is evidently consistent with the 
second theory and definitely negatives the first. Further, measiuemente of 
the viscosity, at different rates of shear, of a number of sols, some of which are 
capable of gelatinising, and of suspensions of starch grains in an indifferent 
organic liquid'* can be explained by assuming the existence of a layer of liquid 
adherent to the surface of the particles, its thickness being diminished as the 
rate of shear increases. Finally, Porter and Hedgesf have pointed out that 
their observations on the distribution of suspended particles of gamboge under 
gravity can be expressed in terms of Porter’s general formula of osmotic pressure 
if the effective volume of the particles is taken to be considerably greater than 
that actually measured. 

Apart from the possibility that a number of different explanations may be 
needed to account for the production of various kinds of jellies, it may be noted 
that, up to the present, direct observation has pointed to a fibrillar structure 
in some soap jellies and to an absence of structure in certain jellies formed 
from oxide sols. The object of the present paper is to show that sols which 
owe their stability to an electric charge may be expected to give rise to jellies 
when that charge is reduced, and to present some experimental evidence for 
this view. 

Odatinisation through the Action of Electrolytet. 

Assuming that the stability of an aqueous suspension is due to an electric 
charge arising from the dissociation of molecules—^whether autogenous or 
adsorbed—in the surface of the particles of the disperse phase, ions of one sign 
remaining in the surface while those of the other sign are in the surrounding 
liquid, the distribution of the volume charge due to the latter must conform 
to some kind of exponential law,^ the exact form of which will depend on 
assumptions which for the present purpose need not be considered. An 
essential feature of the state of things presumed to exist is that the addition of 

* Hatsohek, ‘ KoUoid Z.,’ vol. 13, p. 88 (1813) ; Homphray and Hatechek, ‘ Pioo. Phya. 
Boo.,* yoL 88, p. 274 (1816) ; Hataobek and Jane, ‘ KoUold Z.,* vol. 38, p. 300 (1886), and 
toL 40, p. 68 (1826). 

t ‘ Tnuu. Faraday Boo.,’ voL 18, p. 81 (1822). 

t Oouy, ‘ J. Physique,’ vol. 8, p. 467 (1810 ); Debye and Httokel, ‘ Phyaik Z.,’ vol. 24, 
p. 186 (1823). 
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a foreign electrolyte will produce one of two efiects ; if the surface molecules 
ionise completely, the total charge due to the ions, while remaining of constant 
magnitude, will behave as though conc/cntrated near to the surface of the 
particles, or, if the ionisation is partial and reversible, the charge will be 
diminished owing to recombination of the ions. In either case the result must 
be to lessen the distance to which two particles may approach one another 
l>efore they experience a given force of repulsion. When only a trace of 
electrolyte is present the thickness of the ionic atmosphere* is considerable^ 
and that component of the joint kinetic energy of two particles which ia 
parallel to the line of their approach is neutralised before they make contact 
or come within the range of molecular attraction ; whereas in the presence of 
a sufficient (juantity of an electrolyte tlie outer atmosphere shrinks to a thin- 
shell very close to the surface of the particles (or else the total charge is reduced), 
so that the work required to produce contact becomes small compared with the 
kinetic eniirgy, and coalescence ensues whenever a collision provides an oppor¬ 
tunity for it. At some stage between these extreme conditions of complete 
stability and complete instability it must happen that the kinetic energy of 
the particles only just enables them to approach within the range of the 
molecular attractive force, and this leads to an interesting consequence. 
In fig. 1 (a) represents two particles which have just succeeded in making 


Fig. 1. 

contact, the outer dotted line denoting the extent of the residual ionic field of 
force. If now a third particle collides with this binary aggregate, in order to 
make contact with both particles—as in (6)—it must possess kinetic energy 
sufficient to carry it through a portion of the field belonging to each, whereas 
it requires only about half this energy to enable it to make contact with one 
only, as in (c). 

Thus over a certain limited range of electrolyte concentration collisions will 
result in the formation of linear aggregates rather than of compact clusters,. 

* That is, the tluoknesBof some definite fraction of the oiitor chargo, nine ton ( lis : 
strictly speaking, the whole charge always extends to the outer boundary of the solution. 
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and if sufficiently close together they will naturally tend to form a tangled 
network holding the liquid in its meshes. Actually, since all the particles do 
not possess the mean kinetic energy determined by the temperature of the system 
tlieae conditions are not exaelly fulfilled, so that while some particles will be 
unable to make contact at all, others will succeed in making contact with two 
simultaneoxisly ; but on the whole there will be a strong tendency to the op(ui 
linear formation, 

Experimeniah 

Most or all of the jellies hitherto examined have been made from sols in 
which the individual particles have been cither too small or of insufficient 
optical density to bo visible in the ultramicroscope, but if the view outlined 
above is correct gelatinisation should occur under suitable conditions in the 
case of sols having larger and visible particles. Although jellies ('an be prepared 
quite easily, for example, by adding the proper proportion of common salt to 
sols of Prussian blue or copper ferrocyanide in which the liirger particles can 
be individually distinguished, the majority are too small to be resolved, and in 
such cases no direct evidence of structure can be obtained. In order to see 
exactly what takes place and to avoid any ambiguity in interpretation, it is 
necessary to use material containing no particles below the limit of resolvability 
and to view it through an ordinary microscope by transmitted light . For this 
purpose a fairly uniform suspension of gamboge in water was prepared by 
fractional centrifuging, the final product having particles of a radius about 
4 X 10"‘^ cm., and no appreciable number of a smaller siz(‘. Portions of this 
•suspension were mixed with solutions of sodium chloride so tliat the final 
^concentrations were known, and the mixtures W('re examined under a micro¬ 
scope, using a Pointolite lamp with a Wratten C filter. Trouble was caused 
by the particles attaching themselves to the slides and cover slips in the presence 
of the electrolyte, and since they frequently arranged themselves in long 
straight rows—presumably along slight fissures or scratches in the glass surface 
—a method was sought by which this might be avoided. The use of quartz 
in place of glass was found to be of no advantage, and the method finally 
adopted was to coat the inner surfaces of slide and cover glass with a thin 
film of acid sodium stearate ; this substance is practically insoluble in water, 
and did not sensibly impair the ilhimination. It was found to prevent entirely 
the attachment of particles to the glass in rows. A ring of rubber solution 
round the cover glass was used to prevent evaporation. The slides were 
examined, usually for about half an kotrr at a time, at frequent intervals during 
3 weeks. The following is a summary of the observations 
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A. Gamboge mounted in water, —Only single particles were seen, and these 
remained in vigorous brownian movement during the whole period. 

B. Decinornial hydrochloric —Large compact stationary clusters 
separated by patches of nearly clear liquid, with isolated particles fixed to the 
slide. In this cane no brownian movement was detected at any time, and no 
obvious change occurred over the period of examination. 

C. Twenlietb-norrnal sodium chloride,—These slides showed at first only 
single particles in brownian movement; later a few doublets were formed, 
some of which were observed to break up. 

D. Dednormal sodium chloride. As with the preceding specimen only 
single particles were seen at first, afterwards many doublets and triplets and 
some simple rows of four and five particles. With more than three particles, 
however, there was always a strong tendency to branch. 

E. Fifth-normal sodium chloride, —The appearance of this slide was very 
similar to that of D. There was a large number of simple rows of four 
particles. 

F. Normal sodium chloride. this concentration the appearance was 

much more complex. Singles, doublets and triplets were at first numerous, 
but qtiickly gave place to larger oombinations. Some of the latter, although 
they appeared at first sight to be compind, on ttirning round became resolved 
into long branched structures. 

G. —A drop of the gamboge suspension was placed on a slide and normal 
sodimn chloride drawn in alongside of it, so that the behaviour of the particles 
could be examined in an electrolyte solution at concentrations ranging down¬ 
wards from a little less than normal. After 24 hours a part of the field showed 
strings of particles, attached at both ends, stretching obliquely from cover 
glass to slide. These strings wen* observed to be in irregular wavy motion, 
and their character was only determined by careful focussing. 


(remrnil. 

It was foimd that in solutions uf sodium chloride of less than deciriormal 
strength little or no permanent tmion between particles occurred, and that in 
stronger solutions the various stages of complexity reached were chiefly deter¬ 
mined by the length of time allowed for the action of the electrolyte, A 
particular field in slide D, for example, was watched continuously for half an 
hour when first prepared, without a single permanent union between particles 
being observed, although when examined 24 hours later many doublets and 
triplets were seen. In slide E, where the electrolyte vras twice as concentrated, 

h 2 
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many such unions ware noticed during an equal period. This behaviour would 
be expected if the effect of increasing the electrolyte concentration ifl to increase 
the proportion of collisions resulting in cohesion. Extended observation of 
the brownian movement within small aggregates showed that, with decinormal 
salt, such movement hardly ever brings about closer packing of the particles, 
whereas with normal salt it does so. Triplets, for example, were seldom seen 
with their constituent particles in a straight line, but generally in the former 
case one of the particles, pivoting on the middle, was observed to swing about 
BO as frequently to make apparent contact with the third without, however, 
adhering to it. On the other hand, in a normal solution permanent triangular 
combinations were frequently seen. 

The importance of the brownian movement of entire aggregates is difficult 
to estimate since, although sometimes permanent contact between such 
aggregates was seen to occur, this may have been caused by slight accidental 
movements of the liquid. With the suspensions used for these experiments 
the brownian movement of aggregates containing more than 10 particles must 
have been very slight, although this would not be true of suspensions of much 
smaller particles, such as occur in the majority of stable sols. On the other 
hand the brownian movement of the individual particles in an aggregate 
appears to be of great importance in determining the final character of the 
system. Aggregates which in the first instance are tenuous usually bend about 
so that, if the electrolyte is sufficiently concentrated, the free ends often become 
permanently joined to other parts of the same aggregate, and in this way the 
general structure, initially filamentous, tends to become more compact. The 
process is fairly rapid in seminormal salt, and either absent or so slow as to 
escape notice in decinormal. When the siispensions were fairly concentrated,^ 
separate aggregates were sometimes observed to unite by the accretion of single 
particles, doublets, or triplets whose own brownian motion enabled them to 
link up the larger aggregates; and since the latter had often undergone a 
certain amount of internal packing, a common type of structure was a collection 
of loosely packed and comparatively large aggregates united by much more 
slender filaments, leaving lacuncs of clear liquid. 

The stability of aggregates towards mechanical disturbance appears to 
depend on the concentration of the electrolyte present. In the weaker solutions 
<4 sodium chloride an aggregate was sometimes observed to lose one or two 
particles in consequence of a collision, whereas in the stronger solutions more 
severe disturbance was necessary. Thus in slide G, where the final electrolyte 
x^ncentration was probably about third-normal, the building up of aggregates 
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occupied 22 days, by which time no brownian movement was detectable; 
slight pressure on the cover glass, however, caused shearing of the aggregates 
with the production of a large number of single particles, which then continued 
in rapid brownian movement for many days. 

Formation of Gels from Suspensions, 

It is evident from the observations recorded above that it should be possible, 
by using electrolyte solutions of suitable concentration, to convert sols con¬ 
taining visible particles of typically lyophobic substances into rigid systems 
possessing the mechanical properties of Jellies such as those formed from sols 
usually classed as emulsoid. Further, since the characteristic gel structure 
appears to depend on the formation of more or less linear aggregates, the factor 
which sets a lower limit to the proportion of the solid phase necessary to permit 
gelatinisation should be the product of the radius of the particles and their 
numerical concentration, rather than the total volume of solid. Thus if with 
particles of a certain radius a rigid gel requires 20 per cent, by volume of the 
solid phase, one should obtain a geometrically similar structure with only 
0*2 per cent, of the substance when the particles have one-tenth the radius of 
the former. Since in practice the anangement shows no more than a general 
tendency to linearity, the lower limit of volume concentration cannot be 
strictly proportional to the square of the radius of the particles, but should at 
least vary directly with it. So far as the present observations go, this expecta¬ 
tion is fulfilled. 

For the purpose of tliese experiments a liquid system was considered to have 
gelatinised if a test tube half an inch in diameter containing it could be laid 
on its side without any flow taking place. Gels satisfying this test have been 
made from gamboge suspensions containing 14 per cent, by volume of the solid, 
with common salt in concentration ranging from 0 • 22 to 0 * 42-normal. A speci¬ 
men of one of these gels in a sealed tube has been kept for 14 months without 
showing any visible change in its properties. No stable gel could be prepared 
with a smaller proportion of gamboge which, however, being the coarser residues 
from the fractional centrifuging previously referred to, contained particles all 
larger than 4 x 10*® cm. 

With cadmium sulphide a much smaller proportion of solid can be used. A 
sol of cadmium sulphide prepared by passing hydrogen sulphide through the 
thoroughly washed precipitate suspended in water was treated with varying 
quantities of sodium chloride, and was found to gelatinise if the concentration 
of electrolyte was between centinormal and decinormal. Thus in a mixture 
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ia <#1110)1 thb final conoestaration of cadmiom sulphide was 1*51 per eenti l^ 
▼oAume, dfi6inonnal sodium chloride cauaad gelatamaation iatinediaM^,^ 
tswenty-fifth-normal in 2 minutes, and fiftaeth-normal after sevend hours. 
Corresponding to the gradual contraction of filamentous i^jgregates observad 
microsoopically, a general contraction of the entire gel was noticed in maxiy 
instances, the upper surface of the gei settling down and leaving clear liquid 
above it. Fig. 2 (Plate 4) shows a photograph of five cadmium sulphide gels 
after standing for 48 hours ; the sodium chloride concentrations (from left to 
right) were normal, quarter-, tenth-, twenty-fifth-, and fiftieth-normal. It 
will be seen that the two last-named specimens showed no contradaon, and 
that in the three others the degree of contraction increased with the conoentxa- 
tion of electrolyte. 

The examination of prepared gels under the murroscope usually gives no 
useful information, on account of tlie high numerical concentration of the 
particles making it impossible to distinguish the details of the structure. 
On the other hand the formation of purely filamentous aggregates at the 
dilutions necessary for satisfactory microscopic examination requires a very 
long time, and it has been fo\ind convenient to use for this purpose such 
electrolyte concentrations as would lead to the production of a contractile gel. 
The photographs shown in figs. 3, 4, and 6 were taken (with a “ Micca ” photo¬ 
graphic eyepiece) after the structure had developed so far as to stop brownian 
movement. Fig. 3 (Plate 4) shows gamboge in 0‘4-noraial sodium chloride 
photographed with a Zeiss "AA" objective to give a general view of the 
structure, which is distinctly dendritic. Fig. 4 (Plate 5) ebows a more highly 
magnified part of the same field photographed with a Lertz 2 mm. apoohrotnatio 
lens, showing the comparatively open nature of the aj^gates. Fig. 5 (Plate 
5) is a high power photograph of gamboge in 0'25-normal sodium chloride, 
and fig. 6 (Plate 6) shows the effect of decinormal hydrochloric aoid in giving 
rise to large isolated compact aggregates. 

Conclusion. 

It has been shown that suspensions of typically lyophobio materials such aa 
gamboge and cadmium sulphide can be caused to gelatinise when mixed with 
sodium chloride solutions of suitable ooivcentrationa. The process has been 
followed microscopically with the first-named substance, and found to consul 
in the union of single particles to form expanded aggregates which eventually 
link up (if a sufficient proportion of the solid is present) to form mt irtegtfiar 
and essentially open structure. The degree of compactncM uHsmal^y 
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attained has been found to depend on the electrolyte concentratioti» the pack¬ 
ing itself being partially due to internal brownian movement in initially linear 
aggregates. It is clear that if the solid framework of a rigid two-phase system 
becomes thickened in consequence of such internal packing, the system itself 
must become physically heterogeneous, and this appears to be an adequate 
explanation of the "'syueresis clmracteristic of such gels as are now being 
discussed. When the electrolyte is sufficiently concentrated the particlea 
unite to form dense aggregates so rapidly that there are not enough available 
for Unking thtsse up into a coherent structure, and the result is a more or less 
dense pi^cipitate.” A gel is therefore to-be regarded as an intermediate 
stage in the fonnation of a precipitate, a stage which, however, is realised only 
when the volume of the solid phase bears a large enough proportion to that of 
the liquid, and in the presence of a suitable electrolyte at a concentration 
lying between rather narrow limits. The conclusions drawn by Schalek and 
Ssegvari in the paper already referred to do not necessarily follow from their 
pubUshod observations. Ferric oxide sols are well known to contain at tirst 
amicrons only, and the particles seen by these* authors were comparatively large 
cryistals which had grown in the course of time from some of the original 
amicrons. it is suggested that the larger visible particles played no active 
part in the process of gelatinisation, which on the contrary was due to the 
union of the still invisible amicrons. It is interesting to note that Schalek 
and Szogvari succeeded in photographing a ferric oxide gel in which local 
packing of the solid (syneresis) was taking place, although naturally they were 
unable to observe the mechanism which produced this condition. 

It is desirable to point out tliat the mechanism of gelatinisation discussed 
in this pajjer is considered to hold good for colloidal systems which can be 
induced to gelatinise by the ad<litJon of a suitable electrolyte, and not for 
turgeacible substances like gelatin or agar. Moreover, an entirely diHerent 
explanation is required for gels (rubber, cellulose esters etc.) formed in non* 
ionising liquids. 
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The Secoyid Order Wave Equations of the Spinning Electron. 

(1. Temple, Pli.D., Imperial College, 1851 Exhibition Ttesearcli Student. 

((■ornmunicated by S. Cliapman, F.R.S.—^Received June 12» 1929,) 

§ 1. Inb'oduciioH. 

In a previous paperf tbo author attempted to cast Dirac's wa\’e equations 
into a tensorial form, but the results obtained were unsatisfactory as tlie first 
order equations (A) were expressed in terms of a third rank tensor, 7 ^'whose 
significance reinained obscure. In fact, tensors of the required (diaracter 
are not provided by the special theory of relativity, and it. is not difficult to 
convince one's self liy acttial trial that there does not exist any system of 
equations (for a 4-vector wav^e fxmetion) which is equivalent to Dirac/s first 
order equations. 

It is, however, jK)ssible to construct a system of equations which is equivalent 
to Dirac's second order equations. This is evident from the form of the second 
order (iquations (I) of the paper cited above, for, by making the tensor 
antisymmetric in all four suffixes, these equations are reducible to a 4-vector 
form. The object of this paper is to give the general theory of a system of 
second order equations satisfied by a wave tensor of the first rank. Vectorial 
notation is employed in preference to tensorial notation to facilitate comparison 
with the procedure of electrodynamjc theory. 

§ 2 . Genesis of the Wave Eqmtions, 

A simple modification of Maxwell’s equations for a super-dispersive medium 
yields a system of second order equations of the same form as the relativistic 
wave equation for free space. Starting with a wave vector s and a wave scalar 
a we form the derived vectors 

h = curl s and e — — grad a ije, ( 2 . 1 ) 

and write the wave equations for free space as 

curl h — e /c = — co^s, ] 

and \ ( 2 . 2 ) 

div e = — j 

t ‘ Hoy, 80c. Proc. J A, voL 122, p. »52 (1929), 
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where, as before, co denotes It is clear that these equations may be 

written in tensorial form, the components of the wave-tensor s* being Sj, Sg* 
S 3 and o/c. These equations yield the divergence relation 

div 8 -f bjc 0, (2.3) 

arul the Schrcklinger-Gordon equation 

(2.4) 

where ^ stands for s or a. 

Guided by the form of Larmor’s action function for an electromagnetic field 
we find that the wave equations ( 2 . 2 ) may be derived from the Lagrangian 
function 

(o*a - 8 * . 8 ) + (e* . e - h* . h), (2.5) 

in which the asterisks denote conjugate complex quantities. 

It is now a simple matter to form the corresponding equations for a region 
under the influence of an electromagnetic field with vector potential A and 
scalar potential V. We introduce the vector operator 

p sas (A/27n) V + (e/o) A 1 

and the scalar operator X ( 2 . 6 ) 

D = ^ (A/27rtc) djdt + (ejc) V J 

and witli tliem form the derived vectors, 

G p^s and F = — pa + Ds. (2.7) 

We take the general Lagrangian function to be 

L ^ s* . s) + (F^ . F ^ G* . G). (2.8) 

and by varymg s* and a* we deduce the general wave equations, 

p + DF = . s, "I 

and y (2.9), 

p . F = . a. J 


§ 3. Non-commutative Properties of the Operators, 

The characteristic feature of Dirac’s theory is its use of the non-commutative 
properties of the operators p and D to symbolise the properties of the electron 
due to its spin. These properties are summarised by the following equations, 
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(3,1) to (3.6), m which k denotes (hej^nu^) and K, H are the electric and magnetic 


intensities defined by 

E — — grad V — f)A/c0f, H — curl A. 

p pa === kcH. (3.1) 

p . p^ 8 = k8 . H, (3.2) 

pDa - D pa = — koE, (3,3) 

p . ])8 — Dp. 8 — /fS . E, (3.4) 

p ^ 1)8 — Dp ^ 8 /cs^ E, (3.5) 

P A [P A ®] P (P • ®) (P ^ P) 8 + KS A H* 

By making use of these properties the following relations may be deduced 
from the wave equations (2.9):— 
the divergence equation, 

moV (p . 8 Da) == K (H . G - E . F), (3.7) 


corresponding to (2.3), and the generalised form of the Schrodinger-Gordon 
equations (2.4) for the spinning electron, 

— (p . p) a + D*a — . o = . E • “ Dp 

— (p . p) 8 + D*® mjjV . 8 ==: /c(aE — s ^ H) — pp 
where p denotes (p . s —Da). 



§ 4. The Charge and Current Ihmiiy, 

The charge density p and the current density j are determined by the 
equations 

p==-0L/aV and j0L/aA, (4.1) 

Wnpnr^A 

p = - (e/c) (8 . F* + 8* . F), (4.2) 

and 


J =- - (e/c) (oF* + o* F) - (e/c) (8 * G* + 8% G). (4.3) 


From these equations it follows at once that 

div j + p/o = ~ ec-*(8 . F* 4- 8. F*) - ec-^(a div F* + F* . grad a) 

■— ec~^ (G* • curl 8 — 8 . curl G*) + conjugate. 


Hence 

(hej^vt) (div j + p/c) = (F* . Ds — 8 . D*F*) — (F* . po — op* . F*) 


— (G* . p ^ 8 + * • P* A G*) —• conjugate. 
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It appears from the wave equations (2.9) that the right-hand side equals 

F* . (- par + l)g) - s . (p* + 1)*F^) -H -- G* . G 

— conjiigate 

— (a*a , s) -f F* . F G*^ . G — conjugate 

- L L* ^ 0. 

Hence p and j satisfy the equation of continuity 

div j -1- p/c === 0. { \A) 

The preceding expressions, (4.2) and (*J.3), for p and j may be transformed 

so as to exhibit their relation to the polarisation and magnetisation. 'Fhe 

expressions for tliese vectors are 

p K(a*8 — as***) and M k-s ^ s*. {'l b) 

We iind that 

p == (k/c) {nn* — s . s* — f s* . s) — div P 

+ 2 {e^lc^)'V (oo* ~ s . s*) + (^[A*** + cf*(A), (1.0) 

j s=r — K (aVa* — sVs* — o*V(t + s^Vs) 4* 

4- curl M 4- 2 (e^jc^) A (ac* “• 8 . s*) 4' ('^•7) 

with the convention that 

SVS* ..r 4 .s.V.v/ +- 


§ 5. Plam Waves. 

An illustration of tliese results is provided by the system of plane wave 
represented by 

a -= 6 exp (2 t:i//?.) (n . r — \\t), 

8 :=== B exp {2ni!h) (n . r — WO, 

where ft is a constant scalar and B a constant vector. The wave equations 
for free space are satisfied if 


and 

The charge density is 


\V2/c2 

b . W/c ^ B. n. 
p == 2cWc‘“2(6*ft - B* . B), 


and the current density is 

j 2f^n/c . (ft^ft--. B), 
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whence the velocity of the charge is 

V = cj/p = c*n/W* 

The polarisation and magnetisation are respectively 

p =r K (6*B - 6B*) and M = kB ^ B* 
and they are connected by Frenkel’s kinematic relation 

c*P — V ^ M. 


§ 6. Conclusion, 

The theory sketched in this paper reproduces the general features of Dirac’s 
theory by employing the non-commutative properties of the operators p and 
D to introduce the spin corrections into the Schr5dinger-Gordon equation. 
The nature of these coirections is indicated by the equation— 


Q/cy 


2#c8 » E 4" 




(E . grad a + H . curl a), 


which is deduced from eqiiations (3.7) and (3.8) by writing Cl for the uncorrected 
operator 

— (p . p) 4- D* — ntaV, 

And by neglecting the small terms. 
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The Ultra-Violet Spectrum of Magnesium Hydride .—IL The 
Many-Lined y-System. 

By R. W. B. Pkakse, A.R.C.S., B.Sc., D.LC., Demonstrator of Physics, 
Imperial College of Science and Technology. 

(Communicated by A. Fowler, F.R.S.—Received June 10, 1929.) 

IfUroductory. 

During the course of investigation of the bands at XX 5622, 5211 and 4846, 
emitted by the magnesium arc in hydrogen at low pressures, Prof. A. Fowler* * * § 
observed that they were always accompanied by a further band at X 2430 
and by series of double lines in the region X 2940 to X 3100. These features 
of this spectrum seemed to merit fiirther study in view of the important part 
played by the spectra of other molecules with 13 electrons (CN, BO, BeF, 
CO“^, in the classification of molecular energy levels.f Further, MgH 

is one of the interesting series of hydrides (BeH, MgH, CaH, ZnH, CdH, HgH) 
which show a pair of excited P states, with doublet separation increasing with 
molecular weight, closely resembling the lowest ^P state of the preceding 
monovalent atoms (Li, Na, K, Cu, Ag, Au). 

An aocoimt of an analysis of the band at X 2430 was given in a previous 
paper the present paper deals with the series of double lines. For convenience 
the system in the visible region is referred to as the a^systcm, the one repre¬ 
sented by the band at X 2430 as the ^-system, and that about to be described 
as the y-system. 

The a-system was first analysed in the form of P, Q and R branches by 
Heurlinger,§ using Fowler’s measures. Several of the bands were later 
remeasured and analysed in the light of more recent quantum theory by W, W. 
Watson and P, Rudnick,|l who detected an isotope effect of the magnitude to 

* * Phil. Trans.,* A, vol. 209, p. 447 (1909). This paper contains a full list of wave¬ 
lengths of the lines of these bands* Many of the strongest lines were identihed with 
absorption lines in the spectra of sun-spots, 

t The subject of molecular electron states and thoic similarity to atomic states is dis¬ 
cussed by MuUiken in a recent paper, * Phys. Rev.,’ vol. 32, p. 186 (1928). Full references 
to earlier papers are given. 

} ‘ Roy. Soc. Proo.,* A, vol. 122, p. 442 (1929). 

§ * Dissertation,’ Lund (1918), 

II * Astrophys. J.,’ vol. 63, p. 20 (1926); ‘ Phys. Ref.,’ vol 29, p. 413 (1927). 
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be expected theoretically for an emitter MgH. The electronic transition 
involved is of the type classed as *P *8 * 

The p-system is very similar to the a-system except that fewer bands appear, 
and was found by the writer to have the same final level. It was also classed 
as a -► transition. 

The y-system is very different, showing no prominent heads, but appearing 
as an almost continuous background of very close lines stretching throughout 
the spectrum from X 5000 to below X 2100, Against this the sharply defined 
heads of the a and fi-systems, degraded to the violet, stand out clearly. The 
background reaches a maximum of intensity in the region X 3100 to X 3600, 
and between X 2940 and X 3100 the structure becomes more open showing 
series apparently composed of double lines. Heads, degraded to the red and 
composed of relatively weak lines, can be dete^d at XX 3100, 2940, 2720, 
2640 and 2567. Unfortunately, much of the system near the origin is masked 
by the strong magnesium lines which fall in this region. 

MecL^ure^mivts, 

Plates for measurenjtent were obtained using a quartz spectrograph of the 
Littrow type (Hilger’s E.l). This instrument has a dispersion ranging from 
2-8 A,/mm. at X2400 to 6-3 A./mm. at X3240. The wave-lengths were 
calculated with reference to the values given by Bumsf for the iron arc. The 
reductions to wave-numbers in vacuo were made with the aid of Kayser’s 
“ Tabelle der Schwingxmgszahlen.” 

The Vibrational Strtuslure of the System. 

The distribution of band origins about the origin of a system is usually 
represented by an equation of the form 

Vo - V, + o'o (n' + i) ^ {n + f(n" + i) + o/'x'' (n" + i)*, 
where represents the wave-number for the origin of the system, Oq the 
frequency of vibration for vanishing amplitude and zero rotation, and x a 
small constant arising from the anharmonio nature of the oscillation of the 
molecule. Integral values are given to w' and n". Single primes refer to the 
initial state and the double primes to the final electronic state of the molecule. 

* Mulliken, * Phye. Rev.,* vol 32, p. 388 (1928) and pievlotiB papers of the series. The 
notation used here is that used by Mulliken. Following Hund, many writers now use 
S, n, A, ^and <r, ir, A, 0 ... for molecular states and molecular electron configurations, 
retaining S, P, D, F p, d,/... for atoms only. 

t ‘ Lick Observatory Bulletin,’ No. 247 (1913). 
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Half integral values within the brackets are required in theory by the new 
quantum mechanics of Heisenberg and the wave-mechanics and also empirically 
to describe the isotope effect. 

The correct assignment of values of n to the bands of this system was 
rendered somewhat difficult by the weakness of the heads of the bands, the 
considerable overlapping of bands of neighbouring sequences and the inter ^ 
ference of strong Mg and Mg"^ lines. Under these circumstances an analj^is 
of the rotational structure of the strongest bands was first made, and then 
every possible assignment of origins considered by the direct method described 
by W. (1 Pomeroy.* 

The heads at XX 3100, 2940, 2720, 2640, 2567 were found to be formed by 
the II branches of simple bands consisting of R and P branches only* These 
bauds are relatively strong and the branches can be traced for considerable 
<listances towards the red among the many weaker lines. It was determined 
that the bands at XX 2720, 2640, 2567 possessed the same final vibrational 
level, and ^hat their initial levels were in progression w, n + 1, n + 2, The 
band at X2940 appeared to have no vibrational level in common with the 
others, but the one at X 3100 showed the same initial level as that at X 2720. 
The simplest assignment of n* and n" satisfying an equation of the above form, 
and fulfilling these conditions is (1, 0), (2, 0), (3, 0) for the first three bauds, 
p), 1) for the fourth and (i, 3) for the fifth. This allocation of quantum 
numbers was finally justified by a study of tlie isotope effect which was 
measurable in tlie case of several of the bands. Further support was also 
given by the fact that other bands whose positions could be calculated from the 
data so far obtained were subsequently identified among the remaining 
data. 

Two cases arise in which the positions of other bands may bo readily 
predicted from data on three known bands in a system. In the first the 
three bands lie on a progression ; that is, all have the same final or initial 
vibrational level, and from the known positions of lines of corresponding 
rotational states in these bands, the positions of the lines of the same rotational 
states in other bands of the progression may be calculated approximately. 
Thus, knowing the wave-numbers of R (15) in the (1, 0), (2, 0) and (3, 0) bands 
the wave-numbers of R (16) in the (0, 0) and (4, 0) bands may be obtained. 
In the other case, the bands form three corners of a square in the vibrational 
{n\ n") table and from the lines of the same rotational state in these bands, 


♦ ‘ Phys. Rev./ voU 29, p. 63 (1927). 
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the ooiresponding lines of the band at the fourth corner may be calculated 
aocxurately by use of the combination principle. Thus 

{d\ 6") R (15) =- (d', a") R (15) -- (c\ a") R (16) + (c', 6") R (15). 

This method has been described in detail by W. Jevons,* who first drew the 
author’s attention to it in this form. 

The wave-numbers of the origins of the bands analysed, calculated from the 
rotational data, are shown in Table I, and may be represented by the equation : 

Vo = 36904-5 + 1138-4 (n' + 1)- 9-5 (w' -f i)® -- 1702-2 (w" + 1) 

+ 34-2(n"4 i)". 

The strongest bands lie on a rather wide Condon parabola as is usual whf re 
a large change of vibrational frequency takes place during the electron 
transition. 


Table I.—Band-origins of the y-system. 


/ 

0 

1 

2 

3 

0 

35628-9 

33993*6 

32425*3 

30932*6 

1 

36747*8 

35114*0 


32051*8 

2 

37848*2 




Z 

38930*6 





The Rotatioml Structure of the Bands, 

The bands analysed consist of a single R and a single P branch, with one 
line missing at the origin. The wave-lengths and wave-numbers of the lines 
classified are given in Tables II to IX. Owing to the large change which takes 
place in the rotational constant B during the electron transition the head formed 
by the turning back of the R branch occurs very hear the origin of each band 
and is thus composed of weak lines. Another effect of this rapid turning 
back of the R branch is to cause it to run along closely in step with the P 
branch, the two together presenting the appearance of a doublet series as 
described by Fowler. There are no doublets in the usual sense. 

This simple structure is that characteristic of the type of transition classed 
If the system is to be assigned to the molecule MgH which has an 
odd nximber of electrons (13) the electron levels should be double and the 


* ‘ Roy. Soc. Proo.; A, vol. 112, p. 414 (1926). 
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Table II.—Structure of the (0, 0) Baud. 



B branoh* 

i _ 

P branch. 







A air. 


A air. 

r. 

0 

1 

t 



2808-179 

' 

35599-79 

8 



09-802 

579*24 

4 



11-863 

553*29 

5 



14-037 

626-70 

e 

2807-813 

36604-44 

16-681 

403-60 

7 

09-461 

S83-68 

19*680 

466-86 

S 

11*163 

662-01 

22-687 

416-84 

9 

13-340 

634-49 

26-187t 

372-98 

10 

16-827 

503-11 

30-012 

326-17 

a 

18-699t 

468-20 

34-167 

273*39 

12 

21-763 

428*43 

38-647 

217-72 

18 

26*136 

386-14 

43-407 

36168-77 

14 

28-863t 

339-64 

• 


16 

82-947' 

288-68 

* 


Id 

87-321 

234-18 



17 

42-001 1 

176-16 

66-648 

34886-90 

18 

46-976t 

36114-71 

72-011 

808-62 

19 

« 


78-667 

728-13 

20 

67-982 

34980-08 

86*630 

644-34 

21 

63-844 

907-88 

2892-908 

667-19 

22 

70-160t 

831*07 

1 2900*613 

466-69 

23 

76-663 

762-46 

08-429 

372-78 

24 

! 83-608 

669-84 

18*620 

270-26 

26 

90-672 1 

683-92 

26-126 

176-69 

26 

! 2898 1601 

494-57 

33-970 

34073-67 

27 

2906-916 1 

402*62 

43*047 

33908-49 

28 

1 13-996 1 

307-13 

52*484 

859-91 

20 

22-364 1 

208*89 

62*200 

748*86 . 

30 

! 31-069 

34107-41 

72-234 

634-94 ' 

31 

« 


82-604 

619*12 

32 

49-226 

1 33897-32 

2993-106 

399*91 

33 

88-737 

, 788-36 

3004-022 

279*04 

34 



16*l22t 

160*52 

36 

78-667 

562-36 



* Indioates that line ia Uendecl with or obsoured by a line of the Mg or Mg+ speotruni. 
t Indicates line blended with another band line. 


transition therefore Kvidenee of thin multiplicity would lie in the 

detection of a close-spaced doubling in each line, the doubling increasing in 
magnitude with the rotational energy as in the violet CN bands. This, how¬ 
ever, has not been detected. Since, however, a system with the 

doublets unresolved would appear identical with a ^8 system the experi¬ 
mental data do not decide between the alternative interpretations of a 
traiudtion or a *8 *S transition with hnestructure doubling less t^an 3 • 0 cm. 
even at such high rotationB as j := 30. Such a smaii value is not unlikely 
von. oxnr,—a. m 
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Table III.—Structure of the (1, 0) Band. 


'! 

K branch. 

P brauoli. 

ifc- 

A air* 

V. 

. 

1 

A air. ' 

_ , 

V. 

0 

2719-826 

36766-20 



1 

19-661 

769*77 

2721-323 

30736-84 

2 

19-661 

769-77 

22*666 

719-22 

3 

19-826 

766*20 

24-199 

097-19 

4 

20-428 

748-06 

26-028 

072-57 

6 

21-328 

735-84 

28-217 

643-10 

6 

22*666 

719-22 

30*697 

609-03 

7 

24*051 

699-19 

33*430 

673-27 

8 

25-872 

674-67 

36*646 

531*64 

9 

28*020 

646*80 

39*892 

487-02 

10 

30*47] 

612*91 

43*684 

487*69 

11 

33*210 

676*21 

47-586 

384-86 

12 

36-260 

636*36 

61-900 

327*73 

13 

39-620 

490-04 

66*607 

267-16 

U 

43-292 

441-81 

01-410 

202-72 

16 

47-260 

389-18 

2766-624 

36134-49 

16 

61*634 

332 • 66 

* 


17 

66*092 

272*86 

* 


18 

61‘004 

208-04 

* 


10 

2766-179 

36140-31 

<•> 


20 

A • w a i CF 

• 

* 


21 

« 


* 


22 

* 


2812*167 

36549-32 

23 

w 


19-680 

456-86 

24 

*■ 


27-310 

368-93 

26 

♦ 


35-547 

256-22 

26 

2810*966 

36664-6.3 

44-096 

36150-26 

27 

18-699 

468*20 

* 


28 

26-416 

370-11 

62-088 

34929*29 

29 

34-674 

268*32 ! 

71-489 

814*96 

30 

43*088 

i 36162-72 

81-191 

697*72 

31 

m 


2891*220 

677*86 

32 

\ 60*868 

34944*19 

2901*498 

454*88 

33 

70-160 

831*07 

' 12-046 

380*09 

34 

79-768 

714-86 

22*871 

202*95 

36 

89-616 

696*67 

33*970 

34078*67 

36 

2899*768 

476*44 

46-321 

33942*26 

37 

2910*166 

362*27 

66-989 

808*33 

38 

20-806 

227-13 

68-943 

672*21 


* Indioatoa that line is blondod with or obaoured by a line of the Mg or Mg'*" upeotrum. 


for the light molecule Mgll, but there are reaBOUH, considored later, for aaftigning 
the system to the ionised molecule MgH*** and this being an even molecule, 
would require it to be 

Term 

The notation throughout is that adopted by MuUiken,* in his well-known 
series of papers, for the systematic interpretation of the empirical data on 
♦ ‘ Phye, Rev.,* voL 32, p. 388 (1928), and previous papers. 
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Table IV.—Structure oi the (2, 0) Baud. 


i*- 

B branch. 

P branch. 






A air. 

V. 

A air* 

1*. 

0 

2640-796 

37868-12 



1 

40*490 

880-49 



2 

40-400 

860*49 

2643*408 

37818*71 

3 

40*795 

856*12 

44*863 

797-91 

4 

41*419 

847*18 

46*616 

772*88 

5 

42*343 

833*96 

48*678 

743*47 

6 

43*549 

816-70 

51*090 

709-12 

7 

46*060 

795*11 

63*773 

671-02 

8 

46*872 

769*22 

66*781 

028-30 

9 

48*970 

739*31 

60*000 

582*82 

10 

51*390 

704*87 

63*508 

032-48 

11 

64*092 

666*49 

67*429 

478*14 

12 

57*106 

623*78 

71*000 

419*65 

13 

60*416 

576*90 

76*076* 

367*07 

14 i 

63*996 

526*45 

80*802 

291-23 

16 1 

67*904 

471*63 

86*882 

220*68 

16 

72*092 1 

412*76 

91*233 

146*69 

n 

76*682 

350*01 

2696*876 

37068*90 

18 

81*376 ’ 

283*25 

2702*830 

36987-31 

19 

86*460 

212*67 

09*072 

902*10 

20 

91*852 ! 

138*15 

15*605 

813*33 

21 

2697*526 

37060*07 

22*420 

721*18 

22 j 

2703*606 ! 

36978*07 

29*677 

624*91 

23 ' 

09*766 ' 

892*65 

37*011 

526*43 

24 

10*314 

803*72 

44*710 

422*98 

25 

23*161 1 

711*19 

52*746 

316*06 

26 

30*307 

616*12 i 



27 

37*723 

516*92 1 



28 

45*468 

412*92 1 



20 

63*483 

306*93 




♦ IndioatoB line blended with another band line. 


baud spectra in tenns of Huud’s**' electron spin theory of molecular 
states. 

In the present paper only S type states have to be considered. These are 
characterised by the fact that the component of orbital electronic angular 
momentum parallel to the internuclear axis, denoted by a*, is zero.t As in 
the case of atoms the electrons orient themselves so that all are parallel or 
anti-parallel to any one, giving a resultant spin electronic angular momentum 
denoted by s. The values 0, 1, ... for a give rise to singlet, doublet, 

triplet, ... states. 

♦ ‘ Z. Physik/ vol. 43, p. 806 (1927), and previous papers, 

t In MuUiken’s most recent papers cr/t is denoted bycr^. For S, P, D, ... levels 

0 , 1 , 2 ,..., 
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Table V.—Structure of the (3,0) Band. 



K branch. 

P branch. 

1 A air. 


A air. 

1 

l^ 

0 

1 

2567*336 

67 160 

38939-22 

942-04 

2608-728 

38918*12 

2 

67-160 

942-04 

69*833 

901*39 

3 

67-610 

936*68 

71*332 

878*71 

4 

68-156 

926*80 

72-991 

868*64 

6 

69-079 

912*79 

74*988 

823*61 

6 

70-286 

894*62 

77*286 

788-92 

7 

71-783 

871-89 

79*882 

749*87 

8 

73-671 

844*89 

82*763 

706*80 

9 

76-662 

813-35 

86-823 

669*37 

10 

78*065 

777-33 

89*354 

608*13 

11 

80-731 

737-12 

93*100 

662*36 

12 

83-683 

692-89 

2697-168 

492*28 

13 

86-928 

644*34 

2601*482 

428-16 

14 

90-479 

691-38 

06-114 

809-86 

15 

94-311 

634*37 

11*046 

287*42 

16 i 

2698-437 

473*19 

16-221 

211*69 

17 ! 

2602-866 

407-72 

21-702 

131*80 

18 

07-685 

338-22 

27*499 

38047*66 

19 

12-681 

264*91 

38*604 

37969*48 

20 

17-869 

187*77 

39-948 

868*27 

21 

23*468 

106*29 

46*616t 

772*88 

22 

29*329 

88021*20 

63*660 

674*16 

23 

24 

36-489 

41-926 

37932*36 

889*94 

* 


68*298 

406*82 

25 

48-678t 

; 743*47 

76*076t 

367*14 

26 

65-080 

643-96 

84*192 

244*11 

27 

62-978 

640-79 

2692*668 

128*28 

28 

70-566 

434-28 

2701•178t 

37009*99 

29 

78*423 

324-34 

10*160 

36887*28 

30 

86-684 

2]0-96 

19*380 

762*21 

31 

2696-017 

37094-63 

28*899 

633*99 

32 

2703-719 

36976*16 

38*669 

603*31 

33 

12-699 

862*80 

48*783 

369*67 

34 

21-971 

727*22 

69*064 

233*63 

36 

36 

31*480 

41-274 

699*39 

468*63 




* Indioatoft that liiw ui l^tkled with or obMured by a line of the Mg or speotnun. 
t Indicates line blended with another band Une. 


In general s interacts with the rest of the molecule in one of two ways, 
called by Hand “ case a and “ case b.'' In case a, which can only oootur 
with (Tfc > 0, s is coupled magnetically with and oriented to form a component 
along the internnclear axis denoted by <t„ which takes the values ^ s, —(jj 1), 

The total electronic angular momentum about the axis is denoted by 
o, which is therefore equal to + a,. The residtant of c and the nuclear 
angular momentum is the total angular momentum and is denoted byr^‘. The 
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Table VI.—Structure of the (0, 1) Band. 


ift* 

R branoh. 

P branoh. 

A air. 1 

V. 

A air. 

r. 

1 

0 1 
1 1 

2940-193 

39-768 

34001*45 

006*48 

2941*882 

33981*94 

2 

39-602 

009*46 

43-278 

066-32 

3 

39-763 

006*48 

46-007 

046-88 

4 

40*252 

34000*72 

40-068 

023-30 

0 

41*127 

33990*67 

49*226 

807-32 

6 

42*269 

977*68 

61-913 

866-47 

7 

43*098 

060-68 

54-871 

832-66 

B 

45-489 

940*33 

68*090 

796*74 

B 

47-670 

916*36 

61-688 

764-03 

10 

49*962 

888-86 

66-661 

710-73 

11 1 

62*696 

867*50 

69*741 

663*17 

12 

66*726 1 

822*79 

74-268 

611*93 

IB 1 

69-062 

784*77 i 

79*076 

667*71 

U 

62*706 

743*10 

84*208 

499*98 

15 

66-703 

697-64 

89*639 

439-13 

15 

70-928 

649*71 

2006-380 

875-05 

17 

76-614 

697*86 

3001-432 

307-75 

18 

80*390 1 

542-90 

07-798 

237-26 

19 

86-687 1 

484*61 

14*484 

163-64 

20 

91-072 

423*11 

21*434 

087-26 

21 

2996*886 

368*29 

28*713 

33007-74 

22 

3002*973 

290*65 

36*291 

32926-37 

23 

09-349 

220*13 

44*193 

839-91 

24 

16-090 

146*88 

62-318 

752-49 

20 

23*076 

, 33069*81 

60-761 

662-16 

26 

30-859 

! 32980*82 

69-515 

669-00 

27 

37*911 

1 907*81 

78-645 

473-48 

28 

46-767 

822*94 

3087*867 

375-44 

29 

53*900 

1 735*52 

• 


30 

62*816 

646-67 

3107-340 

172-50 

31 

71*003 

568*22 

17-474 

32067-98 

32 

79*947 

468*70 

27*862 

31961-69 

33 

89*179 

! 361*09 

38*497 

863-18 

34 

3098-647 

262*81 

49-416 

742-76 

35 

3108*282 

162*81 

60-578 

630-65 

36 

18*240 

32000*10 

71*976 

617-01 

37 

28-435 

81966*03 

88-699 

401-93 

38 

38*824 

849*87 

95*421 

286-77 

36 

49-416 

742*76 

3207*447 

168-46 

40 

60*258 

683*86 

19-080 

060*06 


* IndiiMtM that line b ble&ded with or otwoored by a lino of the Mg or Mgt epeotram. 


different values of a for any state of nuclear rotation give rise to the multiplet 
components. The values of^' are |o|, |<t + 1|> ••• 

In case 6, vrhioh always holds for S states, the foroes on « due to molecular 
rotation are large compared with those between s and the spin axis is only 
loosely coupled to the rest of the molecule and makes a constant angle only 
with j. Under these circumstances the total angular momentum excluding 
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Table VIT .—Structure of the (1, 1) Band. 


Jh 

K branch. 

P branch. 

1 A air. 

1 

■ V, 

A air. 

V. 

0 

2846*262 

! 86123-60 



1 

46*067 

126*03 



2 

46*067 

126*08 

2846-lie 

3S088-31 

3 

46*262 

123*60 

flO-062* 

066*72 

4 

46*649* 

116*86 

* 


5 

47-616 

106*80 

56*179 

seois-u 

6 

48*740 

092*96 

67*636 

34083*72 

7 

80-263 

074*32 

60 -S 02 

948*66 

S 

51*983 

36063*06 

63*640 

910*36 

9 



67*070 

1 868-60 

10 

56*449 

34998*84 

70*794 

823-37 

11 

69*107 

966*71 

74*867 

774-04 

12 

62*088 

929*29 

79*210 

1 721-69 

13 

06*386 

889-10 

83*842 

666-82 

14 

68*968 

845*63 

88*807 

1 606*24 

16 

72*862t 

799*01 

94*077 

643-23 

16 

77-036 j 

747*82 

2899*601 

477-43 

17 

81*540 

693*62 

2906*479 

407*67 

18 

86*323 1 

636*03 

11*620 

336*11 

19 

91*411 ! 

676*08 

18*064 

269*29 

20 

2896*818 

610*66 

24*826 

180*09 

21 

2902*481 

1 443*21 

31*796 

098*84 

22 

08*429 

372*78 

89*198t 

34012*07 

28 

14*720 1 

298*60 

46*772 

33926*66 

24 

21*276 ! 

221*08 

64*661 

836*08 

26 

* 


62*668 

741*37 

26 

35*1991 

34060*30 

71*811 

646*38 

27 

42*612 

33973*61 

80*090 

646*26 

28 

60*214 

886*97 

89*123t 

444*00 

29 

68*232 

794*13 

98*394 

341*60 

30 

66*474 

700*24 



31 

74*934 

604*41 



32 

83*880 

604*28 



*33 

93*106 

399*91 




* Indioatea that line u blended with or obsoured by a line of the Mg or Mg+ epeotmtn. 
t Xndioates line blended with another band line. 


spin, denoted hyj\ is qtiantised and takes the values — kkl* kk + -■ 

The different orientations of 5 then give rise to the values of y = — s|, 

» ly* + «1 for the total angular momentum. 

In states s = 0 ; — 0 ; and thereforey =yjfe «= 0, 1, 2 ... and repre- 

sents the nuclear angular momentum alone. 

In ®S states s and therefore y* 0, 1, 2, ..and j ^ 3 ^ ± 

In the tables showing the P and R branches of the bands, the lines have been 
numbered according to their yj^ values. If the levels are these values are 
also the j values. If they are ®S then each line is a very close pair having 
; ^jic±i respectively. 
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Table VIII.—Structure of the (0, 2) Band, 
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A* 

! R branch. 

F branch. 

A air. 

V. 

A air. 

V. 

0 

X 





2 





a 





3 





5 





6 





7 





8 





9 





10 



3108-282 

32162*81 

11 



12*500 

119*23 

12 



16*985 

073*02 

13 

3099‘827 

32250-54 

21*810 

32023*44 

14 

.3103-150 

216*00 

20*912 

31971*20 

15 

07-084 

176-21 

32*503 

914*13 

16 i 

11-226 

132*38 

38*043 

857-79 

17 

15*616 

087*11 

44*022 

797*21 

18 

20-305 

32038*89 

60*344 

733*40 

19 

26*298 

31987*71 

i 66*944 

667*07 

20 

30-546 

934*08 

63*821 

598*23 

21 

36-116 

877-37 

70*987 

526*a3 

22 

41*969 

817-99 

78*440 

462*90 

23 

48*097 

766*06 

86*172 

376*58 

24 

54*493 

691-67 

3194*170 

298*02 

25 

1 61*173 

624-70 

3202*456 

217*05 

26 

68*163 

j 654*9,3 

10*976 

134*21 

27 



19*680 

31060*05 

28 

82*861 

409*22 

28*839 

30961*97 

29 

90*676 

333-27 

38*107 

873*36 

30 

3198*566 

265*01 



31 

3206*749 

176*26 



32 

15*186 

093*44 



33 

23*875 

31009*66 



34 

82-713 

30924*87 



35 

41*825 

837*95 




Using the form of rotational energy function given by the wave mechanics* 
for the rigid rotator with free axis, the rotational terms in wave-number units 
may be represented by 

for a ^S state, and by 

F0V)-B;V0; + l)±c0, + i)... 

where c is a small constant,f for a *S state. 

* Of. E. SohrOdinger, “ Collected Papers on Wave Mechanics,** p. 35. 
t Of. Mulliken, * Phys. Rev./ vol, 32, p, 399 (1928). The values of c given for CaH and 
OH are 0 ■ 0225 and 0 -11. In MuUiken’s paper the empirical term ± cj^ was used, the form 
^ 1 J) that due to Van Vleok, ‘ Phys. Rev,*’ vol, 33, p. 467 (1929)* and has a 

theoretical basis. 










168 


R W. B. Pewrae. 


Table IX.—Structure of the (1, 3) Baud. 


jjb- 

K branch. 

P branch. 

A air. 

V. 

\ 

A air. 


0 

1 

2 

3 

1 


3122*936 

32011*90 

4 



25*298 

31987*71 

6 



27*862 

961-S» 

e 

7 



30*546 

934-08 

8 

3122>936 

32011*90 

se-^t 

869*55 

® 1 

24*706 

31993*78 

40*329 

834-61 

10 

26-912* 

071-20 

44-022 

797-21 

11 1 



48*097 

756*05 

12 

31-883 

920*46 

62-330 

718*41 

18 

34-820 

890-86 i 

56*944 

667-07 

14 

38*043 

867*70 

61*769 

618*74 

16 

41*680 

821*93 

66*916 1 

667-36 

16 

! 45*322 1 

, 784*07 

1 72*349 ^ 

513*29 

17 

! 49-416* 1 

742*76 

78*018 

457*08 

18 

1 63*746 

699*17 

83*961 

398*37 

19 

68*299 

663*47 

90*162 

387*88 

20 

63*160 

604*84 

3196*638 

273*86 

21 

68-163* 

664*93 i 

3203*386 

208*46 

22 

73*683 

600*04 1 

10*311 

140*66 

23 

79-361* 

443*90 

17*522 

31070*87 

24 

86*230 

386*86 

24*981 

30969*01 

26 

91*341 

326*76 

32*713t 

924-87 

26 

3197*687 

263*60 

40-631 

849-31 

27 

3204*278 1 

199*29 



28 

10*076* i 

184*21 



29 

1 17*612* 

31066*48 



30 

26*320 

30996*76 



31 

32*713 

924*87 



82 

40*323 1 

1 

862*24 

1 



* Indicates line blended with another hand line. 


Oa account of the imperfect rigidity of a molecule au additional term becomes 
necessary at large ^ values to allow for the “ expansion ” of the molecule at 
high rotations ; this takes the form shown in the equation 

^ Uk) = Bj, ij, + 1) - D + 1)}* ... 

For the state of no vibration it has been shown theoretioally* that 

♦ * Bulletin Nat. Hoc. Oounoil U.S.,* No, 67, Molooular Spectra in article by 

Birge, p. 172, 
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The P and R branches result from the transitions ± 1 and are 

defined by 

R0*) = F'(yt + i)-F"U). 

Values of the quantities A, F (j*) and A, F" (jj) defined by 
A*FO*) = F(i» + l)~FO»-l) 

A, F" 0*) = F' (i» + 1) - F" {j\ - 1) 

are obtained from the following combinations of lines 
AjF0 ,)-R0»)-P0 ,) 

A,F'(i*) = R0V-l)-P(i»4-l). 

Values thus obtained represent the “ observed ” values of Tables X and XI. 
The “ calculated ” values are those obtained from the above form of rotational 
energy term using the values of B„ and 1), indicated in the tables. These 
values of B„ and D, were calculated in each case from several of the observed 
values of the AjF’s. The calculated values fit the observed values well except 
for small regular departures which occur at very small and very large values 
of jfc. The departures at high j* values may be explained as due to neglect 
of higher power terms in the rotation bmction. The departures at low values 
of jk are not simple, and the data are not sufficiently accurate for an attempt 
to represent them by an additional term. 

The values of B„' and B„" obtained may be represented by the equations 

B/ = 4-3020 - 0-0492 (n + i) - 0-0060(n + J)*, 

B„" = 6-3782 - 0 -1854 (» -f- i). 

The values of D,' and D," do not show definitely a regular variation with 
n. The mean values are therefore compared with the values calculated from 
the values of Bg', Wo' and Bo", too". 

D,' a. 2-16 X 10-*, 4Bo'*/t»o'* = 2-46 x 10"*, 

D," a= 3-45 X 10-«, 4Bo"*/«o"* = 3-58 X 10“*. 

The values of the moments of inertia Iq and intemuclear distance are 

lo' B 6-489 X 10-*® gm.'cm.*, r®' ==2-02 X lO”® cm. 
lo" » 4-843 X 10-*« gm. cm.*, r^" == 1 - 65 X lO"® cm. 



Table X.—Comparison of Observed and Calculated Values of (jt). 
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The Isotope Effect. 

If one of the atoms forming a molecule poaseases isotopes, then the wave¬ 
lengths of the light emitted by the similar molecules formed from the diSerent 
isotopes differ slightly. There is first of all a very small shift of the whole band 
sjratem due to change of the orbital electronic energy, but as a rule the mass of 
the molecule is so great compared with that of the electron that this cannot be 
observed. Then each band as a whole suffers a vibrational isotope displace¬ 
ment. This for the (n', n") band is given approximately* by:— 

Av* = V," - vi* = (p - 1) [ (6)o') (n' -Hi) - (coo")i (n" -f *) ] 

- (p* - 1) [ (£ 0 „V), (»'-t- i)* - (coo'VOi (n" + i)*]. 

where v" represents the distance of the band origin from the origin of the 
system and for a diatomic molecule 

f-Vv-ilv-i, where ixi.*.... = -f M'). 

atomic weights of the isotopes and M' the atomic weight 
of the combining atom. 

By a slight rearrangement the equation may be written in the form 
Av* == (p _ 1) vj- + (P - p») [ (a>oV)i (n' -|- i)* - (teo'V')i (n" -f- J)«], 
which is more convenient for calculation, especially as the second part of the 
expression is usually small compared with the first, and may often be neglected. 
It cannot be neglected heref on account of the high value of 

Each line of the band is then subject to a rotational isotope displacement 
given approximately by 

Av** = v,** — v," = (p* — 1) Vj", 

where v”* is the distance of the line from the origin of the band and p is as defined 
above. For magnesium there are three isotopes of weights 24, 26, 26, in order 
of abmidance 7:1:1. Taking 24 as M, the other isotopes yield the following 
values for (p — 1) and (p* — 1):— 

25 26 

(p-1) .... -0*000800 —0*001639 

(p*-l) .... -0*001600 -0*003077 

* For the derivatioii of this equation and forther details of the isotope efieot see the 
artiole by Loomis, chap. V, of the ‘ U.S. National Research OonnoU Report ’ on “ Moboalar 
Spectra in Oases." 

t Of. A. Elliott, ‘ Roy. Soo. Proc.,’ A, vol. 128, p. 641 (1929), on the isotope efleot in 
the band speotmm ohlorine. 
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Using these values of (p — 1) and (p* — 1) together with the equation for the 
band origins given above, the isotope separations for the (0, 2) and (0, 1) 
bands have been calculated and are compared with the observed values in 
Table XII. 


Table XII.—Comparison of Observed and Calculated Values of Isotope 

Separations. 

(0, 2) band.- v„ = 32429-6. v" = 3474-9. Av^s" = 2-61. Av*#" -= 6-02. 


V 

Isotope 24. 

CloHsiiication. 

Observed separations. 

' 

Calculated separations. 

Isotope 25. 

Isotope 26. 

Isotope 26. 

Isotope 26. 

31877-37 

K(2]) 

3-63 

«-76 

3-49 

6-72 

857-79 

P{1«) 

3-29 

6-74 

3-61 

6-78 

797-21 

P{17) 

3*35 

6-45 

3-62 

6-97 

756-05 

R(23) 

3-60 

6-76 

3-69 

7-09 

733-40 

P(18) 

3-84 

6-88 

3-72 

7-J6 

691*67 

R (24) 

3-78 


3-79 

7-29 

667-07 

P(ltt) 

3-61 

6-69 

3-83 

7-37 

409-22 

R(28) 

,— 

8-03 

4-24 

8-16 

256-01 

R(30) 

6-02 

— 

4*49 

8*63 

217-06 , 

P (26) 

4-48 

8-10 

4-66 

8-76 

175*26 ' 

R(31) 

3-77 

8-03 

4-62 

8-98 


(0, 1) band.- v„ 33996-U. v" = 1909-6. Avas" = 1 -47. Avj," = 2-83. 


V 

Isotope 24. 

GlassiEcation. 

1 

Observed separations. 

___^ i 

Caloulated separations. 

Isotope 26. 

Isotope 26. 

Isotope 25. 

Isotope 26. 

33743-10 

R (14) 

1-48 

2*46 

1-80 

3-61 

649-71 

R(16) 

1-80 1 

4-11 

2-02 1 

3*89 

611-93 

P(12) 

2-11 ! 

4-14 

2-08 

4*01 

697-86 

R(17) 

1-96 

3*93 

2*11 

4-05 

499*98 

P (14) 

1-76 

4-26 

2-26 

4*36 

464-61 

R(19) 

2-23 

4-47 

2-28 

4-40 

439-13 

P(16) 

2*38 

— 

2-36 

4*54 

423-11 

R(20) 

2*08 

! 4*79 

2-39 

4-69 

376-06 

P (16) 

2*46 

! 4*84 

2-46 

4-74 

368-29 

R(21) 

2-23 

4-49 

2-49 

! 4-79 

237-26 

P(18) 

2*68 

— 

2*68 

6-16 

163-64 

P(19) 

2*88 


2-80 

5-39 

007-74 

P(21) 

2-82 

6-62 

8-06 

5-87 


The Electron States. 

The a- and p-systems of the molecule MgH are both dassed as *P -♦•S 
transitions and have the same final ‘S state. The ysystem is of the S S 
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type of txaiisitxon aad has no state ooiomon with the other systaniB. These 
tranaitiona are illustrated diagrammatically in the accompanying figures. 


V 

^1140 


102)7 


0 



Fm. 1,—^Diagram showing the relations between the electron levels involved In the a- 
and P-systems. 

Fio. 2 ,—Diagram showing the relation between the electron levels involved in the 
y-syetem. 

The diagrams are to scale except for the doublet separations which have been increased 
about 100 times. The quantity above each level on the right is the approximate 
value of for that level. The numbers on the left represent the electronic energy 
in wave-number units associated with each level. 


There remains to be considered the possible relationship of these two new 
levels to the three already known. For this purpose the various constants for 
the five levels are collected together in Table XIII. 

The values for the vibrational constants show definitely that the two new S 
levels are quite distinct from the level of the a- and p-systems. A similar 
position has been reached by W. W. Watson* and E. Bengtesont who find no 
connection between the two H levels of the many lined ultra-violet system of 
BeH and the final *8 level of the green band. The values of Wq also seem to 
rule out the suggestion that these two levels are two ‘^S states of the MgH 
molecule either both above or both below that of the a- and p-aystems ; and 

♦ * Phyi, Rev.,’ vol 32, No. 4, p. 60ft (1928). 
t ‘ Nature,’ voL 123, No. 3101, p. 629 (1929), 
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Table Xlll. (^'onstantB**' for the Molecular Hllectron States, 


JLevel. 

i 

Energy. | 

I 

1 

Wo- 

1 

I 

Kh 

1 I, X 10*. 

r, X UP. 

•S 

0 

UQ3-6 ! 

31*26 

17100 i 

4'86t 

]-74t 

*P 

19217 1 

1603-6 

34*76 

17700 

4-621 

1 - 7()t 

*P 1 

1 41140 

1700 r 

38 T 

19000 ? 

4-64t 

1*69+ 


! X ! 

1702-2 

34*2 

21200 

4-34 

1-06 


: 35904-SI x! 

1138-4 

9-6 

34200 

6-44 

2 02 


* Column 1 oonUiiuH the desigimtion of the level; uolumii 2 the electronio energy of the level, 
thi».t of the level being taken ftH zero : culumnB 3 and 4 the vibrational ooni^tantH already 
defined; oolumn 5 a rough oalexiiation of the energy required for disROciation of the moleeuh^ 
vibrationally, = maximum value of — oinarw* == a>o“/'4aj^: oolumn ti the moment of 
inertia of the moleoule, ^ A/8rr*cBo == 27*70/Bo x lO""*® gm. cm,®; and column 7 the inter- 
uuclear diatanoe /*„ --- s!f^ where /i == M,M7(M| f- M/) x I (150 >: 10~** gm. 

t Theae values an? taken from Table I of the ' Constants of Diatomic Molecules,’ Birge, 
‘ int. (hit. Tablf'H,’ vol. 5, and are in terms of the Old Mechanics. To reduce to Now Mecshanioa 
[Qa/2BQ should lx> subtracted fn)m and r^^a/^Bn from V^ahica of a an? not given so these 
quantities cannot be calculated, but judging fTv>m the level they arc of the order of 0*0(> 
and 0*02 respectively. 

I These values ar<? calculated from the value of B found for the initial state the X 2430 
band. This was the only band suffioioutly strong for analysis ho that a value for a could not 
be obtained. These v’aluos, therefore, are not in terms of the Now^ Mechanics. 


to place out* on t* it her side would at once raise the objection tliat the many 
possible combination systems indicated by such an arranpenient are not found 
although falling in regions convenient for ohservHtion. 

The alternative explanation, as pointed out by Watson in the case of the 
BeH systems, is that the ntany-lined system is due to the ionised molecule. 
lJire(5t proof of this is difficult to obtain. Examination of the lines with an 
interferometer would be required to establish that the lines do not exhibit 
the small doubling to be expected for a transition in the Mgll molecule, 

and experimental work on the producition of the spectrum in the arc can give 
no very decisivts evidivnce. At tlie same time this explanation raises no 
objections of very definite nature so far as the writer can see, and even suggests 
an explanation of one or two experimental points observed wlien photo 
graphing the spectrum, Thus it was found that the y-system was more sensiti v e 
to change of pressure of the hydrogen in t-he arc chamber than the other two 
systems, and that its intensity relative to them varied considerably. Lower 
pressure seemed to favour the production of the y-system in much the same 
way that it favours the production of the Mg"^ linos, until depletion of tlie 
hydrogen entered os a factor at very low" pressures and diminished tlie 
intensity of the whole band spectrum. Further it should be recorded tliat 
under the conditions at which the speotrum was best obtained the Mg"* lines 
von. oxxv.—A. 


N 





178 R. W. B- Peam. 

at XX2790-8, 2798-0 (3*Dg.8-*3»Pi.,), 2928-6, 2936-6 <4«-*-3"Pi.^ and 

3104-8 (5*F -►3*D) were approaching the principal pair at XX 2796-5,2802-7 

(3^P{,, -*-3’‘S) in intensity and were among the strongeat in the speotarum, 

showing that considerable numbers of Mg'** ions in various stages of excitation 

» 

were present. 

Interpreting the y-system as a transition in the molecule MgH**", 

the following speculations as to the course of events during the emission of 
the spectrum may be made. Union of a Mg“^ ion with a hydrogen atom in its 
normal state* yields a MgH**' molecule in the higher state. The variation 
with intemuclear distance of the force between the atoms in this state is 
evidently very different from that existing in any of the other states, for Wq 
is much smaller and oif^x very much smaller. This points to a weaker but much 
more uniform field for this state. A rough calculation of the energy required 
to dissociate the molecule vibrationally in each state shows that it is greater 
for this state than for any of the others. The larger number of vibrational 
states existing at this level shown by the strength of the w" 0 progression 
and by the fact that this system extends down to below X 2000 seems com¬ 
patible with the view that combination takes place at this level. From this 
initial state an electron transition brings the molecule to the final Estate 
where the value of Wq is found to approach dose to that for the highest 
state of the normal MgH molecule, and the value of o>o» is of the order 30-36 
shown by all the other states. If the excited electron in the *P state is so far 
out that it is as good as ionised ’’ this approach of the constants receives a 
natural explanation. The moving in of the electron in the ionised molecule 
increases the attraction between the nuclei as shown by the value of Oq, but 
decreases the uniformity of the field as measured by OqX so greatly that the 
energy for dissociation is also decreased. This electron therefore appears to 
be closely concerned in the “ binding of the molecule. The moving in of the 
electron in the neutral molecule changes the values of the constants very little, 
suggesting that this electron does littie to hold the atoms together. It falls to 
two lower levels, giving rise to the lower and the *S state of the molecule.f 
The sudden cessation of the P and R branches of the X 2480 band and of the 

* The Balmer series h not prominent in the speotrom although early members are 
sometimes seen in fiaehes. The secondary speetrum of hydrogen {due to H») is alsonot 
in the visible region, hut on a plate taken with a vacuum spectrograph, the 
bands at X 1000—X 1400 appeared. 

t The transition to be expected has not yot been recorded, but it is not likely 

to be conspicuous on account of the instability of the upper level and the dose approach 
of the valuM of B« for these levels. 
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C band of GaH may find an explanation in the fact that the upper state is on 
the border of ionisation. 

Summary. 

(1) The bands of the many-lined ultra-violet (y) system of magnesium hydride 
have been measured in the region X 2560 to X 3240. 

(2) Vibrational quantum numbers have been assigned to the bauds. The band 
origins are represented by the equation 

Vo »= 36904'6 -f 1138-4{n' -f *) - 9-6{n' -f *)»- 1702-2(»" -(- i) 

-f 34-2(n"-f i)«. 

This equation shows that neither of the electron states involved is identical 
with any of those involved in the oc- and ^-systems of MgH. 

(3) The rotational structure has been analysed and found to be of the simple 

type—one P and one R branch with one line missing at the origin— character¬ 
istic of the type of transition. Using a rotational term of the form 

V (jt) * (j, + 1) - U.Ei* (i» + 1)]*. 

the following values of and were found 

B,' = 4-3020 - 0-0492{n' + i) - 0-0060(»' + J)* 

B/' = 6-3782 - 0-1854(n" + i). 

Mean value D«' = 2-16 x 10"*, mean value D„" = 3-46 x 10"*. 

(4) The isotope effect was measured in the case of the (0,1) and (0, 2) bands 
and observed values found to be in good agreement with those calculated on 
the aasuniption that the bands are emitted by the diatomic molecule MgH 
(or MgH'*'), Mg having isotopes of atomic weights 24, 25, 26. 

(6) The electron levels involved in the a-, and y-Bystems of magnesium 
hydride are discussed, and reasons advanced for assigning the y-system to the 
ionised molecule MgH'*'. 

In conclusion, the author wishes to express his thanks to Prof. A. Fowler for 
continued interest in the progress of the investigation, and to Dr. W. Jevons 
and Assist.-Frof. H. Dingle for helpful suggestions and criticism. 
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On the Criterion for Stability of a Layer of Ftwott* Fluid, 
Heated from Beloiv. 

By A. K. Low, M.A. 

(Oonununioated by L. N. 6. Filon, F.R.S.—Received May 22, 1929.) 

1. An analogy has been drawn by the present writer* between B4iiard’s 
problem of the modes of instability of a layer of viscous fluid initially at rest 
under gravity between horizontal plane boundaries heated below and cooled 
above, and Prof. G. I. Taylor’s problem of the modes of instability of a viscous 
fluid initially in steady cyclic motion under inertia forces between concentric 
circular cylinders rotating with constant unequal angular velocities. 

Rayleigh obtained a solution of Bbnard’s problem for two boundaries with 
no tangential forces between boundary and fluid,t while in Taylor’s problemJ 
there are two boundaries with no slip. 

Dr. Harold Jeffreys § reduced Bbnard’s problem to the solution of a linear 
differential equation of the sixth order with constant coefficients, but lemarked 
that the eliminant of the arbitrary constants of integration from the six 
boundary conditions, three at each boimdary, would be a determinant of the 
sixth order, many complex quantities being involved, and proceeded to obtain 
approximate values of the criterion for stability by a method of finite diflfer- 
enoes. Among other results he obtained a criterion for two boundaries of no 
slip maintained at different constant temperatures which is the analogue of 
Taylor’s problem, but his critical value was only about two-thirds of the 
corresponding value found from Taylor’s analysis. 

The writer confidently expected a much closer numerical agreement, and 
Prof. Taylor suggested the work undertaken in the present paper, of verifying 
the result. 

In the meantime, Dr. Jeffreys has devised a method of solving the differential 
equation by expressing the sixth derivative of the assumed solution as a Fourier 
series, had amended the boundary conditions and has discussed the writer’s 
analogy which he has put on a formal mathematical basis. His new value of 
the criterion for stability agrees closely with the value calculated from Taylor’s 
analogous condition, the figures being 1709-6 mid 1706 respectively. 

* ‘ Nature,' vol. 115, p. 289 (1926). 
t Rayleigh, ‘ OoUeoted Papers,’ vol. «, p* 432 (19W). 
t Q. 1. Taylor. ‘ Phil. Trans.,’ A, vol. 223, p. 289 (1923). 

§ H. Jeffreys, ‘ Phil Mag.,’ vol. 2, pp. 883-944 (1926). 
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In the present paper the formal solution of Jeffreys’ differential equation 
is obtained by the usual methods without prohibitive complication. 

The critical values given by the vanishing of the eliminant are computed 
for three cases, two surfaces of free slip, one surface of free slip and one of no 
slip, and two surfaces of no slip, in all cases the boundaries being kept at con¬ 
stant temperatures. The figures are 661, 1108 and 1706*, the first being in 
agreement with Rayleigh and Jeffreys, the second being a new result and the 
third agreeing closely with the critical value as calculated by Jeffreys for 
Taylor’s analogous problem, 

2. Slight alterations have been made in the notation for the sake of lightening 
the analytical expressions. In the investigation, equilibrium with a uniform 
negative temperature gradient upward, defining the undisturbed temperature 
T = pij in terms of the height above the lower boundary, was found by 
Rayleigh to be stable imtil a certain numerical value of (3 depending on the 
depth of the layer and the physical constants of the fluid was reached. At 
this value of p a slight disturbance produces a departure from the equilibrium 
distribution of temperature T. This departure is assumed to have the form 

AT Z sin (27t^/X) sin (27n)/p.). 

> 3 , X, being the co-ordinates in space, Z a function of the vertical co-ordinate 
C only; further 1/X^ + 1 /h-* — defining h, h being the depth of the 

layer. 

3. Jeffreys’ differential equation, satisfied by Z throughout the fluid becomes, 
on putting z = 

+ = ( 1 ) 

where D = djdz, k = thermometrio conductivity, v = kinematic viscosity, 

(p* + 1)8 = 

(P' sss -- P is used to avoid negative constants), ap'A = (pj — Pi)/p the 
relative increase of density from bottom to top, E = gr (pj — Pi)li/6 = the 
apparent energy per unit volume stored against gravity by the top-heavy 
distribution of the fluid. Eg »= Kvp/dA*, a quantity depending on the physical 
constants and of the dimonsions of energy per unit volume. 

This permits of the immediate interpretation of the criterion of instability 
SB the apparent amount of energy per vmit volume stored in the fluid, beyond 
which the equiUbrimn becomes unstable. 


• Cterreoted value 1704'4*. 
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4. Proceeding now to solve equation (1) it may be footoxised as foDows, 

(D + ij)) (D - ip) (D + iq&y) (D - ije*’) (D + (D - Z =» 0, (2) 

= j9* -f Sp* + 3 , tan 2 y = \/3 (ji* + l)/(y^ + 8). 

For brevity put c = cos Yi « = sin y. c' = cos 2 yi c" = cos 3 y, c'" »=» oos 4 y, 
etc. 

Tbe general solution and its first four derivatives may be written 
Z = Aie‘»“ + + A 3 e»"+‘*>* + A 4 e-«<'+‘*>* + A,****-*)* + A,e-«<—*>*, 

Z' = ip (Aje*'' - Age-'*) + ? (c + w) [Ab^<»+‘*>* - 

+ g (c - is) [A#«^<*-*>» - A,6-*<^‘*>*], 
Z" = - p* (AiC*'* + Aje-*") + 3* (c' + ts') [Aa««<*+‘*>* + A4e-»<»+'*)*] 

+ 3*(c' - + Aec-*<—*>1. 

Z'" = - ip» (Aie'f* - Aje-J") + f{c" + <'+->* - A4e-»<*+‘*>‘] 

+ gr*(c" - is") [Ase*'*-^* — A«tf-«<'-*)*]. 
Z*’ « p* (AjS*^ + Ajc -'*) + 3* (c'" + is"') [A8^<»+-)* + [A4e-»<*+->T 

+ - is'") [Ab<^<*—>* + ABe-«<*-»»*]. 

6. Grouping conjugate factors and expressing tbe result as tbe sum of even 
and odd functions 

Z = o, cos p« + 04 (e«-Co + e-«-Co) + Oe (<^So - c-«"So) 

+ «! sin ps + oj - «-«-Co) + o, (S^o + 

Z' « - o,p Bin p* + a^q (e** Cj - «“•- C.i) + 0e3(«** S, + s“^ S_i) 

+ OiP oos p* + <* 8 ? («*" Cl + s"«* C_i) + 083 Si—s"«“ 8 _,), 
Z" = - a,p* cos pz + 0*3* (e^i + e-«^„,) + a«3» - e-»*S_,) 

- 0ip» sin pz + 083« (e«C, -s-^-C.*) + + e-*-S_,), 

Z'" = OjP® sin p* + 043* (e»C, - e-»H 3 _,) + (e^Bg + «“**S_,) 

- ay cos pz + ay {em, + + a^ (e-S, - s--8_,). 

Z*’' =« o,p* oos pz 4- 04?* (e*^4 + + ae3* («*“84 - e-*“8_4) 

+ Oip* sin pz + o,3« (s^4 - e-«-C_4) + (<*“84 + e”<*«_4), 

where 

C4„ = oos(;|< iny), Si,. — sin (ij; ± »y), 

furtlier 

^=pz, Q=«3CZ, 

and at a boundary where i; = )l/2, z = Ttb^lh = 7*6/2 

41 = qshnj%, iji SB pbnl2, Q = qebnj2. 

All tbe quantities involved are now real fox real values of z. 
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Latar it will be oonvemient to write these relatioiui in the form 
Z =» (^^Zf -f- O1Z4 ~t“ OtZg -j- fl^Zj -f- a3Zg -|- OsZgt 
Z' =a OgZj' + “A'. + OsZb', 

Z*'' = tt.Zg'’' + a^ZV'' +.4- o$Z8»». 


6. There must be siz boundary conditions available to determine the six 
arbitrary coefficients. In the problems tmder consideration there are two 
d}mamical conditions and one thermcd condition at each boundary. Let 
u, V, w be the components of the motion of instability. 

Considering first the dynamical conditions, the condition w =- 0 leads to 
V*T = 0. At a surface of free slip the conditions dujd^ — dvidri = 0 lead to 
~ 0, thence to 3*V*T/0!^* = 0. At a surface of no slip the conditions 
M = 0, V = 0, to = 0 lead to 3u/3^ = BvjBr; = ~ 3V*T/3?i = 0. 

Transforming from ^ to z, these conditions become;— 

At a fixed plane surface. Z" — Z 0 (3) 

WithnosUp. Z"'-Z'«0 (4) 

With free sUp . Z^-Z"«:0 (6) 

Conditions (3) and (6) were first given by Rayleigh, and condition (4) by 
Jefireys. 

Rayleigh assumed, as thermal conditions, that both boundaries were main¬ 
tained at difEerent constant temperatures, which is at once espressed by 

Z*0. (1) 

ConditionB (3) and (1) apply to both surfaces. Condition (4) or condition 
(6) may apply to either surface. Denoting the groups of conditions (1 3 4) 
and (1 3 6) by a and 6, there are three cases:— 

oo (13 4) at both surfaces, 

M (13 5) at both surfaces, 
ah (13 4) at one surface, 

(1 3 6) at the other surface. 

Problem 55 was solved by Rayleigh, and his result was obtained by 
Dr. Jefireys and in the present paper in different ways. 

Problem oa was solved by Dr. Jeffreys to a close approximation, and in the 
present paper more exactly. 

Problem ah is solved in the present paper. 
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It in to be acted that a free fluid surface (under gravity) is a surface of zero 
tangential forces, further since the velocities are small quantities, say of the 
first order, the differences of level at a free surface are, at most, small quantities 
of the second order, by Bernoulli’s relation. Hence no distinction need be 
made between a free fluid surface and a horizontal rigid plane surface of free 
slip to the order of approximation employed. 

7. Considering first Rayleigh’s problem, (6fe),two horizontal plane boimdaries, 
maintained at constant unequal temperatures and with free sbp between 
boundary surface and fluid, yield the conditions at both boimdaries, 

Z = 0, Z" -- Z 0, -- ir ^ 0 

reducing at once to 

Z 0, Z^' 0, = 0. 

Where the same condition holds at both boundaries, the odd and even parts 
of the expressions cjan be made to disappear independently by taking the 
origin midway between the boundaries, where d: A/2, z = dr pbTzl2. 

Eliminating ue and Ug, in separate groups, the conditions of 

consistency are obtained in the form of third order determinants equated to 
zero. Dividing the second row by the third row by and multiplying the 
first column by y^, we get 


Bin 

eOCo ± e"®Cu 

T e-oSo 

_ pig* cos , 

sin 


=F c-0S_ 

Bin 

^4 ± 

eOg^ T- 


the upper symbols being taken for the even solution, the lower symbols for 
the odd solution. 

On reduction of the even solution we get, 

+ 2 cos 2tJ; + e""*®) (y* + cos 2 y d p^) sin 2 y cos tf> == 0. 

The only physical solution is given by 

cos ^ s=: 0, ^ = p67r/2 = {2n + l)7r/2, p6 =:= 2w 4* 1 
where n is any integer. 

Subject to this relation a minimum value hais to be found for 

(p» + 1)»64 E/tt^Eo (2« + 1)V + 1)*/;^^ 
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Clearly fb must be as small as possible numerically so that n — 0, j)5 1, 

which together with the minimum condition gives readily 

2, p - b - i/V2, IW/liu - 651 

in agreement with Rayleigh and Jeffreys, l^he type of unstable flow is shown 
diagrammatically in fig. 1a. 

The writer was anticipated in obtaining this result by his colleague Capt. 
1). Brunt of the Meteorological Office, who had noted that Z — cos pz satisfied 
the differential equation (1) by virtue of satisfying ( D® + Z 0, 1)** + 
being an obvious factor, and further can be made to satisfy the boundary 
conditions Z = 0, Z" 0, Z*^ — 0 at z ^ ■± pbv:l2 by making p6 — 1, 
thus obtaining Rayleigh’s solution in a simple way. 

8. Taking the lower symbols for the odd conditions we get in a similar manner 
Z = sin ^ = sin pz, and at the boundaries, 

sin ^ = 0 
p57c/2 sTJ ^ = nr: 
pb = 2n. 

The smallest integral value of n for which pb does not vanish is unity, hence 
== 2 E„ja,/Eo = 3«2V. 

This is 16 times larger than for the even solution and is not the critical 
solution. These conditions are produced by two circuits in the motion of 
instability (fig. 1 b) mirror images of each other in the median plane, which is 
then dynamically equivalent to a surface of free slip since the temgential forces 
over it evidently vanish by symmetry. 

From paragraph 3 it is seen that E is proportional to fi'A* (for a given fluid 
with fixed values of a, k, v) so that halving the effective depth increases the 
required temperature gradient 16 times. For a given temperature gradient 
P, the minimum value of E is therefore the same for odd and even solutions of 
djspth h and 2A, and with one and two circuits respectively, and the odd solution 
is transformable into the even solution by change of scale and origin. 

Fig. Ia shows diagrammatically the configuration of the motion of instability 
for Rayleigh’s case, with a single circuit of flow in depth, but with mirror image 
oirouits on either side. The motion is further assumed to be two-dimensional 
for simplicity of representation as this does not affect the critical value of £ 
(cp. Rayleigh, Uc. 

Fro. iB shows tbs configuration which produces the conditions of the odd 
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solution, with twroe the total depth, but with two oirouits in deptii so that 
the efieotiTe depth is unaltered. Acooiding to Rayleigh's oonunwitary the 
former type would prevail in the long run as it has a larger inorement in tiine 
for a given set of conditions, but the latto type is physically possible and would 
be set up by a suitable disturbance. 

9. Considering next the case of two rigid boundaries with no slip; the 
oonditions at both boundaries are 

Z » 0, Z" 0, Z"' - Z' « 0 (case o«). 
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Taking the origin midway between the boimdaries and eliminating ag, Og, 
a« and a^, Og, Og in separate groups we get, 

«®Co±e-«Cg, e«SoTe-% 

e«Cg ± «-‘»C_g, cOS, T «-«S_g , 

eOC^^Cg-C,), ««(S*S,-S,) 

T e-« (j*C., - C_ri, ±e-« (?*8_g-8_0 

taking as before the upper symbols for the even solution and the lower for the 
odd solution. 

10. With the upper symbols, after reduction, we get, 

cos + ?* — jJ*) sin Y sin 3y] («*® — e~*®) 

+ [(?* — —p*) cos Y + pV cos 3 y] 2 sin 2(J<} 

+ sin ^ gp (p* +1) + e“** + 2 cos 2i}() sin 2 y = 0, 

whence 

p&n/2 sat ^ 

= tan"i[{(g* + g* — 3 J») sinY + pV8in 3 y + «i}/{ 2 P(l>* +1) sin 2 y {1 + «g)}]. 
wlxoro 

*1 “ [(l?* — J* — p*) cos Y 4- P*?* sin 3 y] 2 sin 2<|//(6*® — e“*®), 
eg = 2 (cos 2<J/ 4- «““)/{«“ - e"®**). 

It will be noted that h appears implicitly in Q, sin 24*, and cos 24/ and through 
them m Cg. 

The convergence is, however, rapid owing to the magnitude of e*® > 100 
near the mi nimum value of £, as appeared during the computations. 

As p varies from aero to infinity, — tan ^ varies from infinity to y'S, and 
pbn/2 ^ varies from n/2 4- to 2 tc/ 3 + nn, where » has any integral 
value. 

Putting n at 0 and plotting i as a function of p the p6 curve lies between 
the hyperbolasp& => 1, and p6 =t 4 / 3 . 

The minimum value of E/Eg(p‘4'subject to the condition 
ph SB 2 ^/k, is most conveniently computed by assuming a series of values of 
p and tabulating the corresponding values of q, y, and the first approximations 
for ^ and 6; then, using the values of b so found to evaluate cg, second 


0 = 


* sin ^ 

^ am ^ 

±P9(?®4-1)“>, 
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approximations are found for ^ and b. Fig. 2 a shows diagrammatioally the 
flow for the two dimensional type of instability. 



The following values have been computed :— 

Even SontmoN. 

Xai approodmation {neglecting C|, £ 2 ). 


p . 

M 

1-2 

1-3 

1-4 

1-6 

6 . 

M39 

1-052 

0-977 

0-912 

0-866 

B/Eo .... 

1767 

1731 

1726 

1747 

1788 

2 ?td approximation* 

b . 

M37 

1-049 

0-974 

0-914 

0-852 

E/E,. 

1766 

1716 

1709 

1726 

1763 


3rd appromina^mu 


p .. 1* 2S5 

b . 0-9846 

E/Eq . 1706* minimum by interpolation. 


11 , Considering now the odd terms, the first approximation gives cot <f>' = 
— tan ^ where the accent denotes the odd solution, whence ^ + ire/2 + nn. 
Putting n 0 we get, for boundaries at ± A 

plm =E = 5 = ^ ^ 7r/2 Tc 

< « + 7r/6 
or 

l<pA<7/6, 

the p6 curve in this case lying between the hyperbolas p6 1 and pb ^7 /6, 


* Oorreotod value 1704-4. 
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The Telue of Q is aow tpm instead of 9601 /2 and d* is foond to exceed 10 *, 
BO that neglect of e~^ in comparison with leads to an error of the order of 



10~*, and the first approximation is sufficient for all practical purposes. The 
following values have been computed to the first approximation only. 

Odd Solution. 

Isf apprommation. 


b . 1-026 0-944 0-874 0-816 0-762 

B/E„. 1180 1123 1108 1112 1130 


The minimum value is nearly 1108, the corresponding value of p is 1 -3. 

Two vertically superposed circuits of flow, mirror images of each other in 
the median plane, produce the conditions of a free surface at steady tempera: 
tuie since clearly Z = 0 and tangential forces » 0 by symmetry. For com- 
paiison with the even solution the total depth is taken as 2 A, and the depth 
per drouit as h (fig. 2 b). 

The odd solution thus satisfies the conditions of case ( 06 ) paragraph 6 . 

Using the values of p and 6 already found for minimum E/£o the 
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ooeffioientd < 94 , a,, ai, a«, hare been computed, the relative values 
being— 

ag/76-22 = a4/4-691 = - a«/0 0693 
ai/669*0 « a8/3-064 ^ as/S-SOT. 

Putting and arbitrarily as unity, the curves of Z regarded as a function 
of are drawn in hgs. 3 a and 3 b. The first term which is simple harmonic 
and the other terms which are affected by exponential factors are plotted 



3Qu/yl>Pl^r 
Fxa. 8a. 


separately. It is seen how rapidly the effect of the latter terms falls off ae 
the distance from the solid boundary increases. 

At the boundary their sum is equal and opposite to the simple harmonic 
term. At distance A/2 it has fallen, in the even case, to about 6 per cent, for 
one boundary and by addition to about 10 per cent, for both boundaries. At 
distance h it has fallen, in the odd case, to about 1 per cent, for each boundary 
but the values are of opposite sign and their sum vanishes at the surface 
separating the two circuits. 

In the problems of paragraphs 7 and 8 , we have Z := cos Z ^ sin ^ 
respectively, but as these are elementary curves they have not been drawn. 
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12. The direct solution of the case ab with the origin midway between the 
rigid surface and the free surface, gives the eliminant in the form 


z, z. z, 

0 0 0 

Z,” Z 4 " Z," 

0 0 0 

Z tH fjf f Tf ttf rt t rf tn Y / 

2 ^4 —"4 "6 '*'^0 

7 Ir y iy y Iv 

/jj /J 4 


000 

\ z, Z5 

000 

Z // y // 7 

I "3 "6 

-Z,''' 4 Z/ -Z,"'+Z,' - /V"+Z,' 

y It y It It 

"1 Aj) A® 


0 . 


ISxpressiug this as the sum of products of pairs of 3rd order minors, one of 
each pair taken from columns 1, 2, 3 and the coi]^plemeutary minor from 
columns 4, 5, 6, there are in general — 20 pairs, but owing to the two 
rows of zeros in each set of three columns all but gCj -- 2 of the products ate 
zero. 

The eliminant reduces to 



Zg 

z. 

z, 


Zi 

Za 

Ze 

— 

K' 

z," 

z." 

X 

Zx" 

z," 

Za" , 


z 


z,*'' 


Zi'" — z,' 

y y * 

A3 — Ag 

Zj"' _ Zj' 


Z, 


Zs 


Zj 

z. 

Za^ 

+ 

Zi" 

Z3" 

Zj" 

X 

Z*" 

Z," 

V' 


7 iv 

y Iv 

y iv 


y tit y / 

7 ttt y t 

'W'-'U 



4*6 


4*2 — "S 

A4 A4 


0 


These four minors are identical in form with the four minors of paragraphs 7 
and 9, but the boundary value of z is halved, and with it the boundary values 
of 4 ^ and g, which must be replaced by ^/2, 4'/2, qj2. 

On substituting these values the expression above for the eliminant is 
transformable identioalljii into the odd solution of paragraph 9. 

The reductions are somewhat lengthy but quite elementary and need not 
be given here, 

13. Dr. Jeifreys has introduced a new type of boundary condition, namely, 
that the boundary is non-conducting and gives an analytical expression which 
becomes in the present notation H 0. This seems to preclude any steady 
flow of heat wit h a constant temperature gradient and to render the phenomenon 
a transient one, unless it may be regarded as a limiting case of perfect trans¬ 
mission of heat from the boundary. 
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Asstmiing, in the lirst place, that the flow of heat is steady so that the heat 
reaching the boimdary through the fluid equals the heat transmitted from the 
boundary to the iiltimate sink, and that the latter quantity is proportional to 
the temperature difference between boundary and sink, while the former 
quantity, as Ixdore, is proportional to the temperature gradient in the fluid 
at the boundary, then we have 

0T/0. K (T TJ, 

where T is the steady boundary temperature and T^, is tlie constant temperature 
of the sink. 

In the disturbed state 

0 (T f AT)/as - K (T + AT -- T^) 

where T j- AT is the disturbed temperature at tlic boundary. 

Hence 

0AT/a^ = KAT, 

which in the present notation reduces on dropping a common factor to 

Z' ^ KZ. 

If K becomes very large this condition approaches Z 0, Rayleigh’s 
boundary condition. If K becomes very small the condition approaches 
Z' 0, Jeffreys’s adiabatic condition. 

Numbering this condition (2) in the scheme of para. (>, the possible com- 
binations at a boundary surface are the old combinations (13 4) and (13 5) 
designated a, 6, as in para. 0 and the new combinations (2 3 4), (2 3 5) which 
may be designed as o, d. 

The possible pairs at two surfaces are aa, 66, cc, d(L ah, ac, ad, be, bd, caI, 
ten in all. The odd and even solutions of cc, dd aj*e separa ble and present 
no new difficulty. 

Taking as before the plane of symmetry in the odd solutions as a surface of 
free slip and ooxxatmt temperature subject to boundary conditions 6, the odd 
solutions of cc, dd, give solutions of cb, db. Since the odd solution of au trans¬ 
forms identically into the direct solution of ci6(pai'a. 12) it seems probable 
that the odd solutions of cc, dd, will be identical with the solutions of cb, db, 
but this has not been verified by direct transformation. 

There remain three cases, ac, ad, cd. In cases ac and cd there are two 
conditions common to both boundaries, and the eliminants reduce to the sum 
of two products of complementary third order minors, as in case a6 of para. 12. 

The case ad has been considered by Jeffreys but the solution has not been 
veil. CXXV.--'A. 


0 
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completed. It is the least tractable of all, since there is only one condition 
common to both boundaries and the number of pairs of complementary minors 
reduces from jCe only to gCft = 10, of which two pairs have already been 
reduced above. 

The third order minors are expressible in terms of the second order minors 
obtained from the matrix 



0 



± e-'iS., 

fi«C, ± 






AS4 T « 


Denoting them by 01, 12, 23, 13, etc., for tlie npf)er signs and 01, 12, 23, 13 
for the lower signs, we find on reduction, 


(IT ===; 

23 = ] 

2 24 

= - 

- c“~^) sin y + 2 sin 2 

4 cos y, 

01 

23 =: r 

2 =- 24 

= - 

- sin Y — 2 sin 2 

4 cos y, 

02 = 

24 = 1 

3 = 

((!*« + e- 

+ 2 cos 2t{;) sin 2 y 

» 

02 

24 == r 

3 = 

(e*** -f e~ 

- 2 Q _ 2 cos 2^|/) sin 2 y 

* 

03 

14 


- c- 

sin 3y 4 - sin 2']^ cos 3y, 

03 .... 

il 


- e- 

sin 3y — 2 sin 24^ cos 3y, 

04 


— 

+ c- 

JiQ 4 - 2 cos 24 ') sin ‘ly. 


04 



+ e- 

' 2 Q — 2 cos 24 ) ain 4y. 



With these identities and recurrence relations, the eliininunt of case ad can 
be expanded, and the minimum value found by computation, which may be 
lengthy. 

The writer has not carried further this new problem which indeed lies outside 
t he scope of his analogy and has been discussed here only on account of the 
attention given to it by Dr. Jefireys. 

14, The writer would acknowledge the advances made by Dr, Jeffreys in 
generalising Rayleigh’s treatment of Benard’s problem, and in establishing 
formally the mathematical expression of the analogy with Taylor’s problem. 
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The physical basis of the writer s analogy is the replacement of k, measuring 
the diffusion of heat, by v, measuring the diffusion of vorticity. 

To render the analogous problems identical in mathematical detail the 
distribution through the fluids of the apparent energy of instability must be 
the same. 

This is clearly so when the radii and angular velocities of the cylinders in 
Taylor's experiment are large compared with their differences since the energy 
is a function of <o and r of which the gradient may be considered linear 
throughout a small range of the variables, while the curvature of the 
boundaries has no sensible effect beyond setting up the inertia field» Jeffreys 
has given his demonstration of equivalence under these conditions. 

But the numerical value of the criterion for instability is very nearly 
constant through the whole range of angular velocities in Taylor's first case 
where there is one circuit of unstable motion in the depth of the fluid, and it 
only begins to diverge when the second case with two circuits in depth has 
set in. 

The physical explanation appears to be that the total apparent energy of 
the instability is the deciding factor, and that a departure from a linear gradient 
of energy per unit volume is of (|uite secondary importance. 

If it were possible to impose an arbitrary variable gravitational field a 
general mathematical analogue of 'Hiylor’s problem could be constructed. 

It is worth remarking that in Taylor’s second case the larger circuit is giving 
out energy on a relatively large scale while the smaller circuit is absorbing 
energy on a smaller scale. 

15. These solved problems of instability have the essential characteristic 
that the initial state of {rest or) steady motion, and the motion of instability 
have no common co-ordinate of velocity, as shown by the table. 

Steady state. Motion of instability. 
Rayleigh dimensional case .. 0. 0, 0 w, v, w 

2 dimensional case .. u, 0, 0 U, v, w 

Taylor . 0, v, 0 u, 0, w 

In such cases the motion of instability is in effect treated as steady. 

Where the motion of instability and the initial steady motion involve a 
common velocity co-ordinate the former is no longer steady; the difficulties 
of the problem then become much greater, and have so far defeated all 
attempts at solution. 
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The Determination of Molecular Forces from the Viscosity 

(f a Qas, 

By H. R. IlASsi:, Professor of Mathematics, The University, Bristol, and 
W. R. Cook, M.Sc., The University, Bristol. 

(Communicated by S, (diiipiuan, F.K.S.—Received May 30, 1921).) 

The investigations of the kinetic theory of gases fall into two groups, those 
dealing with the deviations from Boyle’s law as given by the second virial 
coefficient of the equation of state, and tliose dealing with the transport 
phenomena of viscosity, diffusion, and conduction of heat. In both cases the 
investigations are in so complete a form that there only remains the problem 
of working out the application of the results of the theory to particular models 
intended to represent the mutual action of the molecules. 

In the case of the equation of state it has been shown by Leonard-Jones that 
it is possible to carry out the necessary numerical calculations for tlie mole- 
cular model in which the repulsive force between two molecules is of the form 
Xr*"", where r is the distance between any two molecules, and the attractive 
force is of the form The results of this work have been developed in a 

series of papers* in which various values of m and n have been found suitable 
for particular cases, and the corresponding force constants X and (x have been 
determined. 

In the case of the transport phtuiomena the variation of the viscosity of a 
gas with temperature has provided a simple method of testing the adequacy 
of any particular model, and those models in which (J) the field of force is 
repulsive and varies as r*”, and (2) the repulsive field is concentrated in an 
elastic sphere of definite radius to which is added a imik attractive field have 
been employed by Maxwell and Sutherland respectively in the attempt to 
satisfy the experimental results. 

The calculations for the Sutherland model have been carried out for an 
attractive field, not restricted in magnitude, varying as by the authors of 
this paper,t and the values obtained for the force constant of this field differ 
considerably from those obtained by the use of the approximate Sutherland 
formula. 

The next step is clearly to take the molecular model xised by Lennard-Jones, 

♦ Lennard-JoneB, ‘ Roy. Soc. Proo.,’ A, vo), 106, p. 463 (1924), vol. 107, p. 167(1026), 
and IjeimardMlonefl and Cook, vol. 112, p. 214 (1026). 

t Ha4Bgfe and Cook, ‘ PhiL Mag.,’ vol. 3, p. 978 (1927). 
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and to determine the law of variation of vincosity with temperature for this 
case. The investigation contained in this paper has been undertaken primarily 
in order to compare the values of the for(;c constants determined by the 
variation of viscosit}" with temperature with thos(‘ obtained from the deviations 
from Boyle’s law, and further in order to obtain a formula for the viscosity 
which is based on a model in which an elastic sj)here plays no part. 

The calculations necessary to arrive at the formula for the viscosity of a gas 
baaed on Lennard-Jones’ molecular model are so lengthy that it has only been 
possible to complete them for a particular pair of valiuis of n) and n. In order 
to carry out the comparison of the values of tin* force constants as stated 
above m must be taken equal to 5, and then in order to make the calculation 
as simple as possible w"e must take n r— 9. Hence the pro])lem dealt with in 
this paper is the working out of a formula for the \^iscosity of a gas wdien the; 
molecular repulsive force varies as and the uttractive force varies as 
At the same time certain aspects of the general Ct^so will be considered as they 
arise. 

The starting point is the formula for the coefliciont of viscosity r; given 
by Chapman* in the form 


6 riTz 1 +z 
" ttR,, ’ 


( 1 ) 


where h == (2RT) R being th<i gas constant, and Hji is deJined by 

f oo AMV* /•« 

vvr “ dV sin^ 0 €08^ d d (f), (2) 

J (I 


where V is the relative velocity of any two molecules, each of mass M, before 
an encounter, u — 20 is the angle through which the relative path is deflected 
by the encounter, and p is the length of the perpendicular from the centre of 
either molecule on the direction of V. 

The value of the correcting factor 1 d • e depends on the values of m and n 
in the law of force between the molecules, and for the case considered in this 
paper its value may be taken as unity, since for a repulsive force in which n — 9 
its value is 1*004, while for an attractive force in which m ^ 5 its value is 
unity. When both repulsive and attractive forces are acting we may expect 
its value to lie between 1 and 1*004. 

It must be remembered that (1) only applies to temperatures high enough 
to ensure that no multiple collisions occur, and hence that there is no possibility 
of molecular aggregation. 


♦ Chapman, * Phil. Trans./ A, vol 216. p. 279 (1916). 
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1. The Theory of the General Case, 

The first stage in the investigation is the calculation of 0 as a function of p 
and V, which is to be obtained from the dynamics of an encounter between 
two molecules. The polar equation of the relative orbit of two masses 
and Wj imder the attractive force pr”"* and the repulsive force Xr”** is 

( 1 ^ ^ I _feL—l 

\r dW p* p®V*l(n — {m — l)r*"”^J * 

which, if we put 

r^ p, (nil + ^ ^ (wj 4 >^^ 2 ) ^ 

becomes 

do) ^ V» n -- 1 \p/ V2 1 \p,/ * 

Again, if we write 

6 ’"" V' 5 ap, and k (a/ 6 )”*-», (3) 

the above differential equation for $ becomes 

=. 1 _ „y _ 2 ^ _2_ 

\du/ n ■*"*’ 1 /w 1 

and 6 is to be obtained by integration with respect to y between the limits 0 
and t, where t is the least root of the equation 

1 _ a«<a-1- t"-! ^-L_ U”'-' =: 0 . (6) 

n — 1 w — 1 

and corresponds to the apse of the relative orbit. 

From (4) and (5) we have, putting t = sin 

aVcos*x — cos'^x + ~j X sin*"^® X) 

( 6 ) 

For m “ 5, n =si 9, ( 6 ) gives 

0 = ai j*^dx [1 + R* (s* + + s*) — (7) 

where s = sin x, so that 0 is a function of a for a given value of it, since i is 
given in terms of a and k from ( 6 ). 

Equation ( 6 ) plays an important part in the second stage of the investigation 
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which 18 oonoerned with the integration with respect to p* in (2). It is con¬ 
venient to change the variable in this integration to a* so that from (3) we have 


sin*^ 0 G d 




sin^ 0 cos* 0 d (a*). 


In the general case it would probably be necessary to take t as the variable 
instead of a, where from (5) 

-L_ /«-i 4- .JL^ /«-! ) , 

\ n — 1 m — 1 I 

so that, corresponding to the range of a from 0 to oo , the range of t will be 
to 0, where is given by 


n - 1 




m —‘ 1 


and, since n > m > 0, it is easily shown that there is only one positive value 
/j satisfying this equation. 

The value of d(a^)jdt is now required, which is 

2r»(i + , 

\ n — 1 m - 1 / 

and changes sign or not in the range 0 < / < /j acjc.ordiiig as 

p ^ I _ ()i 3) (h w) ^ n-l 

(«- 1) (m - I) 


is greater or less than zero, where (n — 3) ^ *^) Further, the 

change of sign, if it occurs, takes place at two values < 3 , in the range. 

For example, m ^ 5, n — 9, gives P, E = i — F/ 12 , so that d{a^)jdi 
changes sign or not in the range 0 << <^j according as S 12 . Again 
m = 6 , w = 13 gives E — 1 — so that the change of sign takes 

place or not according as 5 45. Thus there is always a critical value of 
kf and the calculation proceeds quite differently for values of k above and below 
this critical value. In the first case, since da^ldl changes sign at and / 4 , 
the integration with respect to t has to be split up into the ranges 0 to and 
<4 to while in the second case da^jdt does not change sign so that the interval 
of integration is the whole range 0 to <j. 

The calculation of 0 in the general case from (O), and the integration with 
respect to a in ( 8 ), dete.rmines 

I sin* 0 cos* 0 d (a*) 

Jo 
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as a function of k for given values of m and n, which integral will be denoted 
by (27r)“i Ij (w, m ; k)*. There remains the integration with respect to V in 
the calculation of Rn from (‘2), which give.s 

/tMV' / \f \ 

Rjj j VV ^ 

where from (3) 



If we writ!* /iMV^ — 2;-. niul put M we find tliat 

I :‘ ~ ** ] j, (jf, /H ; /:) fh. 

j .«• 


where 

(>/)” 

111 the particular case of m = 5, n —■ it 


- -(““I""* an<i . ti* “ . 

'"-HBl/ ’ M- ' M 


Hu ) dk, 

/iM Jo 


(Id) 

111 ) 



and k — wliere l^ik) has been written instead of l2(lh 5; k). 

Before leaving tlu^ general case, it is of interest to consider the cas<‘ of k 
small, which would correspond to a weak attractive field of the type [xr super¬ 
posed on a repulsive field of the type Xr''". 

It is evident from (6) that in this case G will differ from its value wlien k is 
zero by a term involving the first power of /r, and that this is also true as 
regards the value of wlieiu’c it follows that I2 {n, m ; / ) may be taken as a 
linear function of k so that from (10) and (11) 


1^1! 


where 


(j.)- 

■hm' 


( z'-n-ie ■'R(z)dt, 
Jo 


(13) 


n-m m—« l — m 


F (2) = L^fn, w ; 0) f A(ji' (PM)»-i (2*)*<-i 


and A is a numoric-al constant depending on the values of m and n. The 
integrals in (13) can be expressed in terms of F functions, so that 


where 


fi 


. 5 / t ^\‘ 
■ 8 12A 


■j {hxy I 


(14) 


I) « 




\ w—m l—m / 

j"-* (x')“i r/s 


3 - m\ 
n - 1 / ’ 


* The notation is introduced an an estenaion of that given by Chapman, ‘ Mem. Prop. 
Mftaohesfcer Lit. Phil Boo.,* voi. m (1922). 
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ia wliich the additional term in D due to the weah attractive field can be calcu¬ 
lated when A has been determined. 

The variation of y] with the temperature, which is of chief interest, can be 
easily of)tained since this depends only on A, == ( 2 RT)“^, and we have from (14) 


where 


B 


rj - +ST^), 

5(7tM)*R*'*'i^ _ 

2^” ~i)Xn^ r (4 - - — ) I, («, m ; 0) 

\ n — 1 


(ir>) 


(16) 


and S may be called a generalised Sutherland constant. 

ffor n = 00 , this gives the ordinary Sutherland formula, while for m = 
we have Lennard-Jones’* formula 




rj^3/2 


T~ 


S' 


when^ the dependence of 8 on n and m has been indicated by using the 
symbol S' for this constant. 

The difficulty in applying (16), or any special case of it, is that it gives no 
indication of the error involved in the approximation by which it was obtained, 
so that it is necessary to have an accurate formula for the viscosity of a gas 
before any satisfactory comparison with experiment can be made. 


2. Calcidalion for the Special Cane in ■-- 5, n “ it 

The case of m = 5 , n ^ 9 , lends itself to trigonometrical treatment by putting 
A* 2 tun a, at -- sec y. sin ^ whence we obtain from (5), 

== (sec* y sin* <)i )/2 (sin a ± cos ^), 

so that, taking the positive sign, ^ will range from 0 to \k -}- y as a ranges 
from 0 to 00 . 

Since 

d (a*) / sec* a\* sin 6 (4 sin y cos ^ + 1+ 3 cos* tf>) 

d<f> \ 8 / (sin y 4 - cos 

it vanishes when 

3 cos ^ ITT 2 sin a ± a 3)^ 

so that for a < 60*^, corresponding to F < 12 , d (a*)/rf^ is always positive. 


• ‘ Roy. Soc. Proc.,’ A, vol 106, p. 441 (1924). 
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For values of a < 60®, 6 is to be determined from (7), which now reads 

6 = sin rfy, (17) 

Jo 

where 

D = 1 + (sin a cos (s- -f + s^) 2 sin a (sin a + cos tf>) .?*, 


for given values of a and 

The integral in (8) with respc^ct to a* then becomes 


f sin® 0 cos® 0 


gin g cos (/> -f 1 ~f *1 cos® 
(sin a + cos 


which integral is (k), the integral with (ros® 6 in place of sin® 6 cos® 6 

being denoted by (2^)"“^ Ii (k). This latter integral occurs in the kinetic theory 
of diffusion, and in any case its calculation serves as a useful check on tlic 
numerical work, as its integrand clearly oscillates 1<»S8 rapidly than that of 
(27 c)"'^ Ij (k), so that 1^ (k) is easier to obtain accurately. 

The case of a ^ 0 was worked out in some detail, and it was found that l)y 
taking 5® intervals in the integration with respect to ^ in (17) the values of 6 
so obtained were correct to within 1 second of arc. In the integration in (18) 
6® intervals were also taken and the values li(0) — 2*39263, l2(0) = 1*03797, 
were obtained, in the calculation of which the general difference formula for 
numerical integration was always used in preference to the 6-ordinate rule 
or to Weddle’s rule. Chapman* has given 2*4000, and 1*0435 for the values 
of these integrals, and it seems probable that the difference is due to the use by 
Chapman of Simpson’s rule for the numerical integration combined with the 
fact that 9® intervals were taken in the integration with respect to as the 
values of 0 obtained agreed very well with those given by Chapman. 

The values of Ii/27r and 12/2?: were then calculated for values of a at 6® 
intervals from 0® to 60®, and the results are given in the following table. 


Chapman, * Mem. Free. Mancheator lit. Phil, Soc,/ vol 66 (1922). 
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Table I. 


ou 



0 

0 

0-38080 

0-16520 

® i 

0-36504 

0-15474 

10 ' 

0-36326 

0-14722 

15 

0-34700 

0-14424 

20 

0-34886 

0-14827 

25 

0-36286 

0-16301 

30 

0-39543 

0-19360 

35 1 

0-46675 

0-24586 

40 

0-66231 

0-32206 

45 

0-73297 

0-40764 

50 

0-98228 

0-44926 

55 

1-23697 

0-44778 

60 

1-32963 

0*50824 


Taking the values from a = 0° to a ” 45°, those for k(— 2 tan a) at intervals 
of O'26 were obtained by numerical interpolation. 


Table 11. 


1 



0 i 

0-38080 

0-16520 

0-26 

0-35947 

0-16108 

0-50 

0-34766 

0-14435 

0-75 i 

0-34972 

0-14929 

l-OO j 

0-87066 

0-17069 

1-26 

0-41584 

0-21166 

1-50 

0-49001 

0-27171 

1-75 

0-69603 

0-34269 

2-00 

0-73297 

0-40764 

i 


An accuracy of five decimal places was aimed at throughout the calculation, 
and to ensure this all the refinements of the calculus of differences were 
employed, the intervals of the variable in the numerical integration in (17) 
and (18) were often halved, and sometimes halved again, and for special small 
ranges of integration the integrand had often to be expanded in series and 
integrated term by term. Up to a = 45° no great difficulty was experienced 
in reaching this accuracy, but it is clear that the calculation becomes a much 
more serioiis matter as k approaches the critical angle 60°, and it is in the 
range 45° to 60° that the calculation presents the greatest difficulties. Table 1 
shows that in this range increases very rapidly, and that I 2 has a maximum 
followed by a minimum. This behaviour of Ig was noticed in the corresponding 
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oaloulatioa for the Sutherland model* (v ^ <x>, m ^ 5), and it was there 
guggested that it might be a characteristic of this model, but unfortunately it 
occrxTB again in the case of m — 5, n 9, 

The above applies only to the range 0 "^ < a <C 60^, t.e., for A® < 12. For 
12, the procedure is somewhat different. \V"e first of all take b as the 
variable instead of a from ( 3 ), and then write h® ^ ^ that, since k ~(a/h)* 

for m = 5, 

[ sin® H (;os® Gd (a®) {2/')* j sin® G cos® 0 d (v®), (19) 

}ii Jo 

If we put kt^ = then (5) for m r ^ 5, "= 9 becomes 

2Y®:r:=3l ^ ( 20 ) 

where k' = k^^, and x is finally to be taken as the variable instead of y*- 
With these changes in notation, G is from (7) determined by the e(|uation 

0 ( 2 y 2 ^)* f"d/ I)'"*. ( 21 ) 

Jo 

where 

ly = 1 - -f k'h:* {.?® + + s®). 

The advantage of this method is that it enables us to connect the calcula- 
tions with those for the Sutherland model (n :== oo, m 5 ) in so far as in the 
limiting case k' 0 , (A oo ) the value of the integral in (19) with respect to 
Y^ is known. 

Since 12 , it follows from ( 20 ) that lias a minimum when x ^ 
that it vanishes w hen x Xj, and that the tangent at a; Xj cuts the curve 
again when x = where these values are given by 

1 v^(l - 121:'®), = 1 ^(\ + 4jfc'«), 

and 

Xj -r:: ^/{k^ — 2Xi®) — Xy 

As Y® decreases from infinity to zero> it follows that x increases from 0 to Xy 
and then increases from to Xg, so that the integration with respect to x has 
to be divided into two portions. 

For the range 0 < x < Xy we write x ^ x^ sin p and change the variable 
from Y® to p so that we have 

e — y/{l 4 - Xi* sin® p — i'®Xi* sin* p) j^'^dx D'“l, 


• Haaafi and Cook, loc, cit. 
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and the contribution of this range to the value of the integral with respect to 
Y® in*(19) 18 

— { sin® 6 cos® 6 ^ {1 •— (r,* — 1) sin® |3} rfS, (22) 

2xj Jo sm® B 

For the range the difficulties of the calculation become very 

pronounced, especially as Jc* -^0, and the authors are indebted to Prof. G. N. 
Watson for providing the following method whicli made it possible to carry 
through the calculation for this range. The problem is to find the value of 6 
from (21), in which the integral 

I = {1 _ Xh^ + A'V (S* + S* + ««))-* 

occurs, when A;' is small, x is large, and k'x — 1 is small, and the integrand has 
a maximum value in the range of integration. If we put s = sin^x = the 
integral is 

dw {wj (1 — w) {u^ + 4- (Ai'x)*’® 4 

and, since 1 — and are both small, the roots of the equation 

w ^ tv (ifc'x)""® 4 (A'x®)*'® 0 


are approximately 0, 0, —1. The maximum value of the integrand being due 
to the existence of complex roots of small modulus of this equation, we take 
the exact values of these roots to be p ± iy, — 1 — 2p so tliat 

I === (2fc'3c:®)’"^ f dw (tc 4 1 4 2fi)'’* [w (1 — w) { w — 4 y^)]*"** 

Jo 

This integral is transformed by the substitution 

wj{l — t/;) = X (1 4 t)l(l — Of 

where X is a positive constant to be determined, so that we have 

... , _ X(A. + 2A^ + A^») 

(w P) +Y m . 


where 


XA, = X* - 2pX (1 + X) +(p* + Y*) (1 + 

XA, =« X» - 2pX* + (p* + Y») (X* - 1), 

XA, «= X* + 2pX(l - X) + (p* + Y*)(l - X)*. 
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If X is chosen so that Aj = 0 making 

X2 = (P* + y*)/{( 1-P)* + A 


we find that, putting t = cos 4^ 

I = r Ti 4- 2 fi+—r 

2 ( Ai + Aj)* J 0 -v/l 1 •“ ?'* 4*) ^ i 4' + ^ i 4'-' 


where 

O,. 1 + , 

A,+ 4. (PMY‘)M(l-?)' + r*)‘ 

and finally 



— p® sin* il*) 

d4' 

— ;>* sin* i|;) 




m+m 

X + tan*ii^ 



1 + 


X /(1 + 23) >^1 
X+ cot*|4^J J 


(23) 


The expression in { } in this integral is a slowly varying monotomic increasing 
function of 4^, so that the largest value of the integrand occurs when 4^ = 

For the integration with respect to x, we write 


^ ;r3 (x^ ^ x^) COS 

whence 

j co8^ 6 G d (y^) = (iCa — Xg) f cos* G sin* sin ^ d<l>, (24) 

J*, Jo dx 

The calculation of the values of the integrals 

Yj = p cos* G - dxj Y^ = [ sin* G cos* G■' dx, 

Jo dx Jq ax 

for the two ranges 0 a:: <, and X2 z < X3 separately^ and for the whole 

range gave the following results for k = 4, 6, 8, 10, the values as A -► 00 l>eing 
already known. 


Tabic TIL 


k. 

(Ut range). | 

(2nd range), j 

y,. 

(Ut range). 

(2n(i range). 

Y- 

4 

0*11680 

0-3B419 

081099 

0 06922 

0*12403 

0-19826 

6 

0*10834 

0'41461 

0*62295 

0 •06671 

0*12648 

0-19319 

S 

0*10613 

0-423S0 

0*62972 

0 06600 

0*12716 i 

0-19316 

10 

0 • 10520 

0-42778 

0*63298 

O-O067O 

0-12742 

0-19312 

00 

0*10306 

0-44894 

0*63260 

0-06818 

0*12789 

0-19267 
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3 , Formula for the Vucosity for the Special Case, 

The calculations bo far completed have given the value of I* (k) for certain 
values of k. In order to find the formula for the coeflScient of viscosity it 
remains to carry out the integration with respect to z in (13). If this integral 
is denoted by I (a), where k then we have, since s 

Rij ^ 27r ( 2 /M)^ (X/A)* I (.v)/AV, 

whence from ( 1 ) the coefficient of viscosity 75 is given by 

7) A (MKT/k)* (tx/X)* II (s), (25) 

where 

s ( 2 RTX)V[x. (26) 

la order to calculate I (s) it was found most convenient to replace the tabulation 
of I 2 (k) as a f\motion of k by algebraic functions of k, and to use incomplete 
gamma functions for the integration. The range of k from 0 to oo was split 
up into four sections, and the following expressions were obtained 

(0< A< 1), I 2 (A) :==: 0• 16520 - 0 • 06507/: + 0 • 0226Hk^ + 0• 04778P, 

(1 < /• < 2), la (A) == ‘ ^>4084 + 0 • 386391: -- 0 • 60454^2 f 0 • 44429P 

-0 09639/^ 

(2 < /: < 4), I 2 (k) ^^ 7 -62945 + 11-337351; -- 5• 87922F 1 *33082P 

-0-11046A^ 

(4 < jt < 00 ), I 3 (k) =: 0*27234/;* 4 * 0-00344 -- 0-00309/:*'*. 

The errors in the calculation of I (s) arise from those due to the replacement 
of the tabulated values of Ig {k) by these algebraic expressions. These latter 
errors are estimated to be less than 1 in 3109, I in 2700,1 in 100 and 1 in 19000 
for the four sections respectively, the large error in the third section being 
due to the existence of the maxiimim and minimum values of Ig (A) aheady 
considered. The consequent errors Al (.s) in I (s) are given in the following 
table. 

Tabic IV. 



' MW. 


M{,). 



010 

0 0016 

0-30 

0-l>(i36 

0-80 

0*0004 

0-lfi 

0-0072 

0-35 

0-0020 

0-06 

0*0003 

0 20 

OOOSl 

0-40 

O-OOU 

0-60 1 

0 0002 

0*26 

0*0060 

0-iS 

0 («X)6 

0-66 

.1 

0-0001 
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In order to use (26), 8*/I (s) Jias been tabulated as a function of «in Table V, 
the accuracy of which can be determined from the errors given in Table IV, 
which shows that the large error in the third section dominates the situation 
for values of«0 ■ 4. 

Table V. 


Jl. 

1 

1 

1 ^ 

* 

A* 11 is). 




•* /!(»)• 

oos 

■■■■■■.1 

0*U02 

0*56 

1-7714 

1*1 

3*2254 

2*2 

4-44le 

0*10 

0*2181 

0-60 

1*0763 

1*2 

3*3768 1 

2*4 

4*6120 

016 

0-3308 

0*66 

2*1622 

1*3 

3*5126 

2*6 

4 7751 

0*20 

0*4369 

0*70 

2*3308 

1*4 

3*6381 

2*8 

4*9320 

0-25 

0*5629 

0*76 

2*4830 

1*5 

3*7651 ' 

3*0 

5*0835 

0*30 

0*7030 

0*80 

2*6200 

1*6 

3*8656 

3*2 

5*2302 

0-85 

0*8886 

0*85 

2*7440 

1*7 

3*9707 i 

3*4 

5*3725 

0*40 

M006 

0*90 

2*8567 

1*8 

4*0714 

3*6 

5*6110 

0*45 ' 

1*3261 

0*95 

2*9598 

1*9 

4*1084 

3*8 

5*6459 

0'60 

1*5533 

1*00 

3*0548 

2*0 

4*2621 

4*0 

1 

5*7776 • 


For a weak attractive field of the type (x> so that»is large, the approximate 

value of I (») is 

0-36634 - 0-08294 «"» + 0-01824 -f 0-02706 «*», 

whence, taking only the first two terms, we have from (25) 

5 /MRy_ (2RX)*T» _ 

^ \ TcX / 0-36634- (0-08294) fi(2RTX)-* 

SO that, in comparison with (16) for m = 6, n — 9, the value of S is equal to 

- 0*08294 fA/(0*36634) (2KX)* 

being negative as in the case m = 3 discussed by Leimard-Jones. 

In order to carry out the comparison between theory and experiment, 
equations (26) and (26) are written in the forms 

log (-jjT-*) - log «*/!(«) = log * (MR/n)* + i log (ji/X). (27) 

and 

i log T ^ log s == log (luTT^) ^ i log 2R. (28) 

Log tqT * is plotted, on transparent paper, against log T from the experi¬ 
mental data for the various gases considered, and log s*/I («) is plotted against 
log 8 BO that the scales of log and of log s^/I(s) are the same, while the 
scale of log s is twice that of log T, The two curves are moved, one over the 
other, the axes being kept parallel, until the experimental points lie as nearly 
as possiWa on the theoretical curve. To determine the best fit of the two 
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curves, several attempts are made and the value of S (p^), where p is the per¬ 
pendicular distance from an experimental point to the theoretical curve, is 
determined for each fit. With the actual scales adopted, in which 1 inch repre¬ 
sents 0 * 1 both for log s and log s*/I(«), the unit for p was taken as 0 ^ 01 inch. 
For each such fit a parallel transformation* with constants P, Q is therefore 
defined by 

log >jT-* — log 8*/I {a) == Q, J log T — log « = P, 

whence from (27) and (28) we have 

Q - log A (MR/7t)* + i log (fx/X), (29) 

and 

P = log{,jL/X*)-ilog2R. (30) 


from which (ji and X can be found. 

The corresponding values of the “ diameter ” as defined by Lennard-Jones 
by the formula 

cr, = (2Xn/3(w- 

can then be calculated, and in the cases where the index of the law of force 
is 9 or 6 the formula gives 

<t = {X/12R)*'» and o' = ((x/6R)>^ (31) 

which make a and o' of the same order of magnitude. 


4. ReavUs of Comparison wUh Experiment. 

1. Argon.~The values of the viscosity of argon have been given by Schmidt.f 
With the exception of that at the lowest temperature (89*9® absolute) these 
values can be made to give an excellent fit with the theoretical curve. The 
following table gives the results of five attempts, and shows the values of the 
constants of the transformation and the values of the force constants X and p 
for which the curves may be taken to fit. The values of the force constants 
found by Lennard-Jones from the equation of state for the same molecular 
model are included in the table for comparison with those obtained from 
viscosity. 


* Xhis method, originally due to Keesom, hoe been need by Lennavd-Jonee in bia 
i&voitlgations in oonneotion with the equation of etate of a gae. 
t Sohmidt, < Ann. Phyiik,’ vol. 30, p. 400 (1009). 

VOL. 02CXV.--A. 


P 
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Table VI.—^Restilts for Argon. 



mm 

Q- 

filO". 

AlO**. 


1 


Hiifl 

310 

1*01 

67 

2 



3*20 

1-08 

61 

3 



3*26 

1*10 

60 

4 



3*17 

109 

67 

5 



3*20 

1*09 

60 

Best meen of 2 and 3 


3*23 

1-00 


From equation of state 


1 1*62 

.101 



If the result for the lowest temperature is omitted a very good fit can be 
obtained which gives S (p®) = 16, P = 1 -2975, Q = 6-677, X 10®* = 1-06, 
10« = 3-36. 

The viscosity was then calculated from the theoretical formula, using (o) 
the force constants as given b/ taking the best fit of the theoretical and 
experimental curves, and (b) the force constants as determined from the equation 
of state. 


Table VII.—Viscosity of Argon. 


T. 

(abi.) 

1) 10». 

(“HI 

1 ? io». 

(a)* 

V 10». 

(6). 

466*4 

3243 

1 

3212 

3186 

372*8 

2761 

2746 

2766 

286*8 

2207 

2216 

2280 

278-9 

2116 

2129 

2203 

262-8 

1087 

1903 

2086 

238-9 

1854 

1866 

1066 

218-9 

1697 

1711 

1841 

194-3 

1676 

1672 

1722 

168-7 

1879 

1873 

1668 

89-9 

736*6 

686*0 

067*6 


Fig. 1 shows the theoretical curve and the experimental points superposed 
on it BO as to give the best fit. 


2. Hyd/rogen, The viscosity of hydrogen* has been measured by Markowski, 
Sohnudt, and Kamerlingh Onnes, Dorsman and Weber over a wide taxtge of 
temperature. The results of fitting the experimental data to the theoretical 

• Maakowdd, ‘Ann. Phyrik,’ voh 14, p. 742 (1904); Sohmidt, ho. oit.; Ktaao^oA 
Oanes, Donmaa and Weber, ‘ Comm. Phya. Lab. Leidim,* No. 184, a (1918). 
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Fio. 1.—Superposition of Theoretioal and Experimental Gurvea lor Argon. 

otirve are given in Table YIll, together with the force constants as deduced 
from the equation of state, using the same molecular model. 


Table VIII.—Besults for Hydrogen. 



P. 

Q. 

mIO^. 

AlO” 


1 


S0S16 

3-45 

i*oe 

295 

2 



3*48 

1*06 

266 

8 


8*040 

360 


285 

4 

0<818 

« 0866 

3-41 

1*03 

302 

Mmh of 

2 And 8 . 


3*54 

1*06 


From equation of Atote .. 

2*54 

0*92 

1 


The values of the viscosity as calculated from the theoretical formula, (a) 
using the force constants determined above, (6) using those deduced from the 

r 2 
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equation of state, and (c) as given by Kamerlingh Onnes on the basis of the 
repulsive law of force varying as are given in Table IX, 


Table IX.—Viacosit}^ of Hydrogen. 


T (abs.). 

ijlO’ (obs.). 

,10’(a). 

1 

j V W (6)- 

,10’(e). 

467-3 

1212 

1226 

1263 

1207 

373-6 

1046 

1060 

1082 

1062 

287-6 

877 

878 

896 

876 

273-0 

844 

846 

863 

848 

261-2 

821 

820 

836 

816 

265-3 

802 

806 

822 

803 

233-2 

760 

766 

770 

767 

212-9 

710 1 

708 

722 

700 

194-4 

670 

664 

676 

666 

170-2 

609-3 

603 

614 

608 

89-63 

392-2 

380 

388 

389 

70-87 1 

310-3 

320 

328 

329 

20-04 ' 

106-111 

111 

125 

137 


3. Nitrogen ,—In this case an almost exact fit was obtained for the following 
values of the constants, the experimental* data being taken from the work 
of Schmidt, Vogel, and Kia Lok Yen. 


Table X.—Result for Nitrogen. 


P. j 

Q. 

10« 

A lO^ 

1-180 

8-499 ' 

3-11 

1-54 

From equation of 

state . 

1*82 

1-68 


4. "The experimental data in the case of air are due to Vogel and 
Breitenbachf for the range of temperatures from 81 • 6"" absolute to 676® absolute. 
Measurements of the viscosity of air have recently been made over the range 
from 288® absolute to 718® absolute by Edwards!); in connection with a discussion 
of the experiments of Williams on the viscosity of air at high temperature. 
The results of Breitenbach and Edwards, the latter being reduced to agree 
with the former at 15® C. arc in good agreement, and have been used together 

• Schmidt, he, cU. ; Vogel, * Am. Physik,' vol. 43, p. 1268 (1914) ? Kia Lok Yen, 
‘ Phil Mag.,* vol 88 , p, 682 (1919). 
t Vogel, he, cit ,; Breitenbach, ‘ Ann. Physik,’ vol 6, p, 166 (1901). 
t Edwards, * Roy, Soo. Proc.,' A, vol. 117. p. 245 (1927); Williams, ‘ Boy. Soo, Proo,/ 
A, vol no, p. 141 (1926). 
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with those of Vogel for a determination of the force constants with the following 
result. 

Table XI.—^Results for Air. 



1 

Q. 


A10« 


I 

1*201 

6‘S28£ 

3*17 

1*45 

161 

2 

1*189 

8-616S 


1*46 

81 

3 

1*178 

S-Sll 


1*46 

93 

4 

1*1695 

8-608 

2*94 

1*45 

127 


The fit of the experimental and theoretical curves for the second determina¬ 
tion in the above table is given in fig. 2, which shows that the fit is governed 



Fio. 2.—Superposition of Theoretiosi and Experimental Ckirvos for Air. 


by the values at the lower temperatures, and that the values for the two highest 
temperatures show a distinct tendency to fall below the theoretical curveu 
The values given by Williams below 500° C. are quite inconsistent with the 
values for lower temperatures, though it is possible that those above 500° C. 
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would fit on to a smooth curve through the values given by Edwards, Breitcn- 
bach and Vogel for lower temperatures. 

Further experimental results at temperatures up to 923® absolute have been 
given recently,* and the values are in fair agreement with those given by 
Williams, and therefore distinctly below the theoretical curve for th = 6, 
n “ 9 given in the figure. 

It seems, therefore, that n 9 is not the correct value for the case of air, 
and that a higher value would have to be taken in order to obtain agreement 
with the experimental results at high temperatures which suggest a value in 
the neighbourhood of n = 13. All that has been shown in this paper is that 
between 80® and 500° absolute, the choice of m = 5, « = 9 is consistent with 
experiment, so that the case of air indicates very well the limitations of this 
choice, and the need for further calculations with a higher value of n. 

6. Carbon-diowide ,—The viscosity of carbon-dioxide has been determined 
by Breitenbach and Vogel {loc, cit.) over a range of temperature from 194*6° 
absolute to 575*1® absolute, and the values of the force constants deduced are 
given in the following table, in which the fourth attempt to fit the experi¬ 
mental and theoretical curves gives the least value of 2 (p®). 


Table XIL—Results for Carbon-dioxide. 



p. ! 

j 

1 Q. ! 

I i 

#il0" 

A10« 

S(^). 

1 

1*362 

S-6466 ! 

8*67 

6-42 

078 

2 

1*837 ! 

9-632 1 

8-66 

6*79 

498 

3 

1*3276 ! 

9-627 1 

8*48 

6*79 

478 

4 

1*3166 

9-613 1 

8*66 

6*24 

470 

6 

1*301 

9-6046 1 

8*32 

6*81 

526 


The large values of 2 (p*) show that the fits in this case are not at all good, 
which is due to the fact that the point corresponding to the lowest temperature 
cannot be made to fall on to the theoretical curve without readjusting the fit 
obtained from the other points. If this point is omitted, a very good fit can be 
obtained for which 2(p*) == 10, where P = 1-387, Q ==6-567, jxlO^* = 9*27, 
and X 10^2:= 5-27. 

6. Mercury Vupour .—The viscosity of mercury vapour has recently been 
measured by Braume, Basch and Wentsel (Zoc, dt*) and the results are par¬ 
ticularly interesting as they provide the teducUo ad abeurdum of the application 

• Btamne, Baaoh and Wentsel, * 2. Phy». Ohem.,* vol 187, p. 178 (1928). The authofi 

aie indebted to Piof. A. 0, Rankine for thk refw»noe. 
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ot the approximate Sutherland formula. The value of S is found to be 942 
whence, as the highest temperature is 880®, 8/T is always greater than unity 
instead of being small as is demanded by the theoretical deduction of the 
formula. 

It was found possible to obtain a fairly good fit for the region of the theoretical 
curve from s == 0-22 to s = 0'29, the results being given in the following 
table. 


Table XIII.—Results for Mercury Vapour. 



P. 

Q. 

m10« 

A 10’*. 


1 

2 0245 

5-662 

6*14 

8*69 

53 

2 

2*016 

S-656 

5*08 

8*73 

49 

3 

2*009 

5-6505 

5-05 

8*90 

47 

4 

2*0065 

5-648 

5-05 

9*00 

47 

5 

2*0036 

5-645 

5-05 

9*12 

56 

6 

2*0000 

5-6405 

5-07 

9*35 

65 

Mean of 3 and 4 . 


6*06 

8-95 



7. Neon .—It did not prove possible to obtain agreement with experiment in 
the cases of helium and neon, for which the values of log yjT”* plotted against 
log T give approximate straight lines whose slopes indicate that the index n 
of the repulsive force should be 13. It is known that the viscosity of helium 
can be represented very accurately on the basis of a repulsive force alone with 
the index n = 14*6 (c/. Jeans, ‘ Dynamical Theory of Oases,’ 3rd ed., 1921, 
p. 286) down to a temperature of 15® absolute, so that there is very little 
chance of obtaining the value of the attractive force, which must be small 
compared with that of argon and nitrogen. 

Similar remarks apply to neon, for which further experimental results are 
available in the recent work of Edwanis.* These results have been combined 
with those calculated by Leimard-Jonest from experimental work on thermal 
conductivity to give the second column of Table XIV. 

Equation (16), which for n = 13, wt = 6, may be written 

T* + S = BT*tj-*, 

giving a straight line for T^y)'^ plotted against T*, was then used to determine 
B and S, giving B « 7*086.10"*, and S = 0-52. The small value of S may 
be held to confirm the assumption that the attractive field is weak, though its 
actual magnitude cannot be found until the value of the numerical constant A 

* SktwaidB, ‘ Boy. Soo. Proo.,* A, voL 119, p. S78 (1928), 
t LennazdoJones,' Boo. Fzoo.,’ A, voL 107, p. 167 (1928). 
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in (14) has been calculated for n = 13, m =» 5. The value of the repulsive 
force constant X can be determined from (16), and is equal to 3-20.10"^®*, 
the corresponding “diameter” being 8-91.10~". The third column in 
Table XIY gives the viscosity as calculated from the formula with the above 
values of B and S, and shows a good agreement with the observed values except 
for the highest and lowest temperatures. 


Table XIV.—Viscosity of Neon. 


T(ab».). 

71 W (OU.). 


91-66 

1362 

1404 

194-7 

2367 

2344 

198-7 1 

2382 

2376 

878'1 

2946 

2946 

288-1 

3076 

3054 

373-1 

8666 

3635 

457-5 

4177 

4170 

676-1 

4901 

4863 

717-6 

5584 

5642 


5. Discussion of ResuUs. 

General Oomiderations.—The curve obtained from the theory gives the rela¬ 
tion between log {I (s)/s*} and log s, and is seen from the figures to consist of 
two approximately linear portions for values of logs < 1-4(s <0-26), and 
log8>0'2 (s> 1'6) respectively, joined by a curved portion. The approxi¬ 
mately linear portions correspond to the extreme cases where the viscosity 
is determined mainly by the attractive force and the repulsive force respec¬ 
tively, while along the curved portion neither of these forces can be said to play 
the dominating r61e. The curve is, of course, drawn for the values wi = 6, 
ni ioc which the calculation has been carried out, but the curve for any 
pair of values of m and n would necessarily consist of three portions to which 
the above description would apply. 

The three portions correspond, in a sense, to low, moderate, and high 
temperatures so that, for example,'values of the viscosity at temperatures high 
enough to bring the experimental points on to the right-hand linear portion of 
the th^retioal curve should enable the index n of the repulsive force to be 
detenmned, and the choice of the index m of the attractive force would then be 
confirmed or not by a comparison of the theoretical and ejq)erimental results 
at lower temperatures. Conversely, values of the viscosity at temperatures 
low enough to bring the experimental points on to the left-hand portion of the 
curve would give the value of the index m. 
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In no case do the experimental values at present available cover a range 
wide enough to suggest appropriate values of m and n directly in this way, 
80 that the choice of numerical values for these indices is largely a matter of 
trial and error, and the first result of this investigation has been to show what 
gases conform to the choice of w = 6, n = 9 for the range of temperature 
available. 

The following table gives the range of values of a within which the theoretical 
and experimental curves are in agreement. 


Table XV. 


Gas. 

Range of values of s. 

Gas. 

Range of values of s. 

A.. 

0‘S-114 

Air . 

0-6-^l*6 

N,. 

00-1*4 

CO, . 

0*6-lU 

H.. 

0*7-8*3 

Hg vapour . 

0*22~0*29 


Within the above limits of 5 it is clear that the errors, given in Table IV, 
in I (a) are not laige enough, except perhaps in the case of mercury vapour, 
to affect the calculation of the force constants. 

A physical meaning may be given to the parameter s, which is non-dimen¬ 
sional, as follows.* If ^ is the work done by the molecular forces between 
two molecules as they move from their equilibrium position to infinity, then 
it can be shown that for m = 5, n = 9, is equal to (x^/SX. The average 
kiuetic energy B of a molecule being equal to |RT, it follows that 

2RTX(ji“2 = E/6^. 

If, therefore, if> is known for any gas from the results for the equation of state, 
and it is assumed that the critical values of s, in thk cause 0»26 and 1-6, do not 
alter very much as the values of m and n are changed, then the experimenter can 
obtain a rough guide as to the range of temperatures for which further experi* 
ments are required, for the above equation wiU give the temperatures T\ and 
Tg corresponding to the critical values of s. If ^ is not known, but the 
eaqperimental values of logTjT*"^ plotted against log T give an indication of the 
value of either T, or Tj, then the other temperature can be found from the 
above equation. 

Again the above equation can be used to give an upper limit for the attractive 

♦ What follows under tho heading “ General Oonsiderations is duo to Prof, ]-(onnard- 
Jcmea, who has very kindly read the paper in MS., and has made several suggestions 
lor its improvement. 
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fields in cases where the reptilsive field dominates the situation. For this 
purpose we require the general result corresponding to s® = E/6^, which is 






For example, in the case of hydrogen it is known that for w = 11, the graph of 
logy)T""* against log T gives approximately a straight line, showing that for 
the range of temperatures available the value of ^ must be greater than 1'6. 
Taking the lowest temperature 89-6'^ absolute for which there is a good 
agreement between theory and experiment, and putting X == 7*19 . as 
deduced from the viscosity data, the above equation for n = 11, m — 5 
gives <l> < 1*68.10“^^, and <2*41,10““^^, in agreement with the values 
^5= 1*23 . 10~^® and fx = 1*98.10“** as determined from the equation 
of state. 

Similarly for helium, in which case n = 14*6 is found to be the value of 
the index of the repulsive force from the viscosity data, we find, taking m =- 5, 
X = 2*414.and the lowest temperature as 20° absolute, that [x must 
be less than 2*69 . lO"*^, in agreement with the result given by the equation of 
state, according to which fx is 1*90.10““** for m 5, 14^, and will be 

slightly less for w = 6, = 14*6. 


Coniparison with Vahm of Force Constants as Determined from the Equation 

of State, 

It has been shown in the cases of argon, hydrogen, nitrogen, carbon-dioxide, 
air and mercury vapour that it is possible to get a fairly satisfactory agreement 
with experiment on the assumption that the mutual actions of the molecules 
are represented by repulsive and attractive forces of the types Xr""® and (Xf“* 
respectively, and the values of the force constants X and fx have been deter¬ 
mined. This agreement only applies to a limited range of temperature, and 
in the cases of argon and CO 2 at the lowest temperature, and air at high 
temperatures, there is an indication of disagreement between theory and 
experiment. 

The result of the comparison of the values of force oonstomts with those 
obtained for the same law of molecular force from the equation of state is 
given in Table XVI. 

The agreement in the values of X determined by two such different methods 
is very sinking, and goes far to justify the somewhat lengthy cidoulatiolis 
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Table XVI.—Comparison of Force Constants. 


Gas. 

A 10«.* 

A 10« t 

1 10“-* j 


1 

Argon . 

109 

1-01 

3*23 

102 

Nitrogen . 

1-54 

1-58 

311 

1-82 

Hydrogen .! 

0 100 

0*092 1 

0*354 

0*254 


* From viscosity. t From equation of state. 


involved in this paper. The repulsive force constants of argon and nitrogen*** 
as obtained from viscosity have thus been brought into line with those obtained 
from the equation of state. There is, however, a real divergence between the 
values of the attractive force constants p as given by the two methods. 

The comparison may be made more complete by expressing the constants for 
the repulsive and attractive forces in terms of the “ diameters c and o' 
defined in (31), and by using the results found for n = oo (rigid sphere), fn = 6 
as given in the former paper by the present authors already referred to, in 
which a similar divergence in the values of \i was found. 


Table XVII.—Comparison of Diameters.*' 



Gas. 

ff 10».* 

al0*.t 

10*.* 

j a' 10».t 


r Aigon. 

7*12 

7*05 

141 

( 

i 11*8 

f» «=== 5 J 

rt 0 1 

Nitrogen . 

7*43 

7*48 

13*9 

1 12-2 

[ Hydrogen .. 

5*32 

523 

8*10 

j 7-45 

1 

I 

r Argon.. 

2'98 

313 

11*2 

! 9*62 

n 00 1 

[ Nitrogen . 

3*28 

3’38 

1116 

j 9-90 


* From viscosity. t From equation of state. 


This table shows that, keeping m = 5, both the agreement in a and the dis> 
agreement in o' are as pronounced for n = 9 as for n = oo. This suggests 
that no change in the value of n would bring about agreement in the value of 
o', that given from viscosity data being always much greater than that deter¬ 
mined by the equation of state. 

The suggestion that the fields of force determined by the two methods are 
not stricliy comparable would seem to be ruled out by the fact that both 
investigations start from the same dynamical equations for the encounter 
between two moleoules, the process of averaging over all such encounters being 

* TluMe for hydrogen have beui shown to be in agreement for the repulsive foroe Xr~'‘ 
by Lennard-Jones and Oook, toe. eit. 
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different in the two cases. Further it would be neoessaiy to explain the 
agreement which has been found above for the repulsive force constants, an 
agreement which extends to the case of hydrogen, hdium and neon, where 
the attractive forces as determined by the equation of state ate weak compared 
with those of argon and nitrogen, so that an approximate formula of the type 
(16) can be used to determine the repulsive force constants. The results ate 
given in the following table, in which those for hydrogen and helium are given 
by Lennard-Jones. 


Table XVTII.—“ Diameters ” of Repulsive Forces. 


Gas. 

n. 

ff 10* ♦ 

a 10*.t 

Helium . 


4-61 

4'62 

Hydrogen. 

11 

8*128 

3*106 

Neon . 

13 

3*91 

3‘SS 


* From viaooHity. t From equation of state. 


A possible explanation is that neither theoretical method is sufficiently 
sensitive, and that each allows considerable latitude in the attractive force 
constants without producing serious divergence from the observations. This 
suggestion is negatived (1) by a calculation of the coefficient of viscosity from 
force constants derived from the second virial coefficient, as is shown in the 
fourth columns of Tables VII and IX which give the results for argon and 
hydrogen, and (2) by the reverse procedure of calculating the second virial 
coefficient from the values of the force constants derived from viscosity 
data. The result of this latter calculation for argon is given in Table XIX, 
and together with the former prove conclusively that each of the observed 
quantities is very sensitive to changes in the molecular field of force. 


Table XIX.—^Argon. 


T (abs.). 

Bn 10« (obe.). 

B.IO*.* 

B.10».t 

673*1 

0*6830 

-1-089 

0*6667 

673 1 

0 0008 

-2-086 

0*4979 

473*1 

0*2086 

-2-930 

0*2431 

423*1 

0*0620 

-8-480 

0*0609 

373*1 

-0*1917 

-4-190 

-0*1789 

323 * 1 

-0*4920 

-6-186 

—0*6063 

273*1 

-0*9801 

-6-467 

-0*9686 


From tisocrtity. f From equation of state. 
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Since it is mainly the attractive force on which the viscosity at “ low ” 
temperatures depends, it is possible that the differences found above in the 
values of this force constant are due to the fact that at these temperatures the 
viscosity formula (1) may require correction in order to take into accoimt the 
effect of multiple collisions. Until some estimate of this effect can be made, 
it remains doubtful whether the differences in the value of (i are to be ascribed 
to it, or whether they indicate that the choice of the index w of the attractive 
force to be equal to 6 is incorrect. In this connection it is of interest to note 
that the omission of the results at the lowest temperature in the cases both of 
argon and carbon dioxide has not a large effect on the values obtained for X 
and fx. This suggests that it is the value of the index m which is incorrect, 
and does not point to the necessity of any correction to the viscosity formula. 
There seems to be no reason why this index should not vary with the gas, 
as is the case with n, so that, for example, its value is higher in the case of 
monatomic and lighter gases than in the case of diatomic and heavier gases. 
Theoretical considerations do not appear able as yet to give any indication of 
the correct value of m, and the method of trial and error involves lengthy 
calculations. Since, however, this is the only method available, it is very 
desirable that the work of calculating the formula for the viscosity for a further 
pair of values of m and n should be undertaken. The trigonometrical treatment 
used in the calculation for w = 6, w == 9 could be used for m 7, w = 13, 
which seems likely to provide interesting reeults, but the choice of m and n 
would need careful consideration. 
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The Exclusion Principle a/nd AperioMo Systems, 

By N. F, Mott, B.A., St. John’s College, Cambridge. 

(Communicated by R. H. Fowler, F.R.8.—Received June 14, 1929.) 

Section I.—The exclusion principle of Pauli was introduced into the old 
quantum theory as an empirical fact that had been brought to light in the 
ordering of spectra. The new mechanics has provided some sort of explana¬ 
tion of the principle, for in a closed system with many electrons the mathe¬ 
matically possible stationary states can be separated into a number of groups, 
with the property that transitions between stationary states in difierent groups 
caimot occur. One of these groups is made up of the stationary states corre¬ 
sponding to wave functions that are antisymmetrical in the co-ordinates of 
the electrons. Apart from accidental degeneracies, the stationary states in 
different groups have different energy values. The exclusion principle then 
states that only energy values belonging to the antisymmetrical group are found 
in nature. 

The exclusion principle has had great success not only in explaining the 
spectra of helium and of more complicated atoms, but also, under the form of 
the Fermi-Dirac statistics, in accounting for metallic conduction and ferro¬ 
magnetism. In all these phenomena we are dealing with systems in stationaiy 
states, possessing energy values which are discrete, although they may lie 
very close together. Now, as was first emphasised by Oppenheimer,^ we must 
also use antisymmetrical wave-functions to describe aperiodic phenomena, 
such as the collision between an electron and an atom* If we do not, we obtain 
probabilities for the formation of atoms whose wave-functions are not anti- 
symmetrical, as we shall show in section 4, where we consider the collision 
between an electron and a helium atom. A helium atom described by a 
symmetrical wave-function would show a singlet series in place of the observed 
triplets and a triplet series in place of the observed singlets* The wave- 
functions of open systems are essentially degenerate; the symmetrical and 
antisymmetricalt solutions are not separated from one another by a finite 
energy difference ; but for any arbitrary value of the energy (and of the other 
integrals of the motion) we can form a symmetrical and an antisymmetrical 
solution. This is a somewhat fundamental difference between open and 

♦ Oppenhoimer,' Phyg. Rev,,* voL 32, p. 861 (1928)* 
t For simplicity we discuss the case of only two electrons present. 



223 


Exclusion Principle and Aperiodic Systems, 

dosed systexxis. For dosed systexos containing two dectrons there exist only 
the symmetrical and the antisymmetrical solution \ but for open systems we 
might take any combination of the two. In fact, to describe an observable 
phenomenon such as a collision, the wave-function that it would first occur to 
us to use is a combination of the two. To fix our ideas we shall discuss the 
collision between two electrons. Our arguments could equally well be applied 
to the collision between an electron and a hydrogen atom, the problem originally 
discussed by Bom; but the former is the simpler case, and perhaps illustrates 
our theory better. 

VVe wish to observe the collision between two electrons ; first of all, therefore, 
we must do two separate experiments to find out where these two dectrons 
are. Suppose we observe one electron in the neighbourhood of a point A, 
and with momentum and with its spin axis in a given direction.^ There 
is, of course, an uncertainty in the position and momentum of the electron ; 
we describe the result of our observations by a wave-function, which determines 
the probability of any position and momentum. If r be the space co-ordinate 
of the point A, then the wave-function isf 

<f>a (?) = A, (x) exp { - (a — r)*/«T* + tp,r/A}, 

where q is written for r, s. In the neighbourhood of another point B we observe 
another electron. A and B are supposed to be a distance apart large compared 
to the uncertainty in the position of either electron. The wave-fimction for 
the second electron will then be 

^ (j) = A, (x') exp {- (b - r)*/o® + tptr/*}. 

We shall suppose that and are such that the two wave-packets will, in 
the future, have a collision. 

Now, the question is, what wave-function are we to use to describe the pair 
of dectrons ? We might be tempted to argue thus : let qi be the co-ordinates 
of the electron which we have located near A, and q^ the co-ordinates of the 
electron that we have located near B ; then the wave-function at time is 

^ (?i> ?»> ^o) “ (?i) (?«)* 

• We pass over the fact that tiiere is at present no known experiment by which we can 
know the direction of the spin axis of a free electron; mathematically, we can form a 
wave-packet with a grren direction for the spin axis. 

t A, (x) Is ^ spi» wave-fnnotion. s is a variable which can tdm four values, specifying 
the four Gomponents of Dirac's wave-funotion. x ^ written for the two constants which 
4etermine the direction of the spin axis. « 
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From the equations of motion is determined for all time, bo that, at time t, 
the probability that we shall find electron (1) in the volume element* 
and electron (2) in the volume element dq^ is 

The wave-function is a wave-function of the type used by Bornf in his 
original paper on collisions. However, as was pointed out by Oppenheimer, 
the true wave function is not <f>, but the antisymmetrical wave-function 
where 

(?i, ga. 0 = ^ (?n 0 ^ (? 2 > qv 0* 

Now, at time t = Iq, and until the two wave-packets have collided, the prob¬ 
abilities represented by | ^ and by 14> | * are the same, since (j> (g^, t) <f> (gg, gi, t) 
vanishes for all g^, g^; but after the collision this is not necessarily the case^ 
as we shall show. The antisymmetry of the wave-functions will affect the 
experimentadly observable results. 

Now, it is at first a little disconcerting to find that we have a wave-packet at 
A containing either electron (1) or electron (2), to find that, although we have 
located an electron at A, and know that no electron is anywhere near, yet we 
may not label that electron, electron number 1. However, let us remember 
that I <I^{gi, gg, t)\dq^ dq^ means simply, the probability that, in the particular 
experiment which we are considering, we shall find one electron at g^ and one 
electron at gg. Now, it is only possible for us to know whether the electron at 
g^ is the one which iim in the neighbourhood of A, if ^ (g^, q^ t) g^, 0 
vanishes at the points and time considered. This will be so, for instance, if 
the collision is “classical/' the wave-packets not having intermixed. And 
in this case it does not make any difference whether the wave-function used is 
^ or <t>. If, however, ^ (g^i, g^, i) <f> (g^, q^, t) does not vanish, then we do not 
know whether the electron at g^ is the electron that was at A or not; and in 
this case a wave-function <b such that \^(qi, g*)!® was 7u>t symmetrical in 
9v ?2 would give us more information than we could obtain experimentally. 
Experimentally we can only observe that an electron is at g^ and another 
electron at g^; so that interchanging g^ and g^ should not alter the amplitude 
of the wave-function. 

In this paper we shall discuss the collision between an electron and an atom. 
We shall throughout neglect the actual spin forces; the spin, to our approxi¬ 
mation, merely affects the symmetry of the wave-functions. In section 2 we 

* And with given spin direction. 

t Boxn, * Z. Physik.* vol. 38, p, 803 (1926). 
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fihAll obtain a scattering law for a polarised or unpolarised beam of electrons 
falling on a hydrogen atom* In section 3 we shall discuss the scattering by an 
atom whose magnetic moment has been orientated in a given direction by a 
Stem-Gorlaoh experiment; we shall show that the scattered beam is polarised ; 
that is to say, more spin axes point in one direction than another. We shall 
show, further, how this polarisation could be detected by a second scattering, 
analogously to the method discussed by the author in a previous paper.* In a 
later paper, the author hopes to discuss the collision between two free electrons. 

Section 2.—We shall first discuss a two-electron problem, the collision between 
an electron and a hydrogen atom. We shall first form the unsjrmmctrical 
wave-function that describes the collision, after the method of Boni,t and then 
form the antisymmetrioal wave-function as described in section 1. Through¬ 
out this section we shall consider for simplicity that the energy of the incident 
electron is less than the first resonance potential of the atom, so that the 
collision is of necessity elastic* 

First of all, let us neglect spin. Let be the co-ordinate of the incident 
electron, and of the atomic electron. We shall also make use of spherical 
polar co-ordinates r, 6, and of cartesian co-ordinates xyz. Let <f> (r) be the 
wave-function of the atom in its normal state. Then, as has been shown by 
Oppenheimer,! a solution w of the wave-equation exists, such that, for large 
or large r^ 

^ (ri. fa) ~ ^ (r.) +/(0i) V ^ (••«) + 9 (0*) V* 4' (fi)- (2.1) 

ri 

This is the familiar solution of Bom, but Born only considered the asymptotic 
form for large The last term in (2.1) corresponds to an interchange of the 
two electrons, the incident electron staying behind in the atom, and the atomic 
electron being knocked out. This term exists quite apart from any Pauli 
principle or resonance ; in fact, on the old semi-classioal Bohr picture of the 
atom, one can see that if the incident electron hit the atomic electron “dead on,” 
it would probably stay behind and knock the other one out. If we do not 
believe in the Pauli principle, then the scattered intensity will be 

1/!‘ + Ij7!‘. 

I/I* being the number of electrons scattered in a given direction, 1^1* the number 
knocked out in a given direction after an interchange. We could not, of course, 
distinguish experimentally between the two kinds. 

* Mott, ‘Itoy. Soo. Proo,,’ A, vol. 124, p. 426 (1929). 

t Bom, ioe. eit. 

{ OppenhsiiiMr, loo. oit, 

VOL. CXXV. -A. 
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We shall now mtroduce a spm co-ordinate. According to Dirac the wave- 
function of a single electron has four components tj'iJ 4 ^a» ^ 8 > 4 ^ 4 * 
neglecting relativity and spin forces; we may therefore neglect tj;, in 
comparison to 4^3 and 4 * 4 ^ J^nd further assume that 4^3 and 4^4 separately obey 
the Schrodinger wave-equation. There exists, therefore, a solution of the 
wave-equation of the form 

4>, — A,4>, {s — 3, 4) 


where 4^ satisfies the Schrodinger wave-equation. The constants A 3 , A 4 
determine the direction of the spin axis of electron. Suppose now that y, co 
are the spherical polar co-ordinates of this direction. We shall write A, as 
a function of these co-ordinates, A^ (y, o). Then it has been shown by 


Darwin* that 


Aa (x» ^ ix 

A 4 (^, w) = a sin Jy 


( 2 . 2 ) 


The wave-function for two electrons in any field of force has 16 components, 
and may be written 

^ 2 ) (^1 = 1» •*. > 4, ^2 = 1, , 4). 


A suffix s is to be associated with each set of space co-ordinates, and may be 
thought of as a spin co-ordinate capable of four values. The condition for 
antisymmetry is 

(ri. r 2 ) = - 4'v. (*•*. Ti)- (2.3) 


In the same way as for one electron, we neglect all but four of the 16 components 
and assume that each component satisfies the Schrodinger eqiiation. 

We shall obtain wave-functions and scattering,laws for the case when the 
spin axis of the incident electron is in direction x> ; and of the atomic 
electron in the direction Xoi incident beam of electrons would pre¬ 

sumably be unpolarised; it is at present uncertain whether a completely 
polarised beam can be obtained. It is immaterial whether we assume that the 
spin axes, in an nnpolarised beam, point in all directions at random, or whether 
we take an arbitrary direction in space, and consider that the spin axes of half 
the electron in the beam point parallel and half antiparallel. Either assumption 
leads alwa}rB to the same experimental results. We shall make the former 
assumption; for an unpolarised beam, therefore, we shall average our scatter¬ 
ing laws over all directions of Xt o. 

It is, however, possible to know the direction of the spin axis of an electron 
• Darwin, ‘ Roy. Soc. Proc.,’ A, voi. 120, p, 621 (1028). 
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in a hydrogen atom, for it lies in the same direction as the magnetic moment, 
which can be determined by a Stem-Gerlach experiment. If, therefore, we 
are considering collisions with such atoms, we must take Xo, (>>o as the direction 
of the magnetic moment of the atom. If not, we must average over all 
Xo> «»o- 

The non-8)rmmetrical wave-fuivction describing the collision is, then 

(^1. *■*) = K (X. “>) K (Xo- “o) w (^1, fs). (2-4) 

where w (r^, r^) is defined by (2.1). 

The antisymmetrical wave-function, satisfying (2.3) is 

(*'l> *"8) “ {**1> ^s) (*’8> **l)" (2*5) 

The probability that an electron shall l)e found at Tj, and another at r^, 
will then, per unit volume for each electron, be 

S *!>,,«, (fj, Tj) O*,,,, (tj, Tj). 

Substituting from (2.2), (2.4), (2.5) we obtain for this probability 
rg)|«-f-|w(r„ ri)|* 

— cos* ix . {w (fi, Tj) «?* (r„ Ti) + w (rj, r^) w* (r^, rj)}, (2.6) 

where 

cos X = cos X cos x“ + sin x sin Xo cos (w — <Oo). 

If now the initial beam is unpolarised, we must average over all directions 
X, to of the spin axes of the incident beam.f We obtain then 

I rs)l*4-1 w(ra, r^)!* - J {w (r,. rg)M'*(r*, r^) + M>(rj, r,) w*(ri, r^)}. (2.7) 

The scattering formula (2.7) does not depend on the direction of the magnetic 
moment of the hydrogen atom *, it is true, therefore, whether this direction is 
known from a Stem-Gerlaoh experiment, or not. 

It is interesting that (2.7) may be written 

i{31«{ri, r,) - w(ra, ri)|* + |M)(ri, r,) -f- w(ra, rj)!*}, (2.8) 

so that the true scattering law in any two electron problem is obtained by 
combining, in the ratio 3 to 1, the scattering laws obtained by using 
wave-functions respectively symmetrical and antisymmetrical in the space 
co-ordinates. 


t We may, if we like, amume that the spin axes in the incident beam all point parallel 
or antipardlel to a given dizeotion; we obtain the same iMuit. 


<i 2 
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To obtain a scattering law from (2.8) we need simply the probability that an 
electron wiU be found at a point so distant from the atom that (rj) may be 
taken as zero. We have simply to integrate (2.8) over all r, space. For an 
impolarised beam the scattering law is 

i{3|/(e)-5(Q)l® + 1/(6)+9(6)1*}, 

a result already obtained by Oppenheimer. 

Section 3.—We shall now consider the polarisation of a beam of electrons 
scattered by atoms whose spin axes have been orientated by a Stem-Gerlach 
experiment. We see from (2.6) that the probability that an elecixon will be 
scattered in a given direction depends on the orientation of its spin axes; 
therefore, in the scattered beam, the spin axes will not be distributed equally 
in all directions. This polarisation could be detected by letting the scattered 
beam fall on a second assembly of atoms, whose magnetic moments have been 
orientated in a known direction by a second Stem-6erlaoh e3q>ariment. If the 
scattering by these second atoms depends on the direction of the magnetic 
moments of the first, then we can say that the beam is polarised. 

This experiment is a three-electron problem, and the wave-function which 
we use must be antisymmetrical in all three. 

Let Xo> be the direction of the magnetic moment of the first atom, 

Wo' of the second. Let 4^ (r), 4' (*") be the wave-fuimtioua of the two atoms, 
in the same space. The atoms are naturally a sufiicient distance apart for us 
to be able to assume 

14 (*■) 4' (**) — 6> 

We shall suppose that an electron must be scattered through an angle 6 by 
the first atom if it is to hit the second atom. / and g are the amplitudes of the 
scattered waves {cj. (2.1)) for the first scattering, in the direction 6. /' and 
g' refer to the second scattering, in the direction 6'. We shall first form the 
unsymmetrical wave-function ; assuming that electron 1 is the incident 
electron, that electron 2 was initially in the first atom, and electron 3 in the 
second, then the wave scattered by the second atom may be written 

^ (123) == {ff 4 (2) 4' (3) s (1) -I- af 4 (1) 4' (S) s (2) 

+/ 9 ' 4 (2) 4' ( 1 ) s (3) sa' + (1) V (2) s (3)} 

^ (X* o>) A|, (xo, e>o) (xo', <i)o')» 

8(r) = e‘*'/r, 


where 
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and 8(1), etc., are written as shortened forms of S(ri), etc.f Now, the anti- 
symmetrical wave-function will be 

«> (123) = <f, (123) - <l> (132) -t- <f, (312) ~ ^ (321) + (231) - ^ (213). 

To obtain the scattering law by the second atom, we must as before integrate 
<I> O* over all r^, r j, and integrate over all directions of the spin axes of the 
incident beam. We obtain, for the square of the amplitude of the scattered 
wave in the direction 9' 

[//* + 99* {f9* +f*9)] [/'/'* + 9V* - h {fV* +/'Y)] 

— +f*9 — ifV* +/'Y)cos z, 

where 

008 z = cos Xo cos xo' -f sin xo sin Xo' cos (wo — ci>o') 
aud 

/'=/'(9'), etc. 

The scattered intensity does, therefore, depend on the angle between the 
magnetic moments of the two atoms. The function of 6 

fg* +f*S — 2gg* 

may be taken as a measure of the polarisation of the first scattered beam ; if 
it vanishes, the scattered beam is \mpolaiised. 

Section 4.—We shall now consider the scattering by a helium atom. The 
wave-function of the helium atom in its normal state is symmetrical in the 
space co-ordinates, and antisymmetrical in the spin co-ordinates. The two 
spins lie antiparallel to one another. Neglecting the spin forces, therefore, 
the wave-function of the atom is 


^ (Fj,, r,) {A,, (xo. Wo) K (Zo'» “o') — K (Xo. “o) K (Xo'> Wo')). 

where Xo> w, are the polar co-ordinates of an arbitrary direction, and Xo'> <^o 
the opposite direction. 

The unsymmetrical function w(rg ; r,, r,) of the space oo-oxdinates describing 
the collision will have the form 

«(*•», r*. ti) ~ 'I' (*•!. »•«) + /(9) jI* (*•!, r,) 

+ j (9) ^ 4, (r„ r,) + sr (6) ^ 4, (r„ r,). 

t The first term i« contributed by oollisionai without interchange; the second by an 
interchange at the first collision but not at the second, and so on. 
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The Tinsynimertdcal function of space and spin co-ordinates isf 

^ (?8 ; U 3i) = “'(rs; rj {A^,(xo» <»>o) A,,(Xo'> 

— (Xo» ^o) -^1 (Xo > ^0 )} “^1 (x> ^)» (4.1) 
where x, o> is the direction of the spin axis of the incident electron. 

We can see very clearly from this wave-function how the use of wave- 
functions which are not antisymmetrical gives a probability for the formation 
of symmetrical helium atoms. The scattered wave in (4.1) contains terms of 
the form 

g{%) -(J, (tj, Fi) A., (Xo, «o) A,.(Xo'* *> 0 ') A..(x» «)• 

H 

which represents a scattered wave together with a symmetrical helium atom. 
For the antisymmetrical wave-function describing the collision, we have 

® (?i. ?*. ?8) = •!> (?8; ?8. ?i) + <^ (?a; 9v 9s) + ^ (?i; ?8. 9%)- 
We interpret this wave-f\mction in exactly the same way as for hydrogen. 
Assmning, say, that is so large that ^ (r^, rg) vanishes, the scattered wave in 
(4.1) reduces to 

{/(e) -^(8)}-—A,,(x, w){A,.(xo. Wo) A.,(Xo', «c') 

^3 

— A„(Xo. Wo) A..(Xo'. Wo'))- 

The scattered wave, therefore, has the same spin axes as the incident wave; 
if the former is unpolarised, so is the latter; and the scattering law for a 
polarised or unpolarised beam is 

l/(6)-fir(e)l*, 

a result already obtained by Oppenheimer. 

In conclusion, the author would like to esqness his thanks to Prof. Niels 
Bohr for many discussions on this subject. 

Summary, 

The collision between an electron and an atom is discussed. The wave- 
function must be antisymmetrical in the co-ordinates of all the electorons 
present. If the magnetic moments of the scattering atoms have been orientated 
by a Stem-Gerlach experiment, then the scattered beam of electrons will be 
polarised. It is shown how this polarisation could be detected. 


tC/.(2.4). 
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The Compton Scattering and the New Statistics. 

By S. Chandbasbkhab, The Presidency College, Madras. 

(Communicated by R. H. Fowler, P.R.S.—Received June 20, 1929.) 

1. IrUroduction. 

Great success has been achieved by Sonuuerfeld in the electron theory of 
metals by assuming that there are free electrons in them which obey the 
Fermi-Dirac statistics. It has been assiuned in the case of univalent metals 
that on the average one electron per atom is free. In general, however, the 
valency electrons can be considered as free.* These free electrons will take 
part in the Compton scattering. The analysis of such a Compton effect 
reduces to the analysis of the collisions between radiation quanta and an 
electron gas. The general features of such a scattering was first considered 
by Dirac.f But he has assumed a Maxwellian distribution for the electrons 
which will not be applicable to the case under consideration, because the 
electrons in a conductor being degenerate do not obey the Maxwell’s law, but 
the Fetmian distribution. 

In considering such a process we take it that the conservation of momentum 
and energy principles are satisfied for each particular collision just as in 
Compton’s theory—only we are here dealing with moving electrons instead of 
stationary electrons which Compton considers. Thus electrons of different 
momenta components will produce different (^mpton shifts, and the intensity 
of any particular shift will depend on the number of electrons in that state. 
Thus we have to average for the radiation falling on an assembly of electrons 
whose momenta are distributed according to the Fermi-Dirac law. 

The above is just a natural extension of Compton’s theory. In this con¬ 
nection mention should be made of Jauncey’s| theory of bound electrons whose 
arguments axe essentially what we have put forwwd in the previous paragraph. 
But his theory has not been quite satisfactory because he has not assumed any 
definite distxibution of the electrons. 


* Boaenfeld, ‘ Nsturw.,* p. 49 (1929). 
t ‘ M.N.E.A.8.,’ vol. 86, p. 825 (1926). 
t' Phys. Rev.,’ vol. 26, p. 728 (1926). 
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2. Compton scattering with Moving Electrons^ 

Let wty, be the momentum of the scattering electron and g^ 
those of the quantum, g^y represent the masses of the electron and the 
quantum multiplied by the velocity of light o. If we take polar co-ordinates 
= Av cos 0/c ; = Av sin 0 cos ^/c ; g^ = sin 0 sin <f> g^^ (1) 

Then the conservation of momentum and energy gives 

(^ii> ffu) ' 9u ) ^ i9uy 9u)* (^) 

The above equation gives the frequency of the scattered quantum in terms 
of the initial momentum of the electron and the incident quantmn, and the 
directions of the incident and scattered quanta. 

Equation (2) reduces to 

cos 6' — my sin 0' = ^ — mj^) — ~ (1 —^ cos 6'), (3) 

V c 

if we assume that the directions of the incident quantum is along the x axis 
and that of the scattered quantum in the xy plane. Here 0' is simply the angle 
of scattering. 

3. The Spectral-intensity Distribution Function, 

Before considering the case of scattering of monochromatic X-radiation, 
we will consider first the more general case when the incident radiation is 
continuous. Suppose we have such a pencil of radiation confined to a small 
solid angle do and let L be the intensity per unit frequency range. Let this 
radiation be incident on an assembly of dn electrons of momentum w*, 
tn,. Let the intensity of radiation scattered in the solid angle do' and frequency 
range v' and v' + dv' be given by 

R (v') dv' do'. (4) 

Then it has been shown by Dirac {he. ci«., equation (8)) that 

(S) 

mV vm, ' 

Here v' is to be regarded as a function of jr*', g,* and m„ being that 

frequency of the incident quantum which will be scattered by an (m*, m^ m.) 
electron into the frequency range v' to v' -f dv'. 

In the above equation F (a, 5) is a function which depends on the scattering 
law adopted and a and h the two invariants connected with the scattering 
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process which as well as the initial momentom tn,, m, of the electron and 
?yi 9% ot the quantum specify the collision. 

Now for dn in equation (6), we have to put the Fenni-ezpreasion 

i* ^ eip(S«,*/2»»iT)/A + l’ 

and integrate with respect to m*, m,. In the above eclnation A is the 

constant appearing in the Fermi-Dirac statistics. It has difierent values 
according as we consider a degenerate or a non-degenerate gas. When the 
83 ^in is non-degenerate A is a small positive quantity and then has the 
value 

A = (7) 

A degenerate system corresponds to A being a large quantity and in that case 

1 A / 3n f... 

-sif- '*> 


Then by equation (6) 


R(v'l==J^ X Qfff* dm,dwy dm, 

m®c® A* J J J _* vm< ‘ exp (Sm,*/2mJfcT)/A + 1 


Where 


.X.ari 

mV A» Jo 


<Kv,v') = 


f* ^ _ dntydm^ _ j 3v 

J_« vm*' exp (Lm,*/2mAT)/A + l/Sm, * 


Where m, and dyldm„ are to be evaluated in terms of m,, m, and v by means of 
equation (3) 

3m, _ me h 

-aV- v'(i -ccSl0“c’ ^ ^ 


m^,* + m,* ^ j^« 




where 

P == 1 — 2v 008 O'/v' + (v/v')*, y == v/v' — cos 6', 

K = — mo (v/v' — 1) + *v (1 — cos 6')/c. (14) 


■'■fj 


I_ I 

Lv{i-< 


L_ Av'~ 

COB 6') wVv- 


dm^dWy 


4-m* 


+ 1 
(16) 
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Suppose now that the radiation is monochromatic, tli^ the number at quanta 
scattered between the frequency range v' and v' + dv' into the solid angla 
diit' is given by 

So that the (spectral) distribution of intensity about the primary frequency v 
is given by (v, V), which we shall now evaluate. 


^(;(v,v') = 4For— i-- 

Lv(l — cos 6 


') me* 


“1 r f** dm^ 

JJo B ^W* 2mjfcT 


where 


m „ = m„ 


K sin 6' 


1 1 / 


/j sin* y ' 


B A' PlY2.2m&T’l ~J~/J J 

If we introduce the new variables 

P/Y®. 2m^T, z = m*l2mkT. 

Inen 

v') = 2F„r-i_^vn Y-wt T 

®Lv(i-cosO') 

— gF.. r ^_1 Y-«»*T „ 

® Lv (1 — cos 0') mc*vj ' p* ■ 

where Uq is the special cose of the general Sommerfeld integral 

U _ ^ f* 

,. , . . " ^(p + l) Jo e*yB + l’ 

which gives for p = 0* 

Uq = w log (B + 1). 

Hence we get our intensity distribution function 

4((v, v') = 2Fnr_1_ibill Y-»»^it , , ,, 

L V (1 — cos 0') mc*vj * 

Case I. —If B is large and positive we get 

'I' (V, V') 2Fo r-77—L_ . . Y- ”»^T7t 

Lv (1 — cos 0') mc*vJ p* 


A K* /, ein»y 

Y*. 2»»Jl!T V p 


- V * * \ P 

the value of log A being given by (8), 

• Sonuaerfeld, ‘ Z. Physik,’ vol. 47, p. 1 (1928). equation (8U) 


l} (28) 



Compton Scattering and New Suuistica. 


235 


An approxunation of the above equation to an order of accuracy where the 
Compton-shift is neglected is 


<Kv.v')== 


V2Fn7tmAT 
V (1 — cos 0')* 



(v'-v)n 

ov» J' 


(24) 


where a = 4jfcT (1 — cos Q')lmc^. 

Cate II .—If B is small due to the smallness of A we get, to the same order of 
accuracy as (24), the equation 


the one given by Dirac {loc, ciL^ equation (13)). 

Equation (26) gives an exponential distribution of intensity about the 
primary frequency for the scattered radiation. But equations (23) and (24) 
indicate that the distribution of intensity of the radiation scattered by a 
degenerate electron gas does not follow an exponential law but gives a parabolic 
distribution. This perhaps explains the rather broad structure of the Compton 
modified radiation.* 


4. The Compton effect. 

It is natural that the distribution of intensity predicted by equation (23) 
places the maximum peak of intensity at a place where the Compton’s theory 
for a free-stationary electron predicts a line. Bemembering that in any case 
v/v' ==:= 1 the maximum frequency will be at a modified frequency where 
K = 0 w'here 

K = — me (v/v' — 1) 4* (1 — cos 6')/c === 0, 

A A WlTnATO 

X' - X = A (1 - cos e')/wc, (26) 

i.e., on an intensity-frequency graph the maximum occurs at a place corre¬ 
sponding to the Compton shift. 


6. The Effect of Temperature. 

If we ooDsider the Compton scattering by an eleotron-gas, the distribution 
function of which depends on temperature, it would naturally be expected 

* Mr. J. W. Ihi Mond in a private oommunieation to the author from the California 
Institate of Technology, Paaadena, has Idndly pointed out that Uie above ia the oharacter- 
iitiooftheOompton-ra^tionfromoondaotora. HispaperlntbeMayiMueofthe'Physical 
Beview' (vol. 83, p. 643) gives experimental details and theoretical calculations as well. 
He has independently derived tiie parabolic strubtnre. 
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that the spectral intensity distribution function in the Comptcm aeattering 
would also depend on temperature and Dirac’s classical expression (26) does 
indicate this by the explicit appearance of the temperature factor in tj^ (v, v'). 
But if we substitute the value of log A given by ( 8 ) in (23) we get 

i (V, V') - . 3^ 

where all the temperature factors have cancelled out. Thus Compton-scatter- 
ing by an dectron-gas will not be influenced by temperature. Further the 
Compton scattering by the bound electrons will also not be influenced by the 
ranges of temperature available in the laboratory. Thus it appears that the 
total Compton scattering will not be affected by temperature.* 

6 . The Effect of a Magnetic-field. 

We will consider the scattering by the conduction electrons only. When the 
scatterer is placed in a magnetic-field the distribution fimction for the electrons 
changes, and in that case the number of electrons in the momentum range 
Wy, Mg and m, + m, + given by the Paulies 

expressionf 



where = rng iaqH ; where — ehjhtmQC = a Bohr magneton, <7 =s the 
liande factor, H = the field strength. 

For the summation over all the values of the quantum number m 
from — j to we have the relations 

+i 

S «« -0 

To derive the spectral-intensity distribution function we have to substitute 

• Since the writing of the above a report by Jannoey and Bowers has appeared C BalL 
Amer. Phys. Soo./ voL 4, p. 26 (1229)) giving experimental observations which support 
the above conclusions. 

t'Z.Physik; vol. 41, p. 81 (1927). ' 
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(28) instead of (6) in equation (5) and catty out tiie integration as before. 
Tbe final result as one can easily see is 


4;(v, v') = 2F, 




X 


v(l - cos 0') 

h A + E 


Av'- 

1 Y.miT.Tr 

mc®v. 

J- p* 

— e* 

K* / 

i AT 

2y* . mkT \ 


sin* 0 ' 

P 


)]• 


(30) 


which on account of (29) becomes identical with (23). Thus it appears on 
Pauli’s theory of the paramagnetism of an electron-gas that the scattering of 
such an assembly should not be influenced by tiie presence of a magnetic field. 
In this connection mention should be made of an experimental observation of 
Bothe* where he tried the influence of a magnetic field. The scatterer he used 
was paraffin, and he tried up the field strengths of the order of 20,000 F. But 
he could detect no influence. 

Summary. 

In this paper the Compton scattering by an electron-gas on the Fermi-Dirac 
statistics is considered. The theory predicts a distribution of spectral inteiuity 
not exponentially falling off about the maximum but paraboHoaUy. It places 
the peak of maximum intensity at a place where the Compton relation 
X' — X =s A (1 — cos 6')/fnc is satisfied. Further, the theory indicates that 
there should be no influence of temperature or magnetic field in Compton 
scattering. 


In conclusion the author wishes to express his thanks to Dr. B. H. Fowler, 
F.R.S., and Mr. N. F. Mott for kindly going through the manuscript and 
suggesting improvements. 


* ‘ Z. Physik,’ vol 41, p. 872 (1927). 
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Regularities in the Arc Spectrum of Arsenic. 

By K. R. Rao, D.So., Government of Madras Research Scholar, Imperial 

College of Science, London. 

{Communicated by A. Fowler, F.R.S.—^Received June 22, 1929.) 

Introductory. 

In the course of an investigation of the spectrum of arsenic under different 
conditions of excitation several regulanties have been detected among the 
lines due to As I, and it is the purpose of the present paper to give an account 
of these. 

Besides the very early work of Kayser and Runge, previous investigations 
on the analysis of the arc spectrum of arsenic consist chiefly of two contributions. 
Ruark, Mohler, Foote and Chenault* have made measurements of the critical 
potentials of As, and, with the aid of these and the recurring frequency differences 
pointed out by Kayser and Runge, have suggested an empirioal scheme of 
terms which accounted for many of the mote intense lines of the arc. But a 
large number of lines of wave-length below X 2100 have not entered into the 
above scheme and remained unclassified. A study of the absorption by the 
normal vapour of arsenic failed to show any characteristic line absorption, 
for the vapour has been found to exhibit continuous absorption in the ultra¬ 
violet which spreads towards longer wave-lengths as the vapour pressure rises. 

More recently, in the light of Hund’s theory, McLennan and McLayf have 
partially identified, from the above scheme of combinations, t|h® groups of 
lines arising from the transition of the electron from the ip to the 5s orbit. 

In the present investigation the spectimm has been extended to X1663. 
Several new lines have been added which have led to the identification of 
combinations due to the electron transitions from the deepest ip state to the 
higher bs, ip' and id states. 


Observational Data. 

The wave-lengths of the arc spectrum of arsenic recorded by Randallj; 
extend from X10614 to X 8823. The region 3119 A. to 2144 A. has been 
measured by Kayser and Runge. Below X 2144 A. the measurements of 

* • Soi. Pap. Bur, Standards,’ vol. 18, p. 463 (1824). 
t ‘Pbil. Trans, R. S. Can.,’ Sect. 3, vol. 21, p. 83 (1927). 
t ‘ Astrophys. J.,’ vol 34, p. 1 (1811). 
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L. and E. Bloch* are those of the spark spectrum. In this work the spectrum 
has been photographed between X 8800 and X 1370. The infra-red region has 
been investigated by a glass prism (Littrow type) spectrograph using hyper- 
sensitised neo-cyanine plates and giving an exposure of about 4 hours. But 
there is no trace of any lines in that region. The characteristic spectrum, as 
has been observed by previous investigators, begins at X 3119. A few of the 
lines have been measured in the second order of a 10-foot grating of dispersion 
about 2 *8 A. per millimetre, and these are distinguished in the tables by giving 
their wave-lengths to seven figures ; the error is believed to be less than 0 *01 A. 
Between X 2600 and X 2000, the measurements have been made on photographs 
taken on Hilger quartz spectrographs, types and Ej. The vacuum spectro¬ 
graph used for the Schumann region has a metre grating of 30,000 lines per 
inch and gives a dispersion of about 8*6 A. per millimetre. The lines are of 
very good definition. The standards adopted in reducing the vacuum plates 
are those of carbon X 1930*94, X 1666*27 and nitrogen X 1745*26, 1742*74 
and 1494*78, 1492*83. It is thought that the errors in the wave-lengths do 
not generally exceed 0*03 A. 

Unlike that of nitrogen and phosphorus, the production of the arc spectrum 
of arsenic presents little difficulty. The ordinary arc between metallic arsenic 
contained in poles of carbon or aluminium served as a convenient source in 
most of these experiments. In investigating the Schumann region the arc in 
nitrogen, in the manner devised by Mr. E, W. H. Selwynf and adopted by Prof. 
Fowler for SiJ and by the writer for Gte§ and described in detail in these papers, 
has been used. The stream of nitrogen served also to prevent the formation 
of a deposit of the metal on the fluorite window, which had been a source of 
great trouble in several of these experiments. The spectrum taken by this 
method, however, extended only to X 1660. For photographing below this 
region the arc in mcuo between carbon poles containing arsenic and the spark 
between metallic arsenic in hydrogen, at atmospheric pressure, have been xised. 
These latter methods, however, produce lines due to the ionised atom in addition 
to those of the arc. Therefore in extending the classification below X 1650 
only those lines have been included which, by their appearance, are believed 
to be arc lines, and which further are supported by the equality of the frequency 
’differences. 

< J. Physique,’ vol. 4, p. 622 (1914), and *C. R.,’ vol. 171, p. 709 (1920). 
t 'Phye. Sob. Proo.* (Load.) in course of publication. 
t ‘Roy. Soo. Proo./ A, vol. 123, p. 422 (1929). 

8 ‘Roy. Soo. Proo./ A, vol, 124, p. 466 (1929). 
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Anaiym of the Spectrum. 

The terms to be expected in the arc speotnim of aisenio may be represented 
in the usual way by the following table. The natation is the same as that used 
in the writer’s paper on Oe I {he. oU.). Similar terms arising from the same 
electronic conhguration, but due to different states of the core, are distinguished 
by the super-scripts a, b, etc. 


Table I.—^Predicted Terms of As I. 


3, 8, 3, 

4i 4^ 4g 4^ 1 

5j 5* Og 

i 

Term j 
prefix. 

Term*. 

Ijimit ‘P. 

1 

•D. 


2 6 10 

2 0 10 

2 6 10 

2 6 10 

2 6 10 1 

2 8 

2 2 

2 2 1 

1 4 

2 2 

1 

1 

! 

U 

4p* 

4p ap 

»P 

4p ap 
‘I> *P *S 
»P *8 

»r> 

*i> 

\*G *]>* 

/»P“ »S 

•D 

*F *D* 

aps 

»p 

*8 

*S 

ip^ 


The terms which have been identified are shown with the observed com¬ 
binations in Table II. From the data it will be seen that doublet-quartet 
system inter-combinations are fairly strong in the spectrum of As I. 


Table II.—^Multiplets of As I. 




4p 

‘S. 

•». 

•D. 

•p. 

•Pa 




(9S500r 

82000*7 

82687*4 

75316*7 

748S6-6 




lOSQO'S 322'S 

72T0 7 m-lS 

5d‘P, 


42808-0 

50893-6(15) 

40102-0(2) 


32507*56(2) 

3iM6-38(4> 



9 IS 



•p. 


41892'2 

51608*1 (15) 

41018 0 (2) 

(4) 

83423-01(2) 

32862-77(4> 



im-T 


*p. 

ass 

40604*5 

628»6*2(15) 

42305*4(2) 

41083*0 (4) 


— 

•Pi 

=== 

40366*8 

53134-1 (5) 

42543-2(10) 


34«4e-27 (7) 

84488-19 (6!) 

•Pa 

tage 

88897*2 

54603*3(6) 

44012*4(4) 

43690*5(10) 

86419-24 (6) 

86988<00 (8> 

•D. 

- 

32667*8 

-/Pi 

— 

50241*9(0) 

40020-6 (4) 

42648*6 (6) 

49187-1 (5) 

*D. 

aas 

32686*9 

60812*5(3) 

60224*0 (7) 

4090X*4(10) 


42167-0 (6) 

% 

- 

28005*2 


54901 *6(2)? 


47311-3(4} 

46860-6 (4)_ 


* Tbi* value ia derived from the ioniastion potential. 
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Table II—(continued). 


*p *S, ‘D, »1>, *P, *p. 

(93500)* 82909-7 82687-4 7631«-7 74866-6 

10690 S 322 S 7270 7 401 16 


1 

43»'‘P, ^ 30761-9 

62748-6(6) 

62138-3(4) 

61835-7 (1) 


44102-4(4) 

-752 1 




*P, = 29999-8 

: 63502*2(6) 

! - 

62687-6 (2) 

46316-9(2) 

44854-8(3) 

-477 3 





*P, =« 29622 -6 

63976-3(3) 

63387-7 (4) 


48794-6 (2) 

46333-2 (1) 

“P, 26494-0 




48822-4 (5) 

48360-7 (4) 

-130B 9 






“P, = 26188-7 


67719-7 (3) 


50128-6(6) 

49067-4 (4) 

»D„, =» 28093-2 


6-4215-5 (7) 

63894-4(4) 

46624-0(6) 

46162-6 ( 6 ) 

* 8 , =. 26916-8 


66992-0 (1) 


48400-8(6) 

47938*7 (5) 

44 * 1 ) 4 .::. 26719-6 ? 



55867*8(4) 



59‘9 






‘D, = 26779-6 


66130-9(6) 

66807-9(4) 


48075-2 (2) 

239-2 





‘D, =. 27018-7 


66889-4(3) 

66607-6 (2) 

48298-0 ( 6 ) 

47838-9(3) 

-344 





‘Dj = 26984-3 ? 


— 


48332-4(4) 


i 

44*1’, = 29160-7 1 


53749-6 ( 8 ) 

63426-2 ( 6 ) 



mrs 





•F 4 = 27222-9 



66304-6(9) 



’D, » 26202-3 


67707-7 (2) 

[67386]t 

50114*0 (7) 

49663-6(6) 

10)-4 






26100-9 


57808-6 (2) 

67486-8(4) 


49764-6(9) 

"P] a 20986 -6 


61922 -6 ( 6 ) 


64330-7(4) 

— 

mt 





*P, 20726-4 


62182-4(2) 

61869-8(6) 

54691-1 ( 6 ) 

54130-4(6) 



Other regularities. 



a oi 26682-8 



67004-7(2) 

49733*8(4) 


P ==• 28806-4 



68781-4(3) 


51048-8(7) 

y » 21S80-8 



61207-8(3) 


53474 -6 (4) 

8 » 19871>9 




56444*7 (3) 

64983-7(1) 

« - 18902-7 




50413-3(2) 

56953-6 (2) 


* ThiB vaIuo IB derived hoai the ionisation potential, 
t Close to a line of N L 


VOXi, CXXV,—A, 


R 
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There can be little doubt ae to the correct identification of the combinations 
ip *P with 55 *P, ®P. As McLennan and Me Lay have pointed out, the 
intervals of the various terms are perfectly in conaonanoe with the oorre- 
eponding values for the other elements N I, PI, Sb I of the same chemical 
group. The lines XX 1972-64, 1937-68, 1890*53 are distinctly the strongest 
lines of the spectrum and can be no other than the resonance triplet 4p — 
65 ^P. Some difficulty was experienced in finding the other terms of the 55 
state, particularly 55 for the line X 2344*02 (v 42648*6) had been recorded 
previously not as an arc line but as one of the spark. In the present experi¬ 
ments, however, it is easily observed in the ordinary arc where none of the 
other spark lines of As is present. The small interval of --19 cm.”^ of the 5^ *1) 
term appears probable from a consideration of the corresponding value in 
OIL* 

An interesting feature of the analysis is the detection of the ip* group of 
terms. In As I, as in other spectra of this type, the term ip* *V is inverted. 
The absence of the line ip — ip' ^Pg makes the assignment of the latter 
level somewhat doubtful but no other alternative was found. The level 
ip' *D is presumably imresolvcd. 

It was found extremely difficult to identify with any degree of certainty the 
id group of terms. Of those the doublet terms arising from the and 'S 
states of the core give combinations l)dng further down in the ultra-violet 
below the region investigated, while the quartets depending on the ®P state of 
the core have to l>e located only by weak inter-combination lines. An attempt 
has, however, been made to locate a few of these terms. But as there are no 
means of checking the correctness of these terms either by other combinations 
ftuch as id bp or at least by comparison with other similar spectra, the assign¬ 
ments cannot be said to be entirely definite. The pair ip *D —id is very 
strong on the plates and seems to be correctly identified. 

Term Values. 

It has not been possible to find the absolute values of the terms, as even two 
members of any series have not been identified. The values adopted in Table 11 
ate estimated by assuming 4p to be 93500 cm.”^ which is derived from the 
ionisation potential of 11*54 volts found by Ruark and others for arsenic. 

• A. Fowler, *Roy. 8oo. Proo.,’ A, vol, 110, p, 476 (1926). also K. H. Fowler and 
Harfcree, • Roy. Soo. Proc.,’ A, vol. Ill, p. 83 (1926); KuBsell, ‘ Phys. Rev.,’ vol. 31, p. 27 
(1928), 
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The estimated probable error in this Talne is 0-5 volt which corresponds 
roughly to 4000 cm."^ The value adopted will at least serve as well as one 
arbitrarily chosen. ^ 

An interesting feature about the relative values of the ip' and 5s terras 
deserves notice. In the spark spectra of this type, e.ff., 0 II,♦ F III,t SII4 
Cl III § the corresponding p' group is much deeper than the s group, so that the 
so-called resonance triplet corresponds to the combination mp * * * § S— mp' *P and 
not mp (rn+1)8 *P, while in the arc spectra, N I,t As I and presumably 
Sb I the reverse is the case. This change in the relative values of the two 
groups of terms as we pass from the arc spectra to the spark may throw some 
light on the relative importance of the inner electron transition in spark spectra. 

Finally, a general catalogue of the As arc lines is given in Table III, m which 
the last colunm indicates the classification of the lines. Measurements by 
Randall in the infra-red region have been omitted from the table. The 
following pair pointed out by Ruark and others may, however, be mentioned. 


X 

V 

Av 


8823-3 

11330-6 

916-0 

5s —X 

9599-3 

10414-6 


5s *P,~x 


The term x is probably one of the 6p group of terms. 


* jLoc. ctl. and Bowen, * Fhys. Rev./ vol. 29, p. 231 (1927). 

t Bowen, < Phy«. Rev./ vol, 29, p. 281 (1927), and Dingle," Rory, Soo. Proc,,’ A, vol. 
122, p. 144 (im). 

t * Phys. Rev.,* vol. 82, p. 172 (192S); also ‘ Roy. Soc. Ptoo.,* A, vol. 122, p. 416 (1929 . 

§ * Phys. Rev./ vol. 31, p, 34 (1928). 
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Table 111.—Catalogue of Lines of the As Axo Speotruiu. 



• 

ClaBsi6oation. 

* 

A I.A. (int.). 

V (vac.). 



Quartets and 

Doublets. 

Inter- 



com binations. 

other oombinaiions. 

3119*676(4) 

32046*38 




3076*317(2) 

32607*66 


4p*P,—6**P, 


3032*646(4) j 

32902*77 


4ii*P,—5«*P, 


2990*991 (2) 1 

33423-91 


4iJ*P,—6**P, 


2898-702 (6) 

34488-12 

4})*P,—5«»P, 



2660*462 (7) 

34949*27 

4p»P,--5«>P, 



2780*197(8) 

36958*09 

4j)»P,--5i»P, 



2744-991 (6) 

36419*24 




2492*89 (2) 

40102*0 

4jj *Da—6s ^Pi 


2466*63(4) 

40695*0 


47)»D,—5**P, 


2437*22(2) 

41018*0 


4;>»D,---6s *Ps 


2381*19(4) 

41983*0 


4p‘V,—Ss *P, 


2370-80(6) 

42167*0 

4;>*Pa—6s*D, 



2869*67 (6) 

42187*1 

4;»*Pa—5s*D, 



2363*04(2) , 

42306*4 

4j>«Da~^s *Ps 


2349-83(10) 

42543*2 

43J*D,—6»*P, 


2344*02(6) 

42648*6 

*Pi—6s *Da 



2288-12 (10) 

43690*6 

47J»D,—5»*P, 



2271*39(4) 

44012*4 

4p>D,-~Sg‘P, 



2266*76 (2) 

44102*4 , 

4p —ip' *Pii 


2228*72 (3) 

44854*8 1 


4p *Pj—ip' *Pj 


2200-04 (2) 

43315-9 


4p *Pa 


2206*20(1) 

46383*2 


4p *Pi—4p' *Pi 


2182*98 (2) 

46794*6 


4p*Pi-4p'*Pj 


2176*26(1) 

46936*9 



2166*67 (6) 

46162*6 

4y*P,-4j>'«D^, 



2144*14(6) 

46624*0 

4j»*P,-4l»'*D, 



2138*63 (2) 

46746*3 



2133*77 (4) 

46850*6 

47>*P,—6«*Sj 



2124*06(1) 

47064*7 



2112*99(4) 

47811*8 

4p«Pj-5«*Si 



2089 *68 (3) 

47838*9 

4y»P,—4(i«D, 


2086*33(6) 

47938*7 

ip*P,—4p’*8, 


2079*41(2) 

48076*2 

4p •Pa*--44 *D j 


2069*79(6) 

48298*6 


4p»P,--4d^Vt 


2068*34 (4) 

48332*4 


4p»Pj--4d^Dj 


2067*13(4) 

48360*7 

4p>P,-4p'‘P. 


2066*42 (6) 

48400*8 

4p’P,—ip'‘8, 



2047*68 (6) 

48822*4 

4p‘P,~4p'‘P, 



2026*36(1) 

49368*0 



2018*80 (6) 

49668*6 

4p*P,—4dV>g 



2012*74 (4) 

49667*4 

4p‘Pt-~tp'% 



2010*06 (4) 

49733*8 


4p^Pi — a 

2009*21 (9) 

49764*6 

4p‘Pg—4a*Dt 


2008*28(10) 

49901*4 

4i>*D,—6»‘D, 



2002*68(4) 

49920*6 

4i>*D,— 



A vao. 





1996*46 (7) 

50114*0 

4j,ip_4rfqj 



1994*87 (6) 

60128*6 

4j.*Pt—*p'*Pi 



1991^08 (7) 

50224*0 

4p *D.—5* 



1990*37 (9) 

50241*9 

4j»*D,—5«*», 



1972*64(16) 
1868*91(7) 

60693*6 

61048*8 


4p^»— 6tf*Pi 

4pV.-/t 

4p^Sg-^*P, 

1937*68(16) 

61608*1 
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Table III (continued). 

OlMHdfioation. 


A LA. (int.). 


¥ (vao*). 


Doublatd. 


Inter- 

oombmationa* 


Quartets and 
other oomhinatiouB. 


1929-17 (1) 

51835*7 


4j>'*P, 

1917-24(4) 

52168*3 


4l>*D,—*j>'*P, 

1902-48 (2) Bi 

52563*0 



1901-59(2} 

52587*6 


tj»'*P, 

1900-02(1) 

52631-0 



1890*53(15) 

52895-2 



1882-03 (5) 

53134*1 


4j> *8,--6»‘Pi 

1873*09 (4) 

53387*7 


4i»*I),—4j»'«P, 

1871*74 (5) 

53426*2 

4;/»Da--4d*F, 


1870*05 (4) 

53474*5 



1865*21 (8) 

53613*3 



1860*77 (1) 

53741*2 



1860*48 (8) 

53740*6 

4i»*D,--4d»F, 


1856*48 (4) 

53894*4 



1858-29 (6) 

53958*1 



1850*32 (6) 

54044*7 



1847*89 (6) 

54130*4 

4^»*P,-^»P, 


1844*49 (7) 

54215*5 



1840*58 (4) 

54330-7 

4p*Pj—4d»P, 


1831-80(6) 

54591*1 

4i>»Pi—4d*P, 


1881*39 (6) 

54603*3 


ip-S,—fi«*P, 

1821*44 (2) 

54901-6 


4p*I>,—6**8,^ 

1818*72(1) 

54983*7 



1816*87 (2) 

55039-7 



1813*18(0) 

55151-8 



1806-21 (9) 

55364-5 

4p*I>,—4d*F4 


1803*60(3) 

55444*7 



1799*61 (2) 

65567*6 


4p —4d 

1798-71 (4) 

55596-4 



1791*86 (4) 

56807*9 


4p*»,—4i«D, 

1789*94(4) 

55867-8 


4p*D,—4<«‘D, 

1789-25 (8) 

55880-4 


4p»D,—4«J‘D, 

1787*20 (2) 

55953-5 



1785*97(1) 

55992-0 

4;)*I)g—4j?'*St 


1781*55(5) 

56130-9 


ip *1^# 

1780*61 (5) 

56160-5 



1772*63 (2) 

56418-3 



1768-07 (2) 

56558-9 



1760*89(1) 

56805*6 



1758*62 (7) 

56862-8 



1754*24 (2) 

57004*7 



1741*23 (3) 

67430*7 



1739*53 (4) 

57486*8 

4p*I>,—4d»D, 


1782*87 (2) 

67707*7 

4|J •D|“-~4d *Dg 


1732*51 (3) 

67719*7 



1729*85 (2) 

57808*5 

4^»*Dg— 


1724*84(2) 

57976*4 



1701*22 (3) 

68781*4 



1644*40(3 

60812*5 


4p‘8,—6*»D» 

1683*78 (3) 

61207*8 



1616-56 (0) 

61859*8 



1614*92 (5) 

61922*6 



1608*17(2) 

62182-4 

Ap •Dg-—4d*Pt 


1593*66 6) 

62748*6 



1574*75 m 

63502*2 



1571*84(2) 

63040*0 



1563*08(3) 

63976*3 




‘8,-^ 




*Fj|—“3 


411 »Pj-. 

4;P ^ 


4jp*I>,-i9 
4i»»D,—y 


4i>*S,"4i>'*P, 
4j> ^Sf-™4j>' *P t 

4p^.—4l)'*Pi 


YOL, 02aCV.-"A, 
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Summary, 

The spectrum of arsenic has been investigated in the region X 8800“X 1370 
and several previously unrecorded lines of As I have been measured. These 
have led to the identification of the combinations between the deepest set of 
terms, 4p *S, ®D, of As I, and the higher 6s and 4p' terms. Combinations 
with some of the terms of the 4d state have also been suggested. The resonanoe 
triplet is found to correspond to the combination 4p *S—5s 

I wish to express my deep indebtedness to Prof. A. Fowler, F.R.S., for his 
continual interest and encouragement throughout the course of the investiga¬ 
tion. My thanks are due also to the Andhra University and the Government of 
Madras for the award of a scholarship. 


The Action of High Speed Cathode Rays on Acetylene, 

By Prof. J. C. McLennan, F.R.S., M. W. Pebrin, and H. J. C. Ireton. 

(Received June 3, 1929.) 

IrtiTodv/dion. 

The effect of a silent electric discharge on acetylene was investigated by de 
Wilde and by P. and A. Thenard in 1874.* They found that a pale yellow 
solid was formed, together with an oily liquid in some cases. The solid on 
analysis was found to have the empirical formula of acetylene. The same 
product was obtained by Berthelot and Qandechonf as a result of the exposure 
of acetylene to ultra-violet light, and by Mund and Koch, and by Lind and 
Bardwelll by bombardment with alpha particles. 

Only very small amounts of hydrogen were formed in the reaction and the 
product was presumed to be a polymer of acetylene. Mund and Koch’s, and 
land and Bardwell’s experiments both gave a value of nearly 20 for the number 

♦ de Wilde, ‘ Ber. D, Obem. Gea.," voL 7, p. 862 (1874); Thenard, ' C. R.,' vol. 78, 
p. 219 (1874). 

t ‘ 0. R.; vol 160, p. 1169 (1910) 

i Mund and Kooh. * Bull Soc. Glum. Belg./ vol 34, p. 119 (1926); Liud and Bardwell, 
‘ J. Am, Obem. Soo.,’ vol 48, p. 1666 (1926), 
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of molecules leaving the gas phase per ion-pair formed, and the latter assumed 
that the reaction could be represented by the following mechanism :— 

+ 19 

(^ 2 ^ 2 ) 20 ^ “4" £ ^ (^2^^2)20 (®^lid)* 

No solvent has been found suitable for determining the molecular weight 
of the polymer. Its molecular weight therefore cannot be determined directly. 

On being heated, it decomposes with evolution of hydrogen and darkens in 
colour. It burns quietly with a luminous flame. 

Coolidge* bombarded acetylene with high-speed electrons and by this means 
obtained the same product. The present investigation was carried out with a 
similar apparatus in order to investigate the kinetics of the reaction in greater 
detail. 

Apparatus. 

High voltage source for the operation of the cathode ray tube. 

The cathode ray tube was operated by a transformer system similar to that 
described by Coolidge.f A diagrammatic sketch of the arrangement of the 
apparatus is shown in fig. 1. The mains of the 110 volt, 50 cycle current were 
connected in series with a variable resistance (A), an ammeter (B) and the 
primary of a 2 :1 transformer (C). The secondary of this transformer supplied 
current to the primary of a 1 :1 insulation transformer (D) having a secondary 
insulated for 125 KV. The primary of a 200 KV. Snook transformer (E) was 
fed by the secondary of transformer D. The case of the high tension trans¬ 
former was insulated from groimd and connected to the primary and to the 
middle of the secondary. One terminal of the secondary was connected to the 
cathode of the tube and the other was joined to earth through a milliammeter 
(F). This method of operation was a convenience since the window;]: of the 
cathode-ray tube and any apparatus connected to it could be grounded. 

The storage batteries and the variable resistance (G) used in the filament 
circuit of the tube were placed in a galvanised iron box, the comers and edges 
of which were rounded off so as to cut down corona discharge. This box was 
placed on a suitably insulated stand. The current through the filament was 
controlled by means of an ebonite rod which passed into the box and was 
ooimeoted to the variable resistance. 

♦ * Sdenoe,’ vol. 62, p. 441 (1925). 
t ‘ J. Franklin Inat.,’ vol. 202, p, 693 (1926). 

J The windows were made of “resistal foil, the composition of which, kindly given 
*ne by Sir Robert Hadfield, Bart., is as follows; 0*46 C, S'15 Si, 0*86 Mn, 17*9 Cr, 
26'0 Ni, 51 '6 Fe per cent. 
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In Older to decrease the voltage of that half of the wave not utilised by the 
cathode>ray tube and thus bring the “ inverse ” voltage below the “ useful,” 
a Tungar valve (H) was connected in parallel across the primary of the 
transformer G. 

The voltage applied to the tube was measured by means of a standard Victor 
X-ray sphere gap. 

Reaction Odl. 

The reaction cell was a cylinder of pyrez glass waxed into an annular groove 
in a metal plate which was soldered to the front of the oathode-ray tube. A 
diagrammatic sketch is shown in dg. 2. Side tubes led from the cell to a mano¬ 
meter, to a gas reservoir and to a Hyvao oil pump respectively. 
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PU M# 

♦ 



PTe'paraiion of Gas. 

The acetylene was prepared by the action of distilled water on pure calcium 
carbide. The gas was purified by passing it through chromic acid and potassium 
hydroxide solutions and dried over phosphorus pentoxide. It was stored in 
the reservoir. 

ExperimerUal Procedure. 

The whole system was exhausted as far as the tap (4), and a slow stream of 
acetylene passed through for some time. The system was then again exhausted 
and filled with acetylene, and this was repeated three times. The taps (3 and 
4) connecting the reservoir to the reaction cell and to the generating system 
were then closed and some of the gas pumped out of the reaction cell until 
an^ desired pressure was obtained. This pressure was noted and then the 
tap (1) between the reaction cell and the manometer was also closed. 

The acetylene was bombarded for a known time, usually varying between 
6 and SO minutes. Duxir^ each experiment the voltage applied to the tube 
was kept constant and also the current through it. The latter was controlled 
by regulating the current in the filament circuit. 

At the end of the bombardment the tap between the reaction cell and the 
manometer was opened and the change in pre^ure noted. This new pressure 
did not alter over a considerable time, and it was therefore assumed that there 
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had been no appreciable thermal expansion of the gas, in agreement with the 
results obtained by McLennan and Greenwood,* 

Results. 

When the acetylene was bombarded no change in pressure occiured until 
the voltage across the tube exceeded 85 KV. A slight mist was then seen to 
form throughout the reaction cell after which a pale yellow, opaque deposit 
was formed on the walls and for a short distance along the tubes leading into 
the cell. This reaction was accompanied by a decrease in pressure. 



♦ * Roy, Soc. Proo,/ A, voL 126, p, 283 (1928). 
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Table I. 


112 KV. 

120 KV. 

Time* 

Preiwure. 

Tima. 

PreBBure. 

h. tu. 

cm. 

h. m. 

om. 

— 

17-4 

— 

26*9 

0 30 

16-6 

0 30 

23*7 

1 0 

15*8 

0 50 

22*1 

1 30 

16-1 

1 20 

20*1 

2 0 

14*6 

1 50 

18*4 

2 40 

13-6 




16*76 



0 30 

161 

126 KV. 

1 0 

16-6 



1 30 

14*7 

— 

2«0 



0 15 

27*6 


39-8 

0 30 

26-» 

0 30 

37-9 

0 46 

24*1 

0 60 

36-7 

1 0 

22*4 

I 20 

360 

1 30 

19*6 

1 60 

33-2 

I 46 

18*2 

2 20 

31-5 

2 0 

16*8 

2 30 

81 0 

2 20 

16*7 



2 40 

14*6 

— 

0654 



0 3 

0*644 


30*2 

0 6 

0*634 

0 20 

28*2 

0 10-5 

0*624 

0 40 

26 a 

0 20 

0*697 

0 45 

26-8 

0 82 

0*670 

1 6 

24*2 

0 41-5 

0*648 

1 25 

22*6 

0 60 

0*632 

1 46 

21*2 

0 60 

0*617 



0 70 

0*608 

_ 

26*1 



0 20 

24-5 

— 

0*460 

0 40 

23*1 

0 6 

0*442 

1 0 

21*7 

0 20 

0*423 

1 80 

19*1 

0 30 

0*414 

2 0 

17*6 

0 46 

0*396 

2 40 

16*9 



3 10 

14*6 

— 

0*344 

3 60 

12*8 

0 10 

0*336 

4 30 

11*3 

0 20 

0*326 

5 20 

10*0 

0 36 

0*316 





— 

0-610 



0 10 

0*493 

120 KV. 

0 20 

0*476 



0 30 

0*469 

— 

42*3 

0 40 

0*442 

0 10 

41'2 

0 60 

0*412 

0 20 

40*0 

1 10 

0*396 

0 35 

38-3 



0 45 

37*0 

— 

0*230 

0 65 

35-0 

0 10 

0*226 

1 26 

32*8 

0 20 

0*222 

1 65 

30*2 

0 30 

0*216 

2 26 

27*2 

•0 40 

0*212 

2 66 

24-5 

0 60 

0*208 
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Table I—(continued). 


136 KV. 

148 KV. 

Time. 

Predflure. 

Time. 

Preaaure, 

h. m. 



em. 

h, m. 



cm. 

— 



24*6 

—. 



18-3 

0 15 



22-8 

0 7 



17-8 

0 20 



21-8 

0 15 



17-3 

0 30 



21 »3 

0 25 



16-5 

1 0 



18'7 

0 4U 



16-6 

1 *20 



17-2 

0 55 



14*7 

1 40 



15-8 

1 10 



13*8 





1 30 



12-8 




21-3 





0 30 



1»‘2 

— 



20-2 

1 0 



170 

0 30 



18-6 

1 30 



150 

1 0 


1 

17-1 

2 0 



13*5 

1 30 



16-8 

2 30 



12 1 




12-7 

— 



44 0 

0 26 



12-1 

0 30 



43-3 

0 55 



11-9 

1 0 



41-9 

1 30 



11-7 

1 30 



40-0 

2 0 



11-4 

2 0 



39 5 

2 30 



UO 

2 30 



38-2 

3 0 



10*0 

3 0 



36*9 





3 30 



36-7 

1 —. 



47-3 

4 0 



34‘4 

0 30 



44-9 

4 30 



33-2 

1 0 



43-5 

6 0 



32-1 

1 16 



42-7 





1 46 



40-9 

— 



0-432 

2 16 



39-4 

0 10 



0-408 





0 20 



0-388 





0 30 



0-370 


154 

KV. 


0 40 



0-360 





0 50 



0*344 

— 



27-7 





0 10 



20-7 





0 20 



26-1 





0 40 



24-5 


142 KV. 


1 10 
j 1 30 



22-4 

2M 

_ 



34-9 





0 10 



34-1 


160 KV. 


0 so 



32-2 





1 0 



29*8 

— 



4M 

1 30 



26-8 

0 15 



40-2 

2 0 



24-2 

0 30 



39-7 

2 20 



22-9 

0 45 



39-0 

2 50 



21-0 

1 0 



38-4 

3 30 



18-1 

1 15 



37-5 

r- ... 



24-3 

I 



29-3 

0 80 



21*8 j 

0 16 



28-4 

1 0 



19*7 1 

0 30 



27*6 

1 30 



17*7 

0 45 



26*9 

2 0 



16-6 

1 0 



26-2 
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Since the reaction only occurred while the gas was bombarded, its oouise 
could be followed by the change in pressure after known intervals of time of 
esqposure to the T&ys. 

A series of such readings was obtained for different values of the voltage 
and the results are given in Table I. Curves for the readings at different 
applied voltages are shown in fig. 3. The values at the low pressures were 
determined by means of a McLeod gauge. The current through the tube was 
kept constant in all the experiments at a value of 0*13 nulliamps. 

In some cases a fresh supply of acetylene was let in to the reaction cell and 
a portion of the curve previously obtained was repeated. It was found that 
the presence of the deposit had no appreciable effect on the rate of change of 
pressure. 

It will be seen that the slopes of some of the curves, namely those with 
readings marked by a cross {vide curves for potentials 136 and 148 KV.) are 
considerably less steep than those of others obtained with the same voltage 
applied to the tube. These results were obtained with a different window on 
the cathode-ray tube. Reference will be made to this again later. 

After the walls of the cell had become well coated with the deposit the 
remaining gas was pumped out. No readable vapour pressure could be obtained 
on the manometer, and when the deposit was again bombarded there was no 
increase in pressure. The reaction was therefore irreversible. 

The solid was scraped off the walls of the cell and examination under the 
microscope showed it to be a very fine translucent powder. The particles 
showed no evidence of crystalline structure and did not affect polarised light. 
No X-ray spectrum could be obtained from the powder. Its density was 
found by flotation in water-alcohol mixttires to be 0*97. Its refractive index 
was found* by immersing it in liquid of known refractive index by the method 
of Van der Eolke. The value obtained was (Ad = 1*626 ± 0*006. 

The number of electrons crossing the cathode-ray tube could be calculated 
from the current measured by the milliammeter (F) in the transformer circuit 
(fig. 4). No information, however, could be obtained from this as to the pro¬ 
portion of the electrons passing through the window of the tube into the reaction 
cell, and hence as to the number of molecules of acetylene reacting for each 
electron. In order to measure this nymber the apparatus shown diagram- 
matically in fig. 4 was used. A brass cylinder (A) was soldered to the front 
of the cathode-ray tube. A side tube from it led to a mercury diffusion pomp 
backed by a Hyvao oil pump. A Faraday cylinder (B) whose diameter was 
* With the kind aesistanoe of Prof. T. L. Walker. 
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tlie same as that of the window of the tube was supported inside this cylinder 
by a brass rod waxed through an ebonite plug (C). The end of the Faraday 



cylinder was closed with a sheet of aluminium foil and was placed about 2 mm. 
from the window of the cathode-ray tube. The Faraday cylinder was con¬ 
nected to a microammeter (D), the other terminal of which was groimded. The 
outer cylinder was grounded. By this means a direct measure could be made 
of the electron current outside the cathode-ray tube. This was done for 
different values of the voltage applied to the tube and for different currents 
across it. The results are given for two windows in Table IL The curves 


Table II. 


Kilo. 

Voltage. 

1 Ourront through tube (milliamps.). 

Current through tube (milliamps.). 

0 068 

0*18 

0*108 

0*066 

0*13 

I 

0-196 


External current (xnioroaxnpe.). 

External current (mioroamps.). 

70 





0*1 

. 

90 

— 


— 

0-8S 

0*65 

0*94 

95 

— 

005 

0'05 

0*62; 0-85 

l-SS 

1*45 

101 

0-05 

01 

0-12 

M 

1*65; 1*76 

3*6 

107 

oa2 

0*85 

0-35; 0*4 


2-IS 

— 

108 

— 

— 

— 

1*95 

2*8 

4*06 

110 


_ 

— 

— 

— 

4*5 

119 

0‘35 

0-4 

1*0; 0*75 

2-0; 2-45 

3*95 

7*7; 8*0 

118 

0-85 

1*1 

1*4 

8*0; 31 

4*9 

8*0 

125 

0-75 

1-85 

1*98; 2*1 

3*0: 3*95 

5*4; 6*7 

8*9 

131 

0*95; M 

2*25 

2*97 

3*2 


....... 

188 

1>8 

2*9; 2*95 

3*95 

4*2; 4-8 

7-7; 8-6 


U2 


3*55 

4*6 

5*0; 5*6 

10*8 

— 

145 

_ _ 


5*15 


— 


148 

195; 1*55 

4*2 

— 

— 

9*0 

— 

154 

2*0 

4*55 

— 

5-3 

— 

— 

157 

.—, 

5*1 

..... 

— 

—. 


180 

20 

— 

— 
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oorrespondiug to these results are shown in figs. 6 and 6. The lower set of 
values was obtained using the window which had been found to give low 
values for the rate of change of pressure of the acetylene. In the calculations 
that follow, the results obtained with this window are not used. 



Pio. 6. 
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Kilevon* -•> 

Fio. 6. 


Conclusions. 

Since the volume of the solid formed is negligible in comparison with the 
volume of the gas bombarded, the rate of the reaction can be followed by the 
rate of decrease in pressure in the reaction cell according to the equation 

— = or log^ — ^^ = nlogp + logi!, 

where k is the velocity constant, and n the order of the reaction. 

The rate of change of pressure at different values of the pressure was measured. 
directly from the pressure-time curve by drawing tangents to the points. 
This is possible because the curvature is small in idl oases. 
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Fio. 7. 
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Wlieii the logarithms of p and — dpjdt are plotted against each other as 
they are in fig, 7, a series of straight lines arc obtained. The slopes of these 
lines give the value of the order of the reaction. They are found to be nearly 
unity over the whole pressure range. 

The reaction is therefore apparently mono-molecular, the rate of change of 
pressure being proportional to the pressure. 

The value of log k may be obtained from the values of the intercepts of the 
curves on the abscissa whore log (— dpfdt) ^ 0. Values so determined are 
given in Table III. It will be seen that there is a general increase in the 
value of k with increasing voltage applied to the tube. 

Table III. 


Volte. I log L I k. 


KV. 


unite : mm. and min. 

112 

2-36 

0 023 

120 

2-41 

0()2« 

125 

2-47 

0 0296 

m 

264 

0 044 

142 

1 2'57 

0 037 


When these values of the velocity constant are plotted against the values 
of the voltage the curve obtained (fig. 8) indicates a linear relationship. Extra¬ 
polation of this curve to a zero value for the velocity constant gives a critical 
value of 80 KV. for the voltage. This is in agreement with the value for the 



KV 

Fxo, 8. 
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voltage at which a decrease in the preasore of the acetylene ooooixed when it 
was bombarded. 

Therefore it would seem that the rate of the reaction is proportional to the 
pressure of the acetylene and that the velocity constant increases directly as 
the voltage. 

If the results obtained for the number of electrons passing into the reaction 
cell are examined it will be seen that a voltage of between 70 and 80 KV. had 
to be applied to the tube before any electrons passed through the window. 
After a value of about 90 KV. had been reached the number passing through 
the window was nearly projiortional to the voltage over the range investi- 
gated for any given value of t}ie current through the tube. Reference may 
be made to the results obtained by McLennan and Greenwood (loc. cit.) on 
the decomposition of ammonia by cathode rays. They found that the 
percentage decomposition was proportional to the voltage applied to the 
tube which is in agreement with the connection found between the number of 
electrons passing through the window and the voltage. 

We may assume that the number of molecules struck by any one electron is 
given by TtoVwop/po where a is the radius of the molecule, r is the range of the 
electron, n,, is the number of molecules per cubic centimetre at standard pres¬ 
sure Po, and temperature, and p is the actual pressure. 

No very accurate statements can be made about the range of the electrons in 
the gas at diHerent pressures as nothing is known about the distribution of 
velocities in the cathode-ray beam. The electrons also suffer deflections from 
their course in passing through the metal window, and some of them will be 
stopped by the walls of the reaction cell. 

In order to make the calculation we may, however, take the range as being 
equal to the length of the reaction cell, namely 27 *0 cm., for pressures below 
about 35 cm., and for voltages greater than 100 KV. 

Then at a value of the pressure of, say, 12'6 cm., the number of molecules 
hit by an electron will be 

n X (10-*)® X 27 X 2-7 X 10“ X 12-6/76 = 3-77.10^. 

Now at this pressure with a voltage of 126 KV. the rate of «bn.ngA of pressure 
was fotmd to be 0-40 mm. per minute. The rate of change in volume at 
N.T.P. will therefore be 

dy q __ ^ 

dt poT ' dt 

PoT ' dt' 
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The volume of the reaction cell was 805-6 c,c., therefore dvjdt will be 
806-5 X 273 (76 X 293) X 0-04 = 0*396 c.c. per minute. This is equi¬ 

valent to the removal of 1 • 1.10'® molecules from the gas per minute. 

At this voltage the electron current as measured just outside the window 
was found to be 6 *0 microamperes. This current flowing for 1 minute will give 
360 microcoulombs. Since the charge on one electron is 1 *59.10*'® coulombs 
the above quantity of electricity is equivalent to 2-26.10'^ electrons. 

Therefore 4*9.10® molecules enter into the reaction for every electron 
entering the gas. This number is of the same order as that previously found 
for the number of molecules hit by one electron. 

It seems reasonable to assume that the reaction takes place between mole¬ 
cules some of which have been ionised by the cathode rays. On this hypothesis 
the number of ions formed, and hence the rate of the reaction, will be propor¬ 
tional to the number of electrons passing through the window of the cathode- 
ray tube. 

Both these deductions are in agreement with the apparent order of the 
reaction and the dependence of the velocity constant on the voltage as found by 
experiment. 


Summary. 

A Coolidge cathode ray tube was set up and operated by a high tension 
transformer in a manner similar to that described by Coolidge. Acetylene 
was bombarded with known values of voltage applied to the tube, and with 
known current through it, and the pressure was noted at different times. A 
pale yellow solid was deposited on the walls of the reaction cell during the 
bombardment. The product had no measurable vapour pressure and on 
bombarding it there was no increase in pressure. When heated the solid 
turned black and burnt with a luminous flame. Its specific gravity and 
refractive index were measured. No X-ray spectrum could be obtained 
from it. 

For any given voltage it was found that the rate of decrease of pressure of 
the acetylene was proportional to the pressure. The velocity constant of the 
reaction increased with increasing voltage. 

The number of electrons passing through the window of the cathode ray tube 
was determined by collecting them in a Faraday cylinder placed close up to 
the window and measuring the current with a microammeter. 

Calculation showed that the number of molecules of acetylene reacting is of 
the same order as the number of ions produced by each electron that passes 

VOl. exxv.—A. T 
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through the window. The observed facts can be explained on the hypothesis 
that the reaction takes place following the ionisation of the acetylene by the 
cathode rays. 

For the “ resistal ’’ windows used in our cathode-ray tubes I am indebted 
to Dr. CooUdge of The General Electric Company, Schenectady. For financial 
aid that enabled me to purchase a portion of the transformer equipment I 
am indebted to The Carnegie Corporation. 


Kroneckers Fundamental Limit Formula in the Theonf of 
Numbers and Elliptic Functiom^ and Similar Theorems. 

By L, J. Moedell, F.R.S. 

(Received May 26, 1929.) 

1. Many important applications of analysis to number-theory require the 
study of a function/ (s) of a complex variable s c + ir near a singular point 
So == Oq + function/(s) is frequently defined for a > (Tq by an infinite 

series, really a Dirichlet^s series, the general term of which is a function of the 
variables of summation, e.g., a quadratic form, raised to the power s. Thus 
the question of finding the number of classes of binary quadratic forms of given 
determinant, ox the number of classes of ideals in a given field, depends upon 
the residue, say R, of an appropriate/ (s) at a simple pole A deeper question 
then suggested is that of finding 

In particular, Kronecker’s fundamental formula arises when/(s) is a homo- 
geneouB binary quadratic form in the variables of sununation. Thus, let 
a ( 3 ^ 0 ), 6 , c be any constants real or complex which are such that the roots 
<*> 1 , to* of the quadratic form 

^ (a:, y) — ar* + hxy + cy* :ai= a (a? —• oi^y) (x — co^y) 
are neither real nor equal. We need only distinguish the two oases 

(I) l(coi)> 0 , l(co«)< 0 , 

(II) l(o>i)>0. I((o,)>0, 
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as the others can be included by writing — y for y. We write 

2aa>j = —6 2 acOj 5 = •—6 — t A*, A = 4ac — 6*, 

so that the sign of A* is fixed in case I, by the assumption I (toj) > 0, and is 
immaterial in case II. 

Put 

/(«) = S' ^ (m, n)-\ (1.1) 

m. n 

where the summation refers to all integer values of m, w, the dash denoting, 
here and elsewhere, the exclusion of combinations such as m = n = 0. The 
many-valued function is defined as e* *** where log — log ] <^ | + ^ arg 
Throughout this paper, unless otherwise stated, we define the logarithmic 
function log ^ as follows. When 5 is a constant, the principal value given by 
— X < arg ^ ^ 7c is taken. If ^ = 5 (^)> lor — oo < x < co, is a continuous 
function of x which does not vanish for real values of a?, its argument is defined 
as the continuous function of x which has some selected value at x = ^ , 

if 

I (x) = + ... -f a^y arg 5 {+ oo ) = arg a^. 

Also, ^(x, y)y a function of two variables may be defined by first inserting the 
value of y and using 5 y) — 5 (^)‘ With these definitions, the series (1.1) 
converges absolutely and imiformly for o ^ 1 + S > 1 and defines / (js) as 
an analytic function of 5 for cr > 1. 

Let o> be a number such that 1(6>)> 0, and let q = We write as 
usual 

(0, o>) == O (1 - 

* 1 

=: 27^2* n (1 - 


Then if I (wi) > 0, I (coa) < 0, and o is a positive number (which involves no 
loss of generality), 


lim {/(s) 


.gjF.^1 = 27tY^.22rj a 
«-l/ S^A* *A^3A* * 


3 ^ ( 1 * 2 ) 

where y is Euler’s constant. 

If, however, I (coi) > 0, 1 (co,) > 0, and a is a complex number, 
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We define 

log 6u' (0, Wi) — log 2iz + jTrio) + S ^ 3 log (1 — 

and similarly for the other theta functions, so that we are not necessarily 
taking the principal values of the logarithms of the theta functions. Also, 
as a definition, 

log ( 0 , < 0 j) 6 i/ ( 0 , — wg) = log 0 ii' ( 0 , (Oj) + log Oil' ( 0 , — 0 ) 3 ), 
log On' ( 0 , Wjl/Oii' ( 0 , wg) := log On' ( 0 , Oi) - log On' ( 0 , Wj). 

The formula (1.2) is Kxonecker’s well-known result which is so important 
in the applications of elliptic functions to the theory of numbers that it has 
long since found its way into the text books. A version of Kronecker’s proof 
is given in Seguier’s* book, and another proof is given in Weber’sf book. 
Others have been given by Lerch, Franel, Landau, Epstein, Herglotz and Brix.;|; 
Sometimes they impose unnecessaryrestrictions upona, ft, c, those of Kronecker, 
Seguier, Epstein, assuming that ^ (m, n) has for its real part a definite quadratic 
form in m and n, while Weber and Landau assume that a, ft, c are all real. 
Again, as in the accounts by Weber and Herglotz, they are sometimes of an 
informal character, without discussion of questions of convergence and the 
validity of certain operations. Epstein’s proof has the great advantage that it 
gives the corresponding result when (m, n) is replaced by the similarly 
restricted quadratic form in any number of variables. Herglotz considers the 
question from the point of view of the analytic continuation of a function of a 
complex variable, but there is no generality about his method. 

I have discovered a very simple and direct proof of Kronecker’s formula, 
which in addition reveals the existence of the new formulee (1.3), (2.6) and 
similar ones, and also permits of generalisation. Thus ^ (m, n) may be replaced 
by any homogeneous binary form of degree r > 2 whose roots are all imaginary, 
or again by a homogeneous quadratic form in any number of variables which is 
such that simultaneous zeros are the only real values of the variables for which 
the form vanishes. 

* * Formes quadratiques et Multiplication oomplexe/ pp, 212»219, Berlin (1894). 

t ‘ Lehrbuoh der Algebra,’ vol. 3, pp. 625-533, Braunschweig (1908). 

t Franel, ‘ Math. Ann./ vol. 48, pp. 696-602 (1897) and vol. 62, pp. 529-636 (1899); 
I^dau, * J. r. angew. Math.,’ vol. 126, pp, 64-182 (1903), this contains further detailed 
references as well as an interesting account of the earlior history of the subject; Epstein, 
‘ Math. Ann..’ vol. 56, pp. 615-644 (1908) and vol. 63, pp. 205-216 (1907); Hergtote, 
-Math. Ann.,’ vol. 61, pp. 651-560 (1905); Brix, *Monats. Math. Phys./ vol. 21, 
pp. 309-326 (1910). 
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The explicit formuto analogous to Kronecker’s are in the first case expressed 
by means of a series of integrals. The results show incidentally that the 
function of s defined by the series for o > 1/r is analytic throughout the finite 
part of the s plane except possibly for simple poles given by ra = 2,1, —2, —4, 
—6, . . excluding, however, multiples of r from the right-hand side. 

The results are more striking in the case of the general qxiadratic form. They 
are very simple and strictly analogous to those for the binary quadratic form. 

§ 2. All these results are simple consequences of Poisson*B summation formula, 
of which a particular case for one variable is as follows.* If F (x) and F' (x) 
are continuous for all real values of x and both tend to zero as [x] oo, and 

J act rv} 

F (*) dx and 1 ) F" (x)! dx both converge, 

— 00 J —CO 

then 

S F(n)= i: r (?‘"^¥(x)dx. t2.1) 

— «=T — ooJ—00 

The proof is merely a question of integrating twice by parts the general term 
on the right-hand side. 

I take first the formulee (1.2) and (1.3). Write separately the terms in (1.1) 
for which n = 0. Then 

/ ( 5 ) = 2' (aw*)"’* + 22 2 (m, n)"*'. (2.2) 

m»-“ao »|3 b 1 m=i-‘Q0 


Apply Poisson’s summation formula to the last summation in tn; the required 
conditions are obviously satisfied. This gives 


GO 00 00 /•« pSwirtx 

/(«)= S' (aw»)- + 2 S I ; dx. 

Put X =s n* in the integral and write separately the term when w = 0. 
/(s) = 2«-' ^ (2«) + y («) + 9i («), 

say, where 

/X o V If* 

00 00 If® 

!,,(«) = 2 S r 

n»l ^ 1) 

It is now an easy matter to discuss the behaviour of/(«) near s —1. 


(2.3) 

Hence 

(2.4) 

(2.5) 


'* Motdell,' J. London Btath. Soo.,’ vol. 4, part 4 (1929), not ytt jnitUAed. 
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Write 


9i («) = 2 


tc to If* 

s S' -|^ (*)<** 

nasi ^ J—flo 


QO CO 

= 2 S S' 

«■»! mas—00 



Then which is certainly defined by this scries when a > 1, is really an 
integral function of «. For if | s | < M, say, so that we deal only with bounded 
values of s, on integrating twice by parts and noting o > 1 , 


(2mrmi)^ 


r 

rf — 0 




0 


1 \ 
mW/' 


the constant implied being independent of «, n and m. Hence the series for 
yi(e) converges absolutely and uniformly for o > 8 > 0. Another integration 

by parts shows then that J-,- = 0 (—'t-s), and so the new series for («) 

\nrrr/ 

converges absolutely and uniformly for c > — J + 8 
Hence as s-^ 1 , 


gt(8)^2i r 
« ~ 1 »00 



^2mnir^ 

JJ^) 


dx + o{s -- 1 ), 


the last term o (« — 1 ) denoting throughout a function of $ vanishing for a = 1 
and regular near « = 1 . The integral 

rto ^imnirix j Jlmnitiz 

I I . . . . dx 

1) a a>i) (aj— 


is a standard form and can be evaluated by defornaing the path of integration 
into an infinite semicircle described above or below the real axis of x according 
as m ^ 0 or wi ^ 0 . The residue of the integrand at x == is 


toj — Og 2m A* 

Hence when I (coi)> 0 , I (oj) <0, so that coj is in the upper half plane and 
6)2 in the lower half plane, 



{X — (t>i) (X — 0)2) 


dx = 


A* 




or 
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according as m'^0 or m<C0, since Wj— Ws, = iA*o"^ Hence 

GO « 1 00 00 1 

9i W == 'TI 2 £ + ^ £ £ i + o(s^i), 

A* „ ^ 1 trt ^ 1 n A’ n *» 1 I 

The double series may be summed first for n as it is absolutely convergent, 
and so 

= £ log(l-e-“'‘“‘)--^ £ log(l-e-^“’**‘) + o(s-l) 

A»m«l A^m^l 


47t 


iTT® 


log (dj/ (0, <t)j) 6ij' (0, — coa)} + 6>a) 

+ ^4lOg2TC + o(s —1). 

When, however, I (co)i > 0, I (wa) > 0, then 

i E _ iZE 2 2 le2«»«<».-i-o(s_ i) 


9i {«) 




A* n ««l m — 1 


4.^ 00 00 
~ S log(l-e"’’‘'‘“’‘)+^ £ log (I4-o(«-l) 
A*»,«,i A‘m-1 

. log {0,/ (0, (0i)/6„' (0, o,)} + + 0 (s - 1). 


Take next 


where 


The integral 




d<r 




( 2 . 6 ) 


£^i = 22:(2 s - 1) = 2y + 0 (« - 1). 


^ r dx 


(2.7) 


is an analytic function of s nears = 1. Whenl(aij)>0,1(cog)> 0 R(s)>J, 
the integral is seen to vanish on deforming the path of integration into an infinite 
semicircle below the real axis. 

When I (wi) > 0,1 (wj) < 0, we write 


Now 


J 


f* da: 

J—» ^ (®»1) 

f“ dx 

J-. Sl(*,l) 


J-OD 1) 

2Tcia‘"^ 

Wj — COg 


log ^ (a;, 1) == log a + log (« — co^) (x — coa) 

== log a + log [x — wj) + log (X -- cog). 
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This holds for the principal values of the logarithms, if u is real, since for 
real values of a? and to^, W 2 » imaginary parts of opposite sign, arg {x — toj) 
and arg (x — cog) are of oppcMiito sign. 

Also 

r log (X - a>t) 270~ log (a>, - ( 0 ,) ^ 

Wi)(x—to,) <0, —toj 

r • tog (a; - to,) _ 2id log (toi — to,) 
tOi)(a!—to,) toi — w, 

and so 

(coj — Wj) [ = 27via~^ log a + 27ria""^ log — (co, — oi*)* 

J -00 T 1) 

= 27tia''^ log —« a — tog)^ = log (—), 

since — 02 = tA*/®* The equalities are again true for the principal 
logarithms since arg (<*)a — coi) < 0, arg (wi — > 0. We can gather our 

results together, on noting that 

2a-W^^+o(s~l), 

and have in case I 


/(,) = + (J_ + 2 ^) f _ 22«2i»Sl^ 

3 \s —' 1 / tcOj — (»>2 (Oj — W 2 J 

+ St ~ ^ ^ ~ 

+ ^ log 27t 4- 0 {« — 1) 



47T 


log (0, <0j) 6,1' (0, — <o,) -}- 0(8 — 1). 


In case II the result is simpler, since j («) = o ; whence 

/(«) = — i<jg ^0, <0j)/9u' (0, to,)] + 0 (s — 1). 

I now prove that the only finite singularities of /(«) ate, in case I (as is 
well known) a simple pole at 8 = 1, and in case II a simple pole at 8 =« f 
Fi^, J defined when R (s) ^ ^ by (2.7) is really a meromorpfaio function of s 
existing over all tie 8 plane. For J can be evaluated in finite terms by means 
of gamma functions on deforming the real axis of x into an infinite upper semi- 
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circle together with a cut from to oo parallel to the real axis together with, 
in case II, a similar cut from cog to oo. Hence J = 0 in case II as J := 0 when 
R («) > We can, however, proceed as follows— 

Write 

(a®* + 5® + c)- =^ + 0 (^'j 

= ^ 4- JL 4-0 ( —-.1 

®** ^ ^ ^ \®»*W 

— Is. 4- -II. 4 - -Is - 1 - o /' ^ \ etc 

a;*' “ ^ a :**+2 ^ ’ 


where = a~', — sba ' ^ ..., and if |® | >■ N = N(a, b, c), say, these 

equations hold uniformly for bounded «, say |« 1 < M. Write 


r-N rN TOO 

= +1 +1 • 
- 00 j -00 j -N J K 


The middle integral represents an integral function of The end integrals, 
on taking the successive approximations to if> (x, 1 )*, axe seen to be analytic 
functions of $ for cy> 0 , — successively, with possibly simple 

poles at 5 = 0, — I, .... However « 0 cannot be a pole because of 

the value of/j. The term /3 will contain a factor « + 1 , as is clear on putting 
s . 1 in the expansion. Hence « — 1 , and so also 5 = — 2 , — 3, , 

are not poles of the integral. 

The zeta function {2s — 1) has a simple pole at s = 1 and simple zeros at 
—h ••• • Hence from (2.5), g (s) has at most simple poles at 5 1 

and at s = + with residues, in case I, 

[ and 2 ^ ( 0 ) — — respectively. 

1 ) 

In (2.4) we note that 2a“* li(2s) has a simple pole at s | with residue 
; hence, in case I, s = J is not a pole off (s), while in case II, as g (s) 0 , 

« ^ J is a simple pole with residue 

The formula in case II for the expansion near the pole $ »= f may be obtained 
as follows ; put ^ J + p and suppose that a is real and positive ; then by 
(2.4) 

/(.) - a.--1: (1 + + si; (2p)|*_ 

00 » If*' gSwrtiK* 

^ 1 -, (a** + 6 ® + c)*-*- 
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We have just seen that the'middle term vanishes identically and that liie 
double series is an integral function of p. The terms givea by «t < 0 vanish 
on deforming the path of integration into the lower half of an infinite circle. 
Since 


= o~*(l — p log a....), ^{1 + 2p) = — + Y + ••■ 


/(«)= —+o-*{2Y-loga) + 2 E S' (” 

P nasi »»»— » J — (* 


^mnwias 


(ax^ + bx + o)* 


dx + o (p). 


ChooBe the notation for Wi, so that jarg (coj — <oj)t Jir and deform the 
path of integration into the upper half of an infinite circle together with a loop 
enclosing Oi and Og positive direction. Then 

o^mnwiac . f"! g2«niria! 


n . 


(az* -{-bx-{- c) 


! W|+,0»i+ f"! 

_ 2 I -- 

J.. «*[(»- 


‘■H) (* — “»)]* 


dx. 


Put X = <*>1 + (ci )2 toj) V where 0 1, then 


a* [(x — Ojl) (x — (Oj)]^ — ia^ (tOg — coj) v* (1 — v)*, 


since the arguments of both sides lie between 0 and tt. Hence 


i:. 


e 


,2mrtiriiif 


•dx ■ 


J. f« 

to* Jo 


1 ^2mn vi (w, -j- a»|— *»!») 


*( 1 - 0 )* 


dv. 


> (ox* + 6x + c)* 

The right-hand side becomes on putting v = cos® ^0 

2 r g«n,ri(«. + „.)>««ri(„.-«.)co,« ^ Jorwn7t((0, 

to* Jo to* 01 V * 

/ wtwitA* \ 

\ a / 


<»i)] 


2„ 

-r^ 6 * 


where Jq is the usual Bessel function and .so 
0-* 

8 


f («) = (2y — log o) 


-2^-1 S i + 

nsKl \ (JL / 

The double series converges absolutely, for 

Jo[«tn7r(<02 — Wi)] = 0[e»w"<(**i+«.)±»*<«»< («•-«•)] 5., 

since I (wj) > 0,1 (wj) > 0. Hence 
0 -* 


A>0, 


/(«) 


+ o“* (2 y — log o) 

— 27»o~* S d{n)e 

nasi 


-nwtL ^ /«TcA* 


Jo(^) + o(s-i) (2.«) 
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where d (n) is the niuuber of divisors of n. The condition 

1 arg (wj — wi)l < Jw 

is not necessary in (2.6). 

§ 3. The corresponding results when the form ^ (»», n) is replaced by the more 
general one 

X {X, y) = ax'' + bif-^y + ... + ky* = f/x {x/y),. 
where y {v)~0 has no real roots, follow easily in the same way. 

- Put now 

h(s)— S S X 

n w1m » 


80 that the series converges absolutely when a > 2/r. Then as in § 2, Poisson’s 
summation formula gives 


h ( a ?) 


00 

V 

1 


1 


(' 


X 1 mT-oo ^ J-® X W 


The last doubly infinite series is seen to represent an integral function of s on 
integrating by parts as before. So 

r dv 

is a meromorphic function of s whose only singularities are possibly simple 
poles at s = 1/r, 0, — 1/r, —2/r, — 3/r,..., among which 6* == 0, — 1, — 2 , 
need not be included owing to the presence of factors s, s + 1, ts + 2,, 
in the coefficients of ^ respectively in the 

expansion of x (v)** in descending powers of v. Also 




S n*-” 

n > 1 




has a simple pole at s == 2jr and simple zeros at « = — Ijr, — Sir, — 5/r, — 
Hence finally A (s) is anal 3 rtio throughout the finite part of the s plane except 
possibly for simple poles at « == 2/r, 1/r, —2lr, —ijr, — 6/r,..., excluding 
those values which are negative integers. 

If the summation for n in h{9) had been from n = — so to oo, excluding 

00 

m bb n SB 0, the part S («m')“* would introduce a pole at s = 1 /r, already 

— 00 

included. 

It need hardly be remarked that the condition that x (v) is a polynomial in 
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V is not essential for the application of Poisson’s formula to the disoussion of 
the function h («). The results will then depend upon the conditions imposed 
on x(v). 

§ 4. The case when <j> {x, y) is replaced by a quadratic form in any number of 
variables is sufficiently illustrated by the ternary quadratic when we take 

<j> (x, y, z) = ax^ + 6/ + 02 * 4 - 2fgy + 2gzx + 2hxy, 

where the constants a,b . f,g .are such that x = y = z — Q are the 

only real values of x, y, z for which <f> (x, y, z) = 0. We write 

/(«) = S' / (I, m, n)—, (4.1) 

the summation extending to all integer values of I, m, n, excluding 

I = m = n = 0, 

so that the series converges if cr > |. Put 

/(«)= S' (6m* + cn® 4-2/mn)“'-f 2 S 2' (4.2) 

1= 1 w. »t - 

=/i («) + 2/j («). 

The term/j («) represents a function of s analytic throughout the finite part of 
the 8 plane except for a simple pole at s = 1 or a ^ The last summation 
for m, n is transformed by Poisson’s summation formula in two dimensions, 
namely 

£ 2F(m, n)=S 2 f f e^”'^^+-'"^»V{x,y)dxdy. 

I have given a proof* by integration by parts when 

0,6 = 0 , 1 . 2 . 

excluding a = 6 = 2 are all continuous functions of x mxd y which tend to zero 
when either variable tends to i », and 



converges. 

Hence 

/8(«)= I Iff* 

1-1 J-o* J_« ^{l,y,zY 

* Mordell,' Proe. Csmb. PMl. Soc.,* vol. 28 (1»2»), not yet pMiakti. 
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Put k for y and z and write separately the term with w = n = 0. Then 


/a (^) 



dy dz 

itl m,n-^oo P"’* J~« J-oe ^ ( 1 , y, z)* 


The last part as in § 2 is clearly an integral function of s since integration by 
parts twice for either y or z introduces a factor Ihn^ or IV in the denominator, 
so that if n = 0 say, wo need only integrate twice by parts for y. 

The corresponding result for the homogeneous quadratic form <f> ... a*,.) 

of V variables can be written as 


S 


JWi ii^^, «• 


-»<o 


m,)-‘ — 


CO 

S' 

mi,m,... 


00 


-f £ —J— f* [“ ... 

!«(, « 1 fH^, J — 00 J — 00 ^ (^1» ^2 

00 w n rai rm 

2' *' . I I 

W,,“l »I, J “ — 00 WI|,^ ’"^M—OoJ—00 


2 ... 

1 )* 

giiirto.,(«,». I «,».+ ■■. dx^dx^...dx 

(^(Xi, Xj... 05^.1, 1)* 


.-1 


§ 6. The integrals ocourriug when the quadratic form is taken with v variables 
will now be evaluated. Suppose first that the form is a positive definite one 
with real coefficients. 

Put 



p 2 .< (w.«. dxi dx^... <fx.._i 

^ (Xj, X 2 , ... , X„_j, 1) 


(5.1) 


so that § 4 deals with the case v 

Ik. i. — 


! 3. It is proved that 

iri*' 


lA.|ir(v/2) 


where R is the root x„ taken with a negative imaginary part, of the equation 
O (Xi, X, .x._i, x„) = 0, where O is the form adjoint to 


^ (X^, X 2 , ... 1) iTi.) > 

that is 

p \> V V 

<!> (iBjt, Xa, •»# J ^ {^1> ^2' • * * > ^ ^ ^ 

fjLWml kwml fiml 

where are the first minors in 








(3r|/]. • • • • 1 • 
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For apply a real linear transformation 

^ 11^1 " f * ** f * ^1 *'—1 1 ”h 


?= c*,_i 1 yi + ... + Cv-i i-i 4- Cl-1 

which is such that 

<f, (Xi, X,, ... , 1) - i ^ ^ + 1). 

The set of values ciy, ,Cp^i ,,, are the co-ordinates of the centre of the hyper¬ 
quadric <l> (Xj, Xg, ... , 1) = 0, and are given by 

4" ^k2(^2t> 4* •*• 4* 4“ = 0, X = 1, 2, , V — 1. 

Multiply by Ca^ and add together the equations. Since 

J(, nsz (j) (C|,,, C^pj ... , p» 1), 

we have 

+ a „2 Csv + ... + „ -f- a,„, — A; = 0 . 


Eliminate the c's, whence s= A»., where A^„i is the co-factor of 
in A,. 

The determinant |c,, | of the linear transformation is given by 

X^llCrA^ ^ 

Hence 

-r r* r 

where 

+ ... + = pij^i + pjyj 4- ... + p._iy._i + p^. 

Since 

r(s) = ^*j”e-«f-»d< for5>0, 

we can put 

i..,r (s)A..u-'--/* 

== r [* [" ... C'^' >'v-l + <».)-«(».*+...+»^,*+l) ^-1 jit ^ 

• 0 •—aD*^“a6 

The justifioatioii is easy since the multiple integral converges absolutely when 

R(s)>i{v-1). 

But 
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where M > 0, and so 

I„, r (8) A,* == 7r'*"- r - +p.-x“>/' i*“t-+iV2 

Jo 

==: re-«*--*(p/+ ... ^su-. 

Jo 

This expresses I^,, as a simple integral which can be evaluated in finite terms 
when V = 2^, since 

if a is real. Hence 


or 


I.../ 2 r (v/2) I A,|^ = 




TT ^ 


A.i*r(v/2) 




say, where R must now be interpreted in terms of the general quadratic form. 
Note that 

<f>{xi, + ... +j/v-i*+ 1), 

miiCi + ... + a?,«i + m, = pj^i + ... + p.-iy.-i + p. + 

where w,. is arbitrary. Express the condition of tafvgency, i.e., that the con- ^ 
travariant of the linear form should vanish. The y forms give 

Pi^ + -. + + (pr + rn,)^ == 0, 

and we can take m,, = — p^ — i (p^^ + ... + p».-i*)^ = R- The x forms 
then give the value of R as in the enunciation of the theorem. 

We also require the expansion of in powers of X =« s — v/2 when 
nij^ = =:=i ... = =s 0. But now 


I,,, r («) 1 A. 1» dt 


Hence 


^„(.-i)/2r{«_ v-1/2). 


‘ ' r(|+x) 




and as JJ (2s V + 1) = KT + Y + "* 

iS A 
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We have hence for the expansion in powers of « — v/2, 

|A,l*r(v/2)8- v/2 


+ 


/ iiii) _ nm _ log ( A-w u 

lA,i*r(v/2) lr(i) r(v/2) *^\a,_,'^ 


275-''* 


iA,iir(v/2)„r, 


»»„ W,... 


00 1 


+ 2' <f> (»n„ TOj... m,_j, 0)-/* + 0(« - v/2), (5.2) 

mi, w,... — — 00 

where K is the root with negative imaginary part of the equation 

4>'(wq, ... R) = 0 


where 0 is the form adjoint to (f> (y/q, ... w».). 

The summation for m gives — log (1 e and with this form (6.2) is 
practically Epstein’s result. 

In the general case, the result may be expected to take several forms in analogy 
with (1.2), (1.3). The evaluations of the integrals are still valid if the coefficients 
of tf> are such that the real part of is a positive definite form. For near their 
real value in (5,1), I,,,, is an analytic function of the coefficients. The result 
(6.2) will still hold provided |A„|^ is taken with a positive real part and 
log (A.,/A,;..i) has its principal value. 
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The Kmetic^ of the Oxidation of Ethylem. 

By H. W. Thomj?son and C. N. Hinshblwood, F.R.S. 

(Received July 2, 1929.) 

Introduction* 

The idea of chain reactions has long been familiar in connection with 
photochemical changes, but experimental evidence that thermal changes 
sometimes occur by a chain mechanism has only recently been forthcoming. 
In chain reactions the first transformation yields a product endowed with excess 
of energy which initiates a further change, the cycle being repeated until the 
chain is broken by the destruction or deactivation of the active intermediate 
product in some secondary process. The conditions are particularly favourable 
to the operation of this chain mechanism in highly exothermic gaseous reactions. 

Under certain cirouirustances, when enoxigh energy k available, and possibly 
other more specific conditions are satisfied, each elementary reaction may 
induce more than one new reaction.* Thus the number of active centres 
present at any moment tends to increase, and would increase indefinitely 
unless the rate of deactivating processes, such as molecular collisions, or 
adsorption by the walls of the vessel, balanced the rate of production. If the 
number of fresh chains starting in unit time is greater than the number which 
can be broken, then explosion results; if, on the other hand, the two rates 
become equal, then a stationary state is established and the reaction proceeds 
with a measurable velocity depending on the length of the chains. The 
balance between the rate of production of fresh centnjs and the rate of de¬ 
activation depends upon the concentration. Thus there will be a quite definite 
pressure at which one rate begins to preponderate over the other. No matter 
how slow the reaction, if the first rate exceeds the second, the condition of the 
gas is unstable and explosion takes place after a certain lap^ of time during 
which the chains develop. This time may be insensibly small, since many 
million molecular collisions occur in a second. Thus there is the appearance 
of a quite abrupt tranmtion, at a definite concentration, from negligible reaction 
to explosiou. 

But any exothermic reaction, whether depending on a chain mechanism or 
not, becomes explosive when its velocity is so great that the temperature of 

* dudstiansea and Kramers, ‘ Z. Phys. Obem.,’ vol. 104, p. 451 (1923); Semenoff, * Z. 
Physik,* voL 46, p. 109 (1927), and vol. 48, p. 671 (1928). 

VCWCi, OXXV.—A, U 
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the whole system rises. AVTiile, therefore, an abrupt transition is a character¬ 
istic criterion of a reaction involving branching ” chains, when the transition 
is gradual, and a purely “ thermal explosion terminateB a region where rate 
increases steadily with concentration, other tests must be applied to determine 
whether or not the measurable reaction involves stable chains. 

In photochemical reactions the well-known tests are examination of the 
number of molecules transformed for each quantum, and investigation of the 
sensitiveness of the reactions to inhibitors. In thermal reactions, retardation 
of the transformation by increased surface of the containing vessel, acceleration 
by inert gases which hinder the active centres from reaching the walls, and an 
abnormally great influence of pressure or temperature on the reaction rate all 
reveal the operation of a chain mechanism. 

In the reaction between hydrogen and oxygen* at temperatures between 
600° and 600° C. both unstable, explosive chains and stable chains appear to 
play a part. The former are recognised by the existence of sharp explosion 
limits which occur at certain concentrations, the latter by the remarkable 
influence on the reaction velocity in other regions of concentration of the various 
factors enumerated above. 

It appeared of interest, therefore, to make a similar investigation of some 
other exothermic reaction, and for the purpose the interaction of oxygen and 
ethylene was chosen. 

Method of Experiment. 

Ethylene was prepared by allowing alcohol to drop into syrupy phosphoric 
acid kept at 220° C. It was found necessary to heat the acid to 280° 
before use, and to keep the temperature high during the preparation; 
•otherwise troublesome amounts of ether are formed. After passage over 
glass wool soaked in concentrated caustic potash and over phosphorus 
pentoxide, the ethylene was condensed in a vessel surrounded by liquid 
air. One half was then distilled into a second vessel also kept in liquid air. 
After thorough evacuation of the apparatus, about one half of the second con¬ 
densate was allowed to evaporate into a gas holder containing mercury. This 
thorough fractionation was carried out for safety, but as a matter of fact the 
second condensate appeared to be nearly pure ethylene, and evaporated 
completely without leaving any residue of ether. Oxygen was prepared from 
pdtassium permanganate and purified in the usual way in an all glass, previously 
evacuated apparatus. 

* ‘Hoy. Soc. Proc./A, vol. IIS, p. 170 (1928); vol. 119, p. 591 (1928); vol, 122, 
p. 610 (1929), and vol. 124, p. 219 (1929). 
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The experimental method of measuring the reaction velocity was the same 
as that described in previous papers.* Gas analyses were made in a Bone and 
Wheeler'' apparatus. 

The Course of the Reaction. 

The course of the oxidation of ethylene has been fully worked out by Bone 
and AVheeler,f who showed that all the varied relationships between the 
possible products can be adequately explained if the following series of 
changes is assumed :— 

CH., H.C.OH H.C.OH 

II —► li —► !1 —^HCHO—^H.COOH—► HjjCOa 

CHjj H.C.H H.C.OH | i | 

^ I ^ 

CO+H2 CO+H2O COa+HjO 

The rates of oxidation and decomposition of a given intermediate product 
vary relatively to one another according to circumstances. Bone and Wheeler 
found, for example, that at the high temperature of the explosion the formalde¬ 
hyde is decomposed more rapidly than it is oxidised, so that the reaction 
CgH 4 + Og = 2 CO + 2 H 2 may take place almost quantitatively, while in the 
slow combustion at about 300® C. further oxidation of the formaldehyde 
pocurs much more readily than the decomposition. Caxe must therefore be 
taken in investigating the kinetics of the oxidation to determine which reactions 
predominate under the particular experimental conditions. 

The velocity was found to be conveniently measurable in vessels of silica 
or porcelain between 400® and 600® C., that is, about 100 ® lower than the union 
of hydrogen and oxygen. Whether the ratio of ethylene to oxygen was 1 :1 
or 1 : 2 the products of oxidation were preponderatingly those formed by the 
decomposition of formic acid, i.e., the net result of the oxidation was C 3 H 4 -f 
2 O 2 «= 2 CO -f 2 H 2 O. Some oxidation to carbonic acid took place, and in 
addition some formation of saturated hydrocarbon (see Table I) produced by 
a secondary decomposition. No trace of formaldehyde could be detected by 
Sohryver’s test at any stage of the reaction, which agrees with Bone’s resultj 
that formaldehyde decomposes almost instantaneously above 400® C. 

The most convenient method of observing the progress of a reaction is to 
make continuous observations of the change of pressure. In a complex 

* ‘ J. Chem. 80c.,* voi. 125. p. 393 (1924); * Hoy. Soo. Froo.,’ A, vol. Ill, p. 246 (1920). 
vol. 118, p. 170(1928). 

t * J. Ohem, Soo..’ vol. 86, p. 1637 (1904). 

t * J. Ohem. Soo.,’ vol, 87, p. 910 (1906), 

V 2 
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reaction like the oxidation of ethylene it is necessary to consider very carefully 
what relation the rate of pressure increase bears to the rate of disappearance 
of the primary reacting substances. In principle the two rates need not 
correspond, but it may in practice be possible to find a set of conditions under 
which one serves at least as an approximate measure of the other. The reaction 
CaH 4 + 2 O 4 = 2CO + 2HjO gives when complete an increase of pressure 
of one-third, but the reaction + 30jj 200 ^ + 211*0 gives no increase. 
Thus with different proportions of the two gases the end-pointof the reaction 
might be expected to vary considerably. It was found by trial that when the 
ratio was C 2 H 4 : 2 O 2 the pressxxre increase was 58 per cent, of that required 
for oxidation to carbon monoxide and steam, and when the ratio was C 2 H 4 : 0 * 
or even C 2 H 4 : SOg the increase was almost exactly the same. Thus the relative 
proportions of oxygen and ethylene can be varied in this range without affecting 
the ‘‘ end-point.'' For larger or smaller proportions of oxygen the end-point 
changes (Table II). Thus in experiments on the rate of reaction only the 
three ratios mentioned were used. 

The total pressure increase for a ratio C 2 H 4 : 2 O 2 was found to be nearly 
proportional to the initial pressure. Thus the total pressure can be varied 
over a considerable range without affecting the course of the reaction very 
much (Table II). 

For investigating the effect of such factors as temperature or initial total 
pressure on the rate of reaction it is desirable so to arrange matters that the 
proportions of the two reacting gases change as little as possible during an 
experiment. Since the preponderating reaction is C 2 H 4 + 20® — 2C0 + 
2 H 2 O, and since the initial interaction of ethylene with one molecule of oxygen 
probably determines the rate, the second molecule of oxygen being used up 
with much greater rapidity, a mixture of two volumes of oxygen and one of 
ethylene seemed the most suitable one to work with. Table I shows that with 
this proportion the oxygen and ethylene are in fact both used up together, 
there being little excess of one or other when the reaction is complete. Further¬ 
more, the rate of increase of pressure for this mixture is a fairly good measure 
of the actual rate of disappearance of the ethylene. For example, in one 
experiment the products were withdrawn from the reaction vessel where the 
pressure had increased by half the amount corresponding to the ** end-point.*^ 
Analysis showed 16*4 parts of C 2 H 4 to 6*8 CO*, 30*2 CO and 4-6 CH 4 . This 
must have come from 16-4 + i(5'8 -f 30*2 + 4-6) :==: 36*7 parts of ethylene, 
half of which amounts to 18*3, compared with the 16-4 actually found. But 
there is not complete correspondence at every stage; nor could this be expected. 
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The curve repreaeuting the increaBe of pressure plotted against time has the 
form characteristic of an autocatalytic reaction, a certain period of induction 
being evident, during which the rate of increase is abnormally small. This 
is qrute probably due to the fact that at first oxygenated products are formed 
from the ethylene which do not give the full increase of pressure corresponding 
to the completed reaction. The induction is not, however, very marked. 


Table I. 

Analyses of Products of Beaction of Mixtures : ‘iOj. 


— 

200 mm. C.H.,; 

400 mra. 0. 

! at 402*^ C. 

i ! 

200 mm. CtH4» 
400 mm. 0, 
at 404® C. 

100 mm. C.H4, 
200 mm. O2 
at 409® C. 

100 mm. C.H4, 
200 mm. O2 
at 450® C. 
Reaction not 
quite 

completed. 

100 mm. C2H4, 
200 mm. 0. 
at 460® 0. 
Reaction not 
quite 

completed. 

CO. . 

per cent. 
10‘6 

per cent. 
19*2 

per cent. 
18*6 

per cent. 
16*95 

per cent. 
16*4 

0, . 

2-9 

1*7 

2-0 1 

12*65 

12-66 

C,H4. 

1*0 

3*0 

1*0 

12*95 

12*2 


661 

64*4 1 

59*6 

49*2 

43*7 

Reiiduo . 

10-3 

}l*7 

18*8 

8*3 

15*2 

Ratio CO/CO. 

3*37 

3-34 

3*22 

2*90 

2*67 

1 

Analyses of Products at Half-way 
Stage for Mixture ; aOj. 

Analyses of Products of Reaction 
for Mixtures : 03 - 

— 

200 mm, 

400 mm. 0, 
at 404® C. 

200 min. C.H4, 
400 mm. 0, 
at 404® C. 

200 mm. C.H., 

200 mm. 0, 
at 450® C. 

200 mm. 

100 mm. 0. 
at 450® C. 

100 mm. C2H4, 
100 mra. 0, 
at 460® C. 

CO.. 

per cent. 

5*8 

( 

i per cent. 

6*9 

per cent. , 
10*2 

per cent. 

12 0 

per cent. 
12*5 

0, . 

43-1 

! 43*2 

8*0 

6*0 

6*9 


16‘4 

14*8 

24*3 

17*6 

24*4 


30*2 

28*3 

38-e 

44*9 

41*2 

.. 

4*5 

6*9 

18*7 

19-6 

160 

Ratio OO/CO, 

6*2 

4*1 

3*63 

3*74 

3-29 


Noi €,—AH a-nalyaea aro of the dry gafieoua products. 
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Table II.—“ End-points ” for various Pressures of Ethylene and Oaqrgen. 


Initial Initial 

Tempeia* preuauits pressure Total 

ture, o! of increase, 

ethylene. oxygen. 


Katio CtH^ : 20, (used 
in most of the experi¬ 
ments) 


Inoreaee as 
^TceutaM of that 
required by the 
leaotlon 
CgH, + 20,«« 

200 + 2E,0. 



We conclude then that although the rate of pressure increase is not"'a very 
strict measure of the rate of disappearance of the ethylene, it is sufficiently 
nearly so for mixtures C 2 H 4 + 20 a, + Og and O 2 H 4 + SOj to enable it 

to be used in an investigation of the influence on the rate of reaction of the 
total pressure, the temperature, and, within the range of ratios given, the 
relative proportions of the two gases. It may be stated at once that the influence 
of some of these factors is so marked that slight uncertaiatles about the 
relation of pressure change to ethylene consumption could not possibly affect 
the interpretation of the observations. 
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Existence of Explosive Limits betimm 400° and 500° 0. 

‘Experiments were made to ascertain whether any limit s of concentration 
existed at which there was a sharp transition from slow reaction to explosion. 
Such limits occur with hydrogen and oxygen, but none could be found with 
oxygen and ethylene. In the course of the experiments the order of the 
addition of the two gases to the reaction bulb was varied, so that each gas 
might pass through all possible concentrations. At any of the higher 
temperatures an explosion occurred when the pressure was increased 
beyond a certain value but the reaction velocity increased continuously and 
rapidly up to this point. 

Influence of the Total Pressure on the Bate of Reaction for Mixtures : 2 O 2 .I 

The effect of total pressure on the rate is roughly that corresponding to a 
reaction of the third order ; the “ order,although recorded in the following 
table as giving a convenient meastire of the influence of pressiure, is not to be 
regarded in a reaction of this kind as representing the actual number of 
molecules taking part in the change. 


Temperature. 

0 ® a 

Initial pressure , 
of C,Hv 

Initial pressure 
of Og. 

Time of half 
change. 

Order.” 


mm. 

mm. 

/ 

i 

400 

101 

204 

9 54 

!> 


199 

402 

2 42 

420 

50 

103 

27 30 

j\ 30 


152 

.301 

2 56 


104 

195 

5 35 



204 

400 

1 13 

440 

100 

200 

3 3 

} 


150 

300 

1 2 


165 

335 

exploded 


480 

51 

98 

3 9 

} 3.5 


80 

357 

1 2 


100 

200 

exploded 



Fig. 1 shows the logarithm of the time of half change plotted against the 
logarithm of the pressure for two series of experiments not recorded in the 
table. The slopes of the lines give orders of 3 • 4 and 3 • 0 respectively. 




284 


H. W. Thompson And C. N. Hinshelwood. 



Influence of the Partial Pressures of Ethylene and Oxygen on the Rale of 

Reaction^ 

For reasons already explained mixtures within the range and 

C2H4: SO2 were chosen as suitable for these experiments. The following 
tables contain detailed results of some typical experiments made in vessels of 
silica and porcelain respectively. The corresponding curves showing the 
complete course of the reaction for the different mixtures are also given in 
figs. 2a and 2b. 

Although the oxygen pressure has some influence on the reaction velocity, 
that of the ethylene is far more pronounced. The rate seems in certain regions 
of pressure to be proportional to about the third power of the ethylene 
concentration. 
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silica Bulb, 460° C. 


C,H, 103 mm., 

Ot 190 mm. 

0 |H 4 99 mm., 

0 , 200 mm. 

C 1 H 4101 mm,, 

0« 299 mm. 

CsH 4 150 mm., 

0 * 200 mm. 

Time. 

Per cent. 

Time. 

Per cent. 

Time. 

Per oent. 

Time. 

Per oent. 


ohange. 



change. 



change. 



change. 

/ y/ 


/ 

// 


/ 




// 


1 65 

8-8 

1 

iSl 


1 

16 

8-2 

0 

28 

8*8 

2 65 

17*6 

2 

61 

17-9 

2 

6 


m 

43 

17*6 

3 66 

26-3 

3 

53 

26*8 

2 

60 

24-6 


66 

26*3 

6 16 

36 0 

4 

68 

36*7 

3 

28 

32-8 

1 

10 


7 34 

62-6 

6 

■El 

44*7 

6 

27 

49-2 

1 

24 

43-9 

9 15 

61-4 

7 

36 

630 

6 

EH 

67*4 

2 

0 

61*4 



11 


71-6 

8 

2 

66-e 

2 

66 

79-0 

13 36 

79 0 

18 

26 

89-4 

9 

54 

73-8 

3 

42 

88*0 



26 

0 

98-3 

17 

0 


4 

56 

96*5 






36 

0 


6 

20 

100 0 









11 

0 

100 0 
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Porcelain Bnlb, 460® C. 



Fio. 2 b.—E xperiments in Porcelain Vessel at 460® C. 


Infimnce of the Vessel Surface on the Reaction Vdodty. 

The rate of reaction is not very different in silica vessels and in porcelain 
vessels, as may be seen from the figures given above. It was investigated 
also in a porcelain vessel two-thirds filled with small pieces of porcelain. 
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If the reaction being studied were mainly on the surface a marked accelera- 
tion would be noticed, while a chain reaction might be substantially 
slowed down. Immediately ethylene was introduced to the packed vessel 
at 460® a rapid though «mall increase of pressure was observed, which 
continued for a short time after admitting the oxygen, and, as gas 
analyses showed, was due to the decomposition of the ethylene. This 
decomposition, although occurring to some extent in all the experiments 
is hardly measurable in an empty bulb. Thus when 300 mm. ethylene, a 
higher pressure than was generally used in the oxidation experiments, 
were allowed to remain at 450° C. for 30 minutes—^longer than would be 
required for complete oxidation in the ordinary way—^analysis showed that 
less than 2 per cent, had been decomposed. The decomposition is, however, 
very much accelerated by increasing the surface to the extent that packing 
the bulb with small pieces of porcelain allows. 

It was therefore necessary to find some means of increasing the surface but 
less drastically. A silica bulb completely packed with spheres of silica aboxit 
1 cm. in diameter was used for this purpose. 

In this vessel the reaction velocity as measured by the percentage of the 
total pressure increase occurring in a given time is far less than in an empty 
bulb. But it is not precisely the same reaction which is measured. The total 
pressure increase observed in the packed bulb is generally rather less than in 
the empty one, which indicates a greater proportion of the reaction giving 
carbon dioxide—since the latter occurs with no pressure change at all. However 
it is clear that the main reaction is considerably retarded, for analysis always 
showed considerable amounts of unchanged ethylene and oxygen affcer long 
periods. Thus in the empty bulb at 460° 0. 100 mm. ethylene and 200 mm. 
oxygen would have combined completely in 10 minutes ; in the sphere packed 
bulb there was 63 - 6 per cent, of ethylene after 30 minutes. Moreover, whatever 
process is really being measured in the packed bulb the one yielding carbon 
monoxide is occurring simultaneously, and if the total rate is less than in the 
empty bulb, then the rate of the reaction yielding carbon monoxide must be 
less still. 

Thus it swms probable that there is a real retardation by increased surface, 
as in the combination of hydrogen and oxygen, which suggests the existence of 
reaction chains. 
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The Temperature Coefficient of the Reaction Velocity. 

When the logarithm of the time of half change^ 4 , is plotted againat 
1/T, the reciprocal of the absolute temperature, a straight line is usually 
found, the slope of which is determined by the heat of activation. With 
the combination of hydrogen and oxygen the slope varies both with 
temperature and pretssure, being governed not only by the heat of activation 
but by the variable chain length. The order ” of the oxidation of 
ethylene does not vary much with temperature; thus the temperature 
coefficient of the rate caimot vary very much with pressme. The 
temperature coefficient is not very great, and its actual value varies 
slightly with the condition of the surface. Since any real variation in 
the value of the heat of iictivation might be of fundamental importance in 
understanding the mechanisin of the reaction it seemed necessary to make 
determinations preventing as far as possible changes in the experimental 
conditions. With this object a whole series of experiments at different 
temperatures were made at in as rapid succession as possible. The temperatures 
were chosen in random order. Fig. 3 shows that the values for a given pressure 
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lie on a curve which does not differ systematically from a straight line. The 
dopes vary slightly for the different pressures. The results are tebulated 
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below* From the figures given E, the heat of activation, was calculated by 
the method of least squares. 


100 mm. OtHi 

200 mm. Oj. 

125 Him. CJEL^, 260 mm. 0,. 

150 mm. 300 mm. 0,, 

V* (absolute). 

<4 (seconds). 

T° (absolute). 

I4 (seconds). 

T® (absolute). 

(seconds). 

(683) 

(770) 

713 

244 

, 

703 

276 

(693) 

(620) 

723 

180 

713 


713 

1 369 

728 

148 

723 

128 

724 


733 

126 

728 

100 

744 

146 

739 

107 

738 

70 

763 

78 

743 

83 

743 

54 

K ^ 35,000 calories. 

E =« 37,000 calories. 

E «= 43,000 caJorios. 


Influertee of Nitrogen and of Argon on the BaU, 

A number of experiments were made to find whether nitrogen and argon 
cause an acceleration of the reaction similar to that which they cause in the 
union of hyrogen and oxygen. While the acceleration of the hydrogen-oxygen 
reaction is very great, that of the oxidation of ethylene is small and in certain 
respects erratic. 

With 100 mm. ethylene and 200 mm. oxygen, 200 or 300 mm. argon or 
nitrogen appear to cause an appreciable acceleration, amounting to as much as 
one-third. But when the curves of pressure increase plotted against time are 
examined it becomes evident that this acceleration is due principally to a 
shortening of the induction period. After about the first 10 per cent, of the 
pressure increase, the course of the reaction is almost independent of whether 
argon is present or not. Nitrogen, however, appears to exert in addition a 
quite small accelerating effect over the greater part of the course.* 

* To oxplain these results it would be neoessary to understand what is taking place 
dtuing the induction period. 

If, as appears probable from the next section, the i-eaotion is regarded as one in which 
ofaftina are initiated by the formation of some kind of peroxide, the induction period may 
well depend upon the initial production of this body. The effect of argon in shortening 
the induction period seemed to depend upon the order in which the various gases were 
admitted to the reaction bulb, being greatest when oxygen was admitted last. It U con¬ 
ceivable that the varying conditions of concentration or even the varying degrees of 
adiabatic compression associated with different orders of admission of the gases might 
inikienoe the initial eonoentration of the unstable substance upon which the establish¬ 
ment of the chains depends. This effect of the initial conditlonB. being small, somewhat 
variable, and temporary, can hardly bo regarded as of fundamental importance. It should 
be noted that in the absence of the argon the order of admission of ethylene and oxygen 
had no influence. 
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Discussion, 

Several characteristics of the reaction between ethylene and oxygen 
are difficult to explain without the assumption that the oxidation takes 
place by a chain mechanism. 

The influence of pressure on the rate is very great, and the principal reaction 
seems to be retarded by increasing the surface of the vessel. 

The partial pressure of the ethylene has far more effect on the rate than that 
of the oxygen. Indeed, with 100 mm. ethylene, increasing the pressure of the 
oxygen, from 100 mm. to 200 mm. causes no acceleration but actually a slight 
retardation. The effect of the pressure of the ethylene is probably greater 
than could be accoimted for by any simple reaction mechanism not depending 
on the propagation of chains. 

The influence of nitrogen and of argon on the rate yields no definite evidence 
either for or against the existence of chains. Apart from the effect on the 
induction period discussed in the last section the acceleration of the reaction 
caused by these gases is but slight. A definite acceleration would be expected 
if the foreign gas prevented chains from reaching the wall and there being 
broken. To account for the smallness of the observed effect it can be supposed 
that the chains are quite short, and that many of them are terminated in the 
gas phase without reaching the wall. 

This supposition is supported to some extent by a considera-tion of the 
temperature coefficient. The heat of activation varies from 35,000 calories 
with 100 mm. ethylene and 200 mm. oxygen to 43,000 calories with 150 mm. 
ethylene and 300 mm. oxygen. If very long chains were involved the rate 
of reaction would be many times greater than that to be expected 
from the heat of activation on a theoretical basis. The initial activation 
process is probably bimolecular, but might be termolecular. It is easy 
to calculate from the relation between the rates of other reactions and 
their heats of activation that a bimolecular process, occurring at the same 
temperature and with the same rate as the combination of 100 mm. 
ethylene and 200 mm. oxygen, would have a heat of activation of about 38,000 
calories. This is near enough to the observed values to show that a bimolecular 
process would not need to have its rate multiplied by many powers of 10, 
though there is nothing to show that chains of comparatively short length do 
not occur. If the initial process were termolecular, it would, for the same 
heat of activation, proceed about lO^ to 10* times more slowly. Thus for the 
oxidation to take place at the observed rate chains of considerable length 
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would have to be involved. The first alternative, a bimolecular activation 
process and oomparatively short chains, is on the whole more plausible. 

With regard to the process by which the reaction chains are initiated, the 
experiments which have been described lend support to views recently expressed 
by Egerton* and others on the nature of hydrocarbon combustion in general. 

The most remarkable fact about the reaction is the rapid increase in rate with 
increasing pressure of ethylene, the pressure of the oxygen being relatively 
unimportant. It seems, therefore, that a high concentration of ethylene favours 
the propagation of chains while a high concentration of oxygen does not. 

Egerton suggests that the initial process in the combustion of a hydrocarbon 
is the formation of an unstable peroxide. This provides active centres from 
which reaction chains proceed. On the other hand, therms is no doubt that 
Bone’s interpretation of the complete course of oxidation as a process of 
successive hydroxylation is essentially correct. The two views are not in¬ 
compatible, and a combination of them suggests an explanation of the facts 
just mentioned. We may suppose that the initial act in the oxidation is a 
collision between ethylene aixd oxygen giving the unstable : Oj. If this 
collides with another ethylene molecule the oxygen is shared and two active 

CHOH 

hydroxylated molecules, e.j., It , are produced, which continue the chain. 

CHj 

If, however, the peroxide collides with oxygen it may either be decomposed or 
oxidised completely to stable products which do not happen to be effective in 
continuing the chain. 

Summary. 

The oxidation of ethylene between 400'" and 500*^ C. is probably 
a chain reaction. The rate is affected by the total pressure approximately 
as in a reaction of the third order, the effect depending very much more on the 
partial pressure of the ethylene than on that of the oxygen. It is suggested 
that the first stage in the reaction is the formation of an unstable peroxide ; 
if this reacts with more oxygen the chain ends, but if it reacts with ethylene 
unstable hydroxylated molecules are formed which continue the chain. The 
reaction is retarded by an increase in the surface exposed to the gas. Prom a 
consideration of the temperature coefficient and the influence of foreign gases 
on the rate of reaction it is concluded that the chains are probably not of great 
length* 

♦ Egeitott and Gatee, * J. Inst. Petroleum Tech./ vol 13, p. 281 (1027). 
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Observations of the Height of the Ozotie vn the Upper 
Atmosphere.—Part II. 

By F. W. P. GOtz, Dr. Phil. Nat. (Lidbiklimatischea Observatorium, Arosa), 
and G. M. B. Dobson, D.Sc., F.R.S. 

(Received July 3> 1929.) 

Measurements to determine the height of the ozone layer over Aroaa, extend¬ 
ing over a period of 6 months, have been described in a former paper.* These 
observations have now been continued for another 6 months with the results 
given below. 

It was previously stated, that the constant of the spectrograph, which gives 
the ratio of the two wave-lengths used which would be obtained if the instru¬ 
ment could be taken right outside the atmosphere, was subject to some 
uncertainty, and any error in the adopted valrie would cause an error in the 
heights deduced. Recent improved determinations of this constant show that 
the value used was too low, with the result that the heights previously pub¬ 
lished should be increased by about 18 km. This brings the heights found at 
Arosa into good agreement with those found by other observers, the average 
height being about 50 km. 

It may be well to explain here the main cause of the change in the value of 
the constant used. The constant is obtained by plottmg the intensity at the 
earth’s surface of any wave-length, against the length of the light’s path 
through the absorbing atmosphere and extrapolating to zero path-length. 
For the longer waves the extinction is mainly due to scattering by air and haze 
in the lower atmosphere, and the path-length is closely proportional to sec Z 
(where Z is the sun’s observed zenith distance). For the shorter waves, which 
are absorbed by ozone in the upper air, the absorbing path is more nearly 
proportional to sec a, where a is given by the relation sin a R/(R + h ). sin Z 
(where R is the earth’s radius and h is the height of the ozone layer). In the 
previous determinations of the constant in question, this difference in the 
treatment of the two wave-lengths was not taken into account. It will be 
noticed that sin a involves a knowledge of A—tiie height of the ozone layer— 
but fortunately this can be overcome by what is equivalent to successive 
approximation. 

Fig. 1 shows the heights found at Arosa at different times of the year. 

* * Hoy. Soc. Proo./ A, vol. 120, p. 251 (1928), 
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There is some indication that the height is greater in the spring than at other 
times of the year, but this is not yet certain. 

Fig, 2 shows the variation in the height of the ozone with the amount of 
ozone present. To eliminate the annual effects, the amomxts of ozone are given 
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as differences from the monthly mean values. While the accuracy of the 
observations is poor, it is clear that the average height is mt lower when there 
is much ozone than when there is little ozone ; if anything, the rcverse.would 
appear to be more nearly true. This is the most important result of the 
observations, since most hypotheses which might l)e put forward to explain 
the connection between the changes in the amount of ozone and the meteor¬ 
ological oonditions in the lower atmosphere would require that the average 
height should be lower when there was much ozone present, and vice mrsd. 
Thus an obvious suggestion is that polar air currents in the upper troposphere 
carry air which is rich in ozone from polar to temperate regions, so that the 
changes in the amount of ozone occur in the upper troposphere, and that 
when there is much ozone this is due to ozone being present both at, say, 
VOL. exxv.—a. 


X 
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10 km, and 50 km. If moh a hypothemti were true, the average height would 
evidently be much lower at times of much ozone than at times of little ozone. 

The accuracy of such measuremtmts as these depends on getting observations 
when the sun ia low\ The instriiinents at present in use were not primaril}’^ 
designed for this purpose and their light-gathering power ” is not very good; 
thus the exposures become very long when the sim is low, and in practice it 
is not possible to observe w^hen the sun is less than above the horizon. In 
the past tliesc instrun)euts were the only ones available for making a large 
number of observations, but as more suitable instruments are being obtained, 
the present observations will not be continued. 

In conclxision, w'e should like to express our thanks to Mr. R. W. M. Gibbs, 
who has again measured all the spec^tra on which this work is based and com¬ 
puted the ozone values. We also wish to thank the Department of Scientific 
and Industrial Research for a grant for assistance with the large amount of 
computing work involved. 


The Oxidation of Phosphine at Low Pressures. 

By R. H. Dalton, Ramsay Fellow, and C. N. Hinshelwood, F.R.S. 

(Received July 17, 1929.) 
l — hUrodmtion. 

In the recent developments of chemical kinetics there have been many 
indications of a type of reaction known as a chain reaction, in which each act 
of transformation gives rise to a product which, on account of its active chemical 
nature or high energy content, causes further molecules to be transformed 
without special activation. Under certain conditions the chain may ‘' branch/' 
and the number of centres from which reaction proceeds increases indefinitely 
unless the chains are broken. In a gaseous reaction there may be a definite 
concentration at which the rate of initiation of chains just begins to exceed 
the rate at which they are broken. At this point a stable condition ceases 
to be possible. However slow the reaction may be on one side of the limiting 
concentration, on the other side its rate increases continuously with time till 
results. The acceleration may rec^uire an imperceptible fraction of 
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a second only, since the time scale on which molecular collision processes occur 
is a very minute one. 

The remarkable phenomenon to which this gives rise, namely an abrupt 
transition from negligibly slow reaction to explosion, is exemplified in the 
union of oxygen with phosphonrs vapour* and with sulphur vapoiirf at low 
pressim:, and in the combination of hydrogen and oxygenj under certain 
conditions. The present paper deals with a similar phenomenon in the oxida¬ 
tion of phosphine. 

Chains may be broken by dc^activation of molecules either in the gas phase 
or at the surfai^e of the vessel. The first kind of deactivation becomes more 
prominent tlie higher the pressure, the second kind the lower the pressure. 
When explosion occurs abruptly on decreasing the pressure, it indicates that 
some process in the gas phase has ceased to break the chains as rapidly as they 
start; when there is a similar abrupt transition with increasing pressure, it 
indicates that the deactivating influence of the surface of the vessel has become 
inadequate. 

It has long been known that mixtures of phosphine and oxygen explode 
when the pressure is reduced,§ and the influence of various factors on the 
critical pressure was studied by van’t IIoff|| and van der Stadt,^ but no 
theoretical explanation was then forthcoming. Regarded in the light of more 
recent work these results suggest that the oxidation of phosphine is a chain 
reaction. Further study of the reaction has been imdertaken from this point 
of view. The first part of the wwk, which is described in this paper, show^s 
that, in addition to the higher pressure limit, there is also a lower pressure 
limit, below which the rate of combination is quite negligibly slow but above 
which there is expjosion. The nature of this limit has been experimentally 
investigated by introducing the gases at low pressure into a tube and compress¬ 
ing them until explosion occurred, separate experiments having shown that 
the rate of reaction at slightly lower pressures is negligibly small. 

The formally simplest theory of the phenomenon is that chains are main¬ 
tained by active intermediate products, which react alternately with oxygen 

* Semenofl, ‘ Z, Fhysik,’ vol, 4e, p. 109 (1927). 

t Semenoff and Kjabinin, ‘ Z. physikal. Ghent.,’ B, vol, 1, p. 192 (1928). 

t Thompson and Hinshelwood, ’ Roy, Soc. Proc./ A, vol, 122^ p. 810 (1929); vol. 124, 
p. 219 (1929); Gibson and Hinshelwood, * Trans. Faraday 8oo.,* voU 24, p. 559 (1928). 

$ The productB of explosion are given by the equation PRa -1- Og HPO^ + Ha> unle-riH 
oxygen is in excess, when the hydrogen is also burnt and HaPOj is formed. 

11 ‘ Etudes de Dynamique Ohimique,’ 

% ' Z, phyaikal. Chem.,’ vol, 12, p. 322 (1893), 

X 2 
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and phosphine. The chains are supposed only to be broken when they reach 
the wall of the vessel. There is a certain small definite probability of their 
branching. As shown in section 8 the simple development of this theory 
leads to the result that at the critical pressure the following relation should 
hold approximately:— 

po.. Pm • (1 + - ) — t-onstant. 

V po, + Ppiw 

d is the diameter of the tube containing the gases, and ^ pressure of 
nitrogen, or any other inert gas present. This formula is analogous to that 
used by Semenoff* in connexion with the reaction between oxygen and 
phosphorus. 

It describes the results qualitatively in that (a) there is an inverse relation¬ 
ship between the pressure of oxygen and that of phosphine at the explosion 
point, (b) the critic^al partial pressures are lowered by the presence of nitrogen 
or argon, (c) in the absence of inert gases the product po, • Ppji, inversely 
proportional to a power of the diameter which is nearer the second than any 
other integral power. 

To obtain quantitative agreement the theory needs elaboration. In the 
absence of inert gases, po, and ppH, are connected by a relation which is only 
approximately hyperbolic ; when the walls of the tube in which the reaction 
oc.curs are covered with phosphoric acid to give a constant surface the curve 
obtained is symmetrical (fig. 2 ), but differs from a rectangular hyperbola in 
that P 03 . pi>n,i rises to a maximum for equal pressures. In a glass tube with 
the solid reaction products on the walls the curve is actually unsymmetrical 
(fig. 3), but this is probably due to changing nature of the surface caused by 
changing adsorption for different proportions of the two' gases. The effect 
of inert gases is smaller than that predicted by the formula, though this gives 
the right order of magnitude (fig. 4). The deviation of the po., ppu, emve 
from strictly hyperbolic form can be attributed to mutual deactivation of the 
active intermediate products, while the discrepancy between the observed 
and calculated effect of the inert gas can be ascribed to a certain amount of 
deactivation by the inert gas itself or inhibitors introduced with it. 

U. -Prefaration of Materials. 

The phosphine was generated by decomposition of phosphonium iodide 
with potassium hydroxide, and purified by passing over solid potassium 

* ‘ Z. ))hy8iknl, Ohem.,* B, vol. 2, p. 161 (1929). 
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hydroxide, and then through a trap cooled with eolid carbon dioxide to free 
it from other hydrides of phosphorus. It was finally collected by freezing 
out in a liquid air trap, and allowed to evaporate into an evacuated container. 

Oxygen was prepared by heating potassium permanganate, and purified 
by passage through a liquid air trap. 

Commercial nitrogen and argon were purified by passage over hot active 
copper, solid potassium hydroxide and phosphorus pentoxide. The argon 
contained some nitrogen. 

III .—Experimental Procedure. 

The apparatus is illustrated in fig. 1 . The gases were contained in reservoirs 
imder known pressure and were admitted to the apparatus in small, accurately 
known portions by the pipettes Pj, Pg and P 3 . On their way to the reaction 



vessel, E, they passed through a long spiral, S, cooled with solid carbon 
dioxide, which served to control the humidity. The tubirqj connecting the 
pipettes with E was of small boro. By means of the three-way tap, A, the 
reaction vessel could be connected to the gas pipettes or the pumps, or could 
be cut off completely while the pipettes were connected to the pumps. The 



298 


R, H. Dalton and C. N, Hinshelwood. 


lower end of R was (connected through a glasa tube to a burette containing 
mercury by means of which the gases in R could l>e compressed untU they 
exploded. The general procedure was to evacuate the apparatus to about 
10"** mm, of mercury, and then to add from the pipettes the desired quantities 
of the various gases, pumping out the connecting tubes between additions. 
The volume of R and the connecting tubes was known so that the pressures 
of the gases could be calculated. A correction was applied for the effect of 
cooling S.* 

The tap A was then turned so as to close R, and t he gases were compressed 
by raising the mercury slowly \mti\ the mixture exploded, as shown by a 
faint flash. The mercury was stopped instantly by closing the tap B. The 
decrease in volume of R was obtained from the burette readings, and the 
pressures at the instant of explosion could be calculated. Changes of tem- 
])erature of a few degrees were found to have very little effect on tht^ explosion 
limit, so that it was unnecessary to place the reaction vessel in a thermostat. 

In the later experiments it was found advisable to introduce a few cubic 
centimetres of very strong phosphoric acid on top of the mercury. This had 
the advantage of controlling the humidity more accurately and giving more 
reproducible wall conditions, since it adhered to the glass and dissolved the 
products of the reaction. The acid used was made by dissolving phosphorus 
pentoxidc in ordinary phosphoric acid, density 1 • 76, imtil a very viscous liquid 
was obtained which solidified slowly at temperatures below 20"^. There was 
no indication that th(^ acid dissolved any of the gases. The experiments made 
in presence of phosphoric acid were more reproducible and freer from com* 
plications than the earlier experiments, and hence will be given the principal 
consideration in the disctission. 

IV.— Depfi^idcnce of Explosion PrcMure on the Ratio of Phosphine to Oxygen. 

The results of the experiments in the tul>e8 with walls covered with 
phosphoric acid are given in Table I. p^^ and pj>H, are the pressures at which 
explosion occurred. In all these experiments the phosphoric acid layer was 

* The pressurt^ in R was calculated from the pressure in the pipettes and the ratio of 
their volume to the total volume of the apparatus. In the formula used the term for 
the comicctmg tul)o was not its real volume but that which it appeared to have when S 
was cooled. This was determined by direct experiments in which gas at pressures large 
enough to be measured on a manometer was shared with R. The pressure of the second 
gas added was less than that calculated from the volume ratio, because of the presence of 
the first gas in R, Assuming that none of the first gas diffused back into tlie narrow con¬ 
necting tube when the second was admitted, the correction was equal to the volume of 
the connecting tube times the pressure of the first gas. 
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SerieH A. 


Series B. 


SorieM C. 

Diameter 1 *95 om. 


Diameter 1 *95 cm. 


Diameter 1 -0 cm. 

POv 

PpHh* ! 

i 


PPHr 


pvn^ 


ia*!!,. 

0 27 

1 ■ 38 1 

0*12 

2-25 

0*20 

1*65 

0*49 

2-88 

U-27 

1*55 

014 

2*40 

0*23 

1*81 

0-50 

2-89 

0*27 

1-49 

oiti 

2 04 

0*33 

1*42 

0-89 

2-18 

0*28 

1-.59 1 

()'19 

1*83 

0*24 

1 46 

0*93 

2-25 

0*45 

109 1 

0*10 

1*90 

0-36 

1*53 

0-96 

1*97 

0-49 

Ml. 

0-20 

1-96 

0*79 

0-89 

0-97 

1-98 

0*<>7 

0*89 1 

0-49 

0*92 

0*81 

0-92 

1-56 

1*26 

0-69 

0 ■ 88 1 

0-55 

M8 

0*85 

0*95 

1-62 

1-20 

(»-71 

0*92 

0*55 

1*02 

1 -05 

0-55 

2*16 

0 * 79 

0*98 

0-54 

0-57 

1*22 

MO 

0*58 

2-24 

0-82 

J02 

1 0-58 I 

0*85 j 

1 M2 j 

1*67 j 

0*23 

2*28 

0-82 

1*02 

0*5<» 1 

0*66 

!*)4 1 

1*76 i 

0*25 

2-16 

i 0*45 

1-20 ! 

0-42 j 

1-01 

0-48 

1*80 

0*16 

2*19 

1 0-45 

1 21 ! 

0*42 

1*02 

0*55 

1*99 

0-21 

3*26 

’ 0*47 

l*2(i i 

0-45 i 

1-12 

0-60 

2*04 

0-21 

, 

! 

I -50 

0-25 j 

MO 

0-29 

2*08 

0*18 

I 

J 

irxi 

0-26 

I *16 

0*40 

2*25 

0*17 i 




1 1 

' t 

’ t 

1-22 

0*41 

2*20 

0*18 i 

1 


j 

i. 


fu*8t raised to the top of the reaction tube and lowered again, just before 
carrying out the determination, to ensure that the walls were covered. All 
pressures are expressed in millimetres of mercury. Series A and Series 0 
are shown in fig. 2, where the dotted lines represent the form of curve expected 


from the simple theory. 



Fjo, SS.—Explosion Prossuros of Oxygen-Phosphine Mixtures. Left hand figure : Series A, 
I'IWi cm. tube, H^PO, surface. Bight-hand figure: Series C, 1 cm. tube, HaPOa 
surface. The broken curves 6 are hyperbolas. 
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The curves are symmetrical with respect to po^ aud jJph,, and of the same 
general form as a rectangular hyperbola. The central section is in general 
flatter than the hyperbola, although in some series the deviation was not much 
greater than the experimental error, Tt should be noted that in fig. 2 
PcHa X po, deviates from the ‘ hyperbolic' value by about the same percentage 
for the 1 cm. tube and the 1 *95 cm. tube. 

When one of the gases is at a very much higher pressure than the other 
the results are no longer symmetrical, the product being greater with high 
oxygen pressure (Table I, Series B). When the ratio pojfvu^ is increased 
to 15 or 20 a point is reached where the mixture fails to explode at any pressure. 
This probably indicates deactivation of the active molecules by oxygen. 
Indeed, it is known that this factor must become important at high press\ires 
of oxygen, since the work of van der Stadt proved the existence of an upper 
limit largely determined by the oxygen pressure. At high values of the ratio 
VniJPOi* on the other hand, tlie explosions become weaker and weaker until 
at ratios of about 17 they can no longer be detected, but there was no indi(^ation 
of a definite limit in this direction. 

In starting a series of experiments after the apparatus had been unuse<l 
for some hours it was always noticed that the explosion pressure gradually 
decreased during the first few explosions and then settled down to a fixed value 
with only random fluctuations, A number of attempts were made to discover 
the cause of this behaviour and if possible eliminate it, but without much 
success. The most probable explanation seemed to be that some substance 
produced by the explosion was retained to a small extent in the tube and 
promoted the initiation of chains m the following experiment. The removal 
in the first explosions of traces of an inhibiting substance which had accumu* 
lated in the tube on standing would give rise to a similar effect, 

\. —Jnfiue7ice of the Diameter of the Tube and the Nature of the Walls. 

In the earlier exjHjriments, in which phosphoric acid was not present, the 
solid products of reaction were deposited on the walls of the tube. The surface 
thus covered was fmmd to be leas effective in breaking the chains than clean 
glass. After a number of explosioixs had taken place in a given tube the 
critical pre^ssure became fairly steady, and the final value of po, • pm, was 
usually about half that for the clean tube. Some typical results of experiments 
made under these conditions are given in Table 11 and the corresponding 
curves in fig. 3, 

it is seen that the curves are no longer symmetrical, except with the J cm. 
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Table II. 


tSerieH A. 

Series B. 

Scries ( 

Diameter 3*6 om. 

Diameter 1 • 95 cm. 

Diameter 1 *0 cm. 

pOj. 

PfHi^ 

?>0.* 

7>l*Ha* 

7>o,. 

;o*Ur 

nun. 

nun. 

mm. 

mm. 

mm. 

mill. 

U'20 

1-33 

0*57 

1*39 

0*77 

3-51 

0-21 

1-37 

0*59 

1*45 

0*80 

3-63 

0’35 

1-00 

0*73 

0*91 

0-8I 

8*60 

0-30 

0-99 

0 • 75 

0*94 

0*82 

3*80 


0-58 

0*80 

0*52 

1*21 

2-22 

0'5ti 

0*39 

0-81 

0*62 

1*20 

2-20 

0IX> 

0*47 

0*83 

0-28 

1*08 

105 

ii-m 

0-49 

0*87 

0*57 

1*73 

1-67 

0-08 

0*49 

0*90 

0*68 

2*23 

1*03 

0*77 

1 0*33 

0*91 

0*30 

2*37 

M2 

0-7U 

1 0*35 

1*03 

0*14 

4*50 

0*54 

(194 

0*18 

1*0(> 

0*14 

4*82 

0-57 

0 ■ i 

i 0*18 





1-03 1 

1 0*20 

The lesults of t his series arc 



1 

010 

unusually erratic for an un- 



1-39 1 

0*10 1 

known reason. 



1-48 i 

0*10 

. 






Fid. 3.—Explouon Prea»u«!8 of Oxygen-Phosphine Mixtures, (a) 1 em. tube; (ft) l-9i) cm. 
tube i (c) 1 'OS om. tube, MjP 04 surface ; (d) 3-6 cm. tube. 


tube, and may show an inflection point neat the middle. The mixtures 
explode more readily when oxygen is in excess than when phosphine is in 
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excess. The mean value of po, • Pvb^ is* however^ not greatly different from 
its value in the ex|Kiriment8 with phosphoric acid (fig. 3, curves b and c). 
It should be mentioned that while successive experiments at the same pressures 
were frequently in very good agreement, different series carried out at intervals 
of several days showed a considerable drift. 

An attempt was made to obtain a series of results with completely clean 
walls by taking down the tube and washing it between experiments. It was 
found impossible, however, to get a reproducible siirface in this manner, and 
the method was abandoned. 

Experiments with a silica tube gave approximately the same result;S as 
those with glass tubes. 

The asymmetry of the curve may be explained if it is assumed that the 
deactivating properties of the walls increase with the amount of phosphine 
adsorbed. This amount would be greatest at high ratios of pliosphine to 
oxygen, where the explosion pressures are observed to be relatively higher. 
The liquid phosphoric acid surface would presumably not adsorb phosphine, 
but possess a specific deactivating property independent of the gas pressure, 
and hence would give symmetrical results. The high values of po,. ppH,, with 
surfaces of clean glass or silica would indicate that the latter adsorb phosphine 
strongly. 

The effect of the diameter of the tube on the explosion pressure is shown in 
Table III, where the values of po,. ppH,, at the point where po, = Pfh«j 
are compared for different tubes. The theory predicts that this product 
timm the square of the diameter should be constant for a given kind of surface. 
The square root of this quantity is given in the last column. 


Table III. 


Natun^ f>f 8urfa<.*«. | 

! 

1 niajwctcM' in cm. 

1 POt • 


Coveivd with Hj, 

108 

loo 

0-60 

218 

1 

n 


0-29 

1-9 

<jilae« coated with re-J ! 

1-95 

094 

10 

action prodvicts . ] ' 

1*8 

0 91 

1-7 

1 , 

10 

2-S 

1-7 


hor the two tubes containing phosphoric acid the agreement is good. For 
the others the results with the smaller diameters agree but in the widest tube 
the gases are less explosive than the theory predicts. This is perhaps due to 
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the existence of some deactivation in the gas phase, a factor which is naturally 
more important the greater the diameter. 


Nl, ~ InjlueMee of an Inert (Jas, 

A series of determinations of the explosion pressure were made, in which 
various quantities of an inert gas were added, the ratio of oxygen to phosphine 
being kept constant. Some typical results are given in Table IV, and two 
tjq)ical curves in fig. 4, The lower lines show the relationship expected on 
the basis of the simple theory. 

Table IV. 


Seriofl A. 
(With H 5 ,TO,) 

Diameter 1 -0 cm. 

Series B. 
(With HaPO^) 

1 

Diameter 1 • 95 cm. 

pOilpVH:i 1 * 20 . 

Series C. 

(Without H 3 PO 4 ) 

Diameter 0 • 95 cm. 

PoJpPH^ 0 *91. 

Series D.* 
(With HaPO^) 

Diameter 1*95 cm. 

poJpvHs 1*40. 

Series K. 
(With HaPOa) 

Diameter 1 *95 cm. 

jfJOj/pHjj ^ 1*50. 

Po,. 


i 

I p^h' 

Pa rtfoij* 

/)o,. 

1 


POy 

i 

P0^• 

1 

j i^Vrgon* 

1 

1 -C 2 

0 

0-73 

0 

1*64 

0 

0-85 

0 

1*08 

0 

D62 

0 

0-73 

0 

1*02 

0 

0*85 

0 

1*02 

0 

l-SS 

1-J6 1 

0-76 

0 

1*23 

3*43 

0-8I» 

0 

0*85 

0-52 

1'37 

M7 

0-77 

0 

1*22 

3*35 

0-84 

0*50 

0*83 

0*60 

1-22 

2-71 

0*99 

0*64 

0*97 

5*95 

0-81 

0*53 

0*77 

Ml 

M9 

2-76 

097 

0*03 

0*97 

5*90 

0*74 

0*49 

0*75 

MO 

M2 

5-U 

0*65 

0-61 



0*74 

1-05 

0*71 

1*70 

1-08 

468 

0-90 

104 



0-73 

1*05 

0*09 

158 



0*90 

1*06 



0-72 

1 00 

0*08 

1-58 



0-59 

2*38 



0*67 

1*00 

0*05 

2*09 



0*57 

2*13 



O’OO 

1*70 

0-00 

2*02 



0 54 

2*11 



0*f>4 

3*24 

0*07 

2*80 









0*04 

2*65 









0*63 

2*53 


The results show that in general the effect of the added gas is less than that 
calculated, but that the theory predicts the correct order of magnitude. On 
account possibly of the introduction of inhibitors with the inert gas the results 
are not very consistent; for example, in Series E of Table IV, the results 
are in fairly good agreement with the theory while in another series made 
under similar conditions the effect was decidedly too small. The fact that 
their influence is in general somewhat smaller than that expected may be 
due to a certain deactivating infltienoe of the inert gases, which partially 
counteracts their normal influence of preventing the diffusion of the active 
uiolecules to the wall. Nitrogen seems to have a smaller influence than 
^gon, suggesting, as seems probable, that it has more deactivating effect. 
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Fig. 4.—Influence of Inert Ga8se» on the Explosion 1*1X5880re. 

Ylh -Bate of Reaction below the Explosion Pressure, 

To determine the extcmt of reaction below the explosion limit, a mixture 
was compressed nearly to the explosion point and allowed to stand overnight. 
On continuing the compression next morning the mixture exploded nearly 
at the expected point, thus showing that any reaction had been negligible in 
amount. 

As a further proof of this point a mixture of phosphine and oxygen, at known 
pressures below the critical values, was allowed to stand over night. The 
phosphine was then frozen out with liquid air and the oxygen pumped off. 
The liquid air was then removed, and the pressure of the phosphine was found 
to be about 75 per cent, of its original value. In a blank experiment it was 
found that a loss of this amount was obtained even in the absence of oxygen, 
on account of the appreciable volatility of phosphine at the temperature of 
liquid air. Thus, in about 16 hours, no real reaction can be detected. 

VIII. Simple Theory of the Louver Pressure Limit,^ 

The exact origin of the iarst centres froni which chains are propagated does 
not affect the following considerations, which deal with the rate of increase 
of the chains when they are once started. 

* Compare Semonoff, loc, ci7., whose method of treatment is followed in the first part 
of this discussion, but modifleti in the later part. 
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Let it be supposed that there are a certain number of molecules of activated 
oxygen, and that these act upon phosphine giving an active product, denoted 
by the symbol Xp, which reacts with oxygen to give another active product Xo. 
This in turn reacts with phosphine giving Xp again, and so on until the chain 
is broken by reaching the wall of the vessel. 

In the course of a chain let there be % collisions between Xq and PHj, 
between Xo and O2, between Xp and PH3, and n* between Xp and 
Let + ng 4 4-^4^ n. Since Xq only appears when Xp disappeail^ 

and vice versa, — n^. 


nj{n^ 4 n,^) = Pvnjipviu + Po,) ; nj{n^ + ^ 4 ) pojipvu, + po,) 
whence 


(Po, + Pnxf 


By the Einstein -Smoluchowsky relation, the number of collisions suffered 
by a particle undergoing a mean displacement d is where X is the 

mean free path. 

If we assume that every chain is terminated by the action of the wall of 
the tube, n = d being of the order of magnitude of the diameter 

of the tube. If some of the chains are “ reflected from the walls, this is 


equivalent to an increase in the effective diameter, so that the qualitative 
nature of the wait may be taken into account by multiplying d by a factor p, 
which varies from one kind of tube to another. Taking the mean free paths 
of all the kinds of molecule to be approximately equal, X is inversely pro¬ 
portional to the total pressure, and thus may be written X0/( + Po,)- 

Substituting these values we find for or the expression 
Po.. pvHn X 1*5 

Suppose the probability that the chain branches at a given collision to 
be V. Then the number of times on the average that the chains branch before 
their existence is ended is v . jPo,, pPH* • If this average is much 

less than unity, the branching will not lead to explosion since there is less 
than an even chance that a new chain so produced will create another before 
it comes to an end. The condition for explosion is therefore that the above 
expression is of the order of magnitude unity. Thus at the critical pressure 
we have the relation po ^. Pph, . P* — constant. To take into account 
the presence of an inert gas, e.g., nitrogen, the necessary modification of the 
above calculation is easily made and leads to the relation :— 



= constant. 
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The above method of calculation is an approximate one only, since the 
condition for explosion is not quite rigidly formulated. A more accurate 
procedure, though one which does not give so clear a picture of the mechanism, 
is to write down equations for the rate of production and rate of removal of 
Xo and Xp, and find the condition where a ‘‘ Stationary statt^ just ceases 
to be possible. This leads to an equation reducible with certain approxima¬ 
tions to the above simple form. 

Thus we have 

-^k,¥ (c) + k, [Xp] 10 J - - k, [Xo] [PH,] - K [Xol == 0, {1) 

a *3 [XoJ [PHgJ - [Xp] [0,] - K [Xp] = U. (2) 

(1) expresses the fact that Xq is formed both spontaneously, in some way 

left undetermined, the rate being expressed simply by F (c), and by 

collision of Xj> with oxygen in the chain ; and that Xo is destroyed both by 

reaction with phosphine and by some process at the wall, the rate of the latter 
being K [Xo]. 

(2) expresses similar facts about the production and destruction of Xp. 
oc molecules of Xp are supposed on the average to be formed from one of Xo, 
thus introducing the condition that the chains can branch, a is greater than 
unity. No spontaneous production of Xp is allowed for, but it is easily shown 
that there is no loss in generality on this account. Solving for [Xo] we 
obtain 

^ (1 - a) [PH3] [OaJ + k,K [OJ + A:3 K [PH,] + 

Assuming perfect efficiency for the collisionB between Xo and PH, and between 
Xp and (>2, we have ; moreover is probably small, since A, is 

large. Introducing these simplifications, and equating the denominator to 
zero, we find that [Xo] increases indefinitely, t.e., the stationary condition 
ceases to be possible, when 

(a - 1 ) *3 [PH 3 ] [O 3 ] = K {[O 3 ] + [PH,]). 

8mcu K, which determiues the rate at which Xq and Xp reach the wall, for 
unit concentration of cither, is for a given tube inversely proportional to tho 
total pressure we have K = Ko/([0,] + [PH,] + [N,]). 

Thus 

(a - 1 ) ft, [PH,] [0,] = K, ([0,] + [PH,])/([OJ + [PH,] + [N,]). 
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Since concentrations are proportional to partial pressures, this condition 
becomes 

V<h • ^ H- ^ -) == constant 

p«, r 

for a ^iven tube, as above. 

As has been shown in the course of the prec^eding sections the experimental 
results conform in a general way to this equation. The mutual deactivation 
of Xq and Xp, not taken into account in the simple theory, probably accounts 
for the fact that p<>^. in the absence of an inert gas, is not constant but 
passes through a maximum at approximately equal proportions of oxygen 
and phosphine. The effect of inert gases has already Iwen discussed. 

It has also been mentioned that in the first few experiments of a new series 
there is an increase in the explosibility of the gases, apparently connected 
with the accumulation in the tube of traces of a substance which is only 
removed by long continued evacuation. The possible cause may be some¬ 
what as follows. The velocity of a reaction in which branching chains occur 
can be expressed by an equation of the form^ F(e)/{A (1 — a) + B}, F (c) 
is some function expressing the rat:e at which reaction centres are formed 
spontaneously, t.e., independently of chains already in existence, B depends 
upon various factors which break the chains, and A depends on the mechanism 
by which the chain is propagated from link to link, but not on the original 
method of starting, a is the number of fresh centres formed at each link of 
the chain. The condition for explosion is that B becomes less than A (a — I). 
This expresses the fact that the deactivating processes no longer balance the 
effect of the branching* This condition does not involve F (c), and thus appears 
to be independent of the exact way in which the first chains are initiated. 
Nevertheless, if F (c) were absoluttdy zero, no chains would begin to be pro¬ 
pagated and the question of their rate of increase would not arise. Thus, 
although the initial process does not enter explicitly into the condition for 
explosion, we tacitly assume that a number of chains sensibly greater than 
zero actually start spontaneously. It is possible that the initial increase of 
explosibility depends, therefore, on traces of some product which actually 
helps to provide the necessary minimum number of spontaneously originated 
chains without which the whole mechanism would fail to start. The 
explanation of the imperfect reproducibility of successive experiments may 
be similar. 


♦ Christiansen and Kramers, ‘ Z, physikal. Chem.,* vol. 104, p. 451 (1023). 
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Summary. 

The rate of reaction between oxygen and phosphine is negligibly small 
when the pressure is below a certain critical value. At this value an explosion 
occurs. 

The abrupt transition can be explained by means of the theory that the 
oxidation is a chain reaction, the limiting pressure being that at which chains 
begin to multiply more rapidly than they are broken by the walls of the vessel. 

A simple theory leads to the following relation between the partial pressiues 
of the variotis gases at the explosion point:— 


( 1 + 




constant 


where d is the diameter of the cylindrical containing tube. 

This equation expresses the following facts, which are in many ways analogous 
to those found by Semenoff for the oxidation of phosphorus vapour : 

(a) That there is an inverse relationship between the pressures of phosphine 
and of oxygen in the absence of an inert gas ; 

(b) That the mixture explodes more readily in presence of argon or nitrogen ; 

(c) That the product of the pressures of phosphine and oxygen at the 

explosion point is inversely proportional to the square of the diameter 
of the tube. 


There are certain deviations from the behaviour predicted by the simple 
theory, namely, (a) that in the absence of an inert gas po* • pvn^ iiot quite 
constant, but passes through a maximum when po, Fea,) **ud (b) that the 
inert gas has a somewhat smaller effect than that calculated ; further (c) in 
wide tubes the product po, • Fph, • d^ tends to rise. These quantitative 
deviations are attributed to the fact that some of the chains are broken in 
the gas, and not solely at the walls as the theory postulates. 
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The Spectrum of ; The Bands Analogous to the Orthoheliurn 
Line Specimm.—Part II. 

By 0. W. Richardson, F.R.S., Yarrow liesearch Professor of the Royal 
Society, and K. Das, King’s College, London. 

(Received July 18, 1929.) 

§ 1. It will be recalled that all the bands in this group of bantl systems end 
on an electronic level with total q\iantnin number 2, which does not combine 
with the ground loved of Hj,. For this and other reasons, we call them the 
bands analogous to the orthoheliurn line spectrum since the n ^ 2 level of 
that spectrum does not combine with the ground level of lie. Since our 
former paper* was written a numl)er of new facts have come to light bearing 
on tbifl group of band systems. These will now be briefly described. 

§ 2. The Sijstem formerly called 3 2 ^S, tmv called 2 ^8' 2 '"*8. 

Important additions have iSeen made to this band system which require a 
reconsideration of its structure. By making use of Poettker’af infra-red 
measurements SandemanJ has found three bands with initial vibrational levels 
lower than those of any of the bands which we discovered, l^his makes it 
necessary to change the numbering of the initial vibrational levels which wo 
gave* The progressions to which we assigned the initial vibrational numbers 
w' ==: 0, 1 and 2 should be n' = 2, 3 and 4 respectively. The 3 now bands 
found by Sandeman are the 0' 0' 1" and 1' 1". The new additions 

made by Sandeman to our former Tables XIII and XIV are collected in Table I. 
The wave niunbers are given, followed by Gale, Monk and L6e’B§ eye estimates 
of intensities, in brackets. 

These additions make considerable changes in the interpretation of the 
constants of the initial levels of the system such as, for example, are given in 
Table XV, and in § 8, of the former paper. The formula Vf {m) B,/ (rn — c)® 

+ with e i represents the initial rotational term values 

to the accuracy of the observational data. We have recalculated the con¬ 
stants B„' and by the same methods as before and keeping throughout to 

* Eiohardson and Baa, ‘ Hoy. Soc. Proc.,* A, vol. 122, p, 688 (1929). 

t * PhyB. Eev.,’ vol. 30, p. 418 (1927). 

$ * Proc. Boy. Soo., Edinburg* vol. 49, p. 246 (1929). 

S * Astrophys. J.,’ vol. 67, p. 89 (1928). 

VOL. exxv.—A. y 



310 


0. W. Richardswi and K. Das, 


Table I. 


n' 

w 


0 

1 

2 










0 

U 

11668-7 (Ob) 

! 


Also 


1 

P 

630-0 (3o) 

j 


3' 2^R(5) ^ 12484-3 


K 

097-8 (6) 

! 


3'2'P(6) = 11887-92 



P 

466-3 (2c) 



and the following aubstitu* 


2 

R 



tions;— 

722-7 (2) 






14881-60 for 14885-15 



P 

367-1 (lo) 



1' rR(4) 

0 

3 




14624-61 for 12627-9 = 


R 

733-4 (2) 



1' 2' »(4) 



P 

203-23 




i 

4 

R 

720-9 (1) , 





i 

P 

148-85 





5 

R 

1 712-3 (00) 






P 

024-3 





0 

R 






7 

P 

10891-4 





0 

R 

13718-4 (2) 

11193-97 


! 



P 

001-7 (4) 

080-7 ' 


1 


1 







R 

751-3(7) 

230-3 (05) 




1 

P 

i 518-9 (3) 

I 

004-3 




1 2 







R 

707-2 (1) 

1 11262-05 



1 


P 

420-7 (4) 

! 10010-0 



1 

3 


1 





R 

765-9 (la) 

11261-17 





P 

307-9 (15) ' 

10810-1 




4 







K 

747-28 

11255-66 





P 

181-3 (Oa) 

10705-2 




i5 

H 






A 

P 

042 -2 (00) 





u 

R 
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Table I—(continued). 



m 

! 

0 

1 

2 


j 1 







P 



10623*1 


1 

R 



10762*9 



P 





2 

R 1 






P 



10464*6 

2 

3 

R 1 



10788*8 



P 



367*8 


4 

R 


13137*01 




P 



260*6 


6 

R 

15576 06(00a) 

131(M)07 



6 

P 


12466*4 (00) 



R 





7 

P 


12319-6 (Iby 



the {oimulae of the old quantum mechanics with the result shown in 
Table II. 


Table II. 


n' -► 

0 1 

1 

2 

3 

2 B„' 

1 

53*08 

60 05 

47 00 

43*99 


-0*0141 

-0 0138 

— 0-0130 

- 0*0128 


The value of Bg s 26'54 requires the moment of inertia in the vibrationless 
state Ig 3= 10 ■ 42 X 10"*‘ gm. cm.* and the intemuclear distance fg = 1 • 119 x 
10 -* 

em. The value of « (the constant in Bas=Bo — otn) is 1*515. The 
value of ^g' calculated from the theoretical relation ^g' as — 4 Bg '»/a)g* 
is — 0*0165. The empirical way of determining ^g' is less acouiate than the 
theoretical, and the agreement is of the kind which is usually obtained. By 
sdding 0*4 which is ith of the mean second difiexenoe (with m) to the initial 

Y 2 
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vibrational difierenccs of the P (1) lines we obtain the following formula for 
the vibrational terms of the initial rotationless states 

2130-0 n — 66-45^12 — 0-433w®. 

The negative coefficient of the third power term in w in this expression is 
unusual. 

From these coefficients and the foregoing values of and a we have deter¬ 
mined* the coefficients in the energj equation 

+ai + bl^+.„) 

for the upper level, obtaining 

U (in volts) == 5*282 - 9-274 5« + U-53 

In these expressions U is the energy at internuclear distance r, ^ r/r^ — 1 
and /q is the equilibrium internuclear distance. The corresponding equation 
for the final states of these bands and of the a, y bands is 

U (in volts) -= 6-238 5* - 10-21 + 12-12 -- 13-4 + 15-5 5®. 

The graphs for both states are drawn in fig. 1. The ordinates are the values of 
U in volts and the abscissae are the values of r/a, where a is the radius of the 
first Bohr circle for H. A few of the vibrational levels are indicated by the 
broken hori^sontal lines. This band system extends to n' =« 4, but as the 
n' 4 level appears to be perturbed it has not been used in extracting the data. 

From fig. 1 we can determine the theoretical intensity distribution among 
the vibrational transitions of the band system by Condon’s method (see 
Richardson and Davidson, loc, cit,, p. 46). The result is shown in fig. 2. 
In this figure the vibrational transitions are set out by the usual double 
entry method, the final states being set out horizontally and the initial states 
vertically. The figures in the body of the diagram arc Gale, Monk and Lee’s 
estimates of the intensities of the R (1) lines, which are representative of the 
intc-nsities of the ba nds as a whole. (There are no act\ial measurements of the 
intensities of these infra-red lines.) The solid curve gives the location of the 
intensity maxima, the dotted continuation of it being estimated, and the 
intervening broken straight line the position of the minima. These are the 
actual empirical estimations as published by Sandeman (loc. cii., p. 254). The 
positions of the maxima as determined by us from fig. 1 by Condon’s method 
are shown by the crosses in fig. 2. It will be seen that the agreement with the 

* The detatk of the method by which this k done are fully described by Biohardaon and 
Davidson in ‘ Boy, 8oo. Proc./ A, vol. 125, p. 23. 
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observed estimation by iSandeman is quite good. The divergence, such as it 
is, is similar to that found by Richardson and Davidson {ho. cit., p. 46) 
for the band system—3' B 2' 8. 

This agreement and the other reasons adduced by Sandeman lead us to the 
conclusion that there are no lower initial vibrational levels further out in the 
infra-red, and that the vibrational numbers have now been correctly assigned. 
It is therefore necessary to re-inve^tigate the electronic status of this system. 
For the 0' O'' band we have— 

P(l)-vo + F(0)^F'(l), 

and F (0)=:. 6-635, F'(l) ==75-011 giving 11607-4. Now the v, 
(electronic frequency), measured from the groimd state of Hg + which is the 
final product of ionisation, ‘ of the final 2 *S level is 29340 wave-numbers.* 
As the upper electronic level of these bands is 11607*4 w. nos. above this its 
is 17732*6. If this is equated to R/a?* where R is Rydberg’s constant the 
denominator x is 2*485. These values compare with the former vq — 15597*3 
« 13753 and x = 2*826 got with the wrong vibrational numbering of the 
bands. The new value of makes the equilibrium value W (ro) of the negative 
energy of this upper state equal to W (Hg +) + = 16*16 + 2*19 = 18*36 

volts. 

In our former paper we called the upper electronic level of this system 3 *S, 
The reduction of the denominator from 2-825 to 2-485 mokes the assignment 
of the principal quantum number 3 very doubtful. In fact, there are several 
reasons for thinking that this level is some kind of a new 2 S state. If we 
assume it to be a 2 S state we can calculate the heat of dissociation D (2 S) feom 
the total negative energy W (r^) = 18-36 volts. This must be equal to the 
dissociation energy + the ionisation energy of the dissociation products. 
These are an unexcited and a 2-excited hydrogen atom. Thus 18 • 35 = D (2 S) 
+ R -f-| R where R is Rydberg’s constant in equivalent volts (13-54). This 
gives D (2 S) = 1 * 425 volts. On the other hand, if this upper state were taken 
to be a 3 8 state we should have 18*35 = D (3 8) + R + ^ the dissociated 
excited atom now having total quantum number 3. This would give D (3 S) 
3*305 volts. We can distinguish between these alternatives by estimating the 
heat of dissociation from the vibrational constants of the level. As there are 
only 6 vibrational levels of which the highest seems to be perturbed the extra¬ 
polation is rather long so that no great accuracy is to be expected. By using 
the graphical method we find D =: 2*0 volts. As the coefficient of n* in the 
* Riohardaon, ‘ Roy. Soo, Proe./ A, vol US, p, 899 (1988). 
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expression for cOh in terms of n is negative it would seem that o>„®/4x‘(a)o should 
be an upper limit for D. The value of this is 2 • 1 volte. 

These calculations definitely favour the view that this upper state is a 
2 state so that provisionally we shall give it the 83 anbol 2 ®S'. In the notation 
used by Weizel* if the final state of the a ^ y bands, which we denote by 
2 is Iso . 2^0 ^ the upper state of the present system is presiunably 
Iso . 2po It would thus correspond in the orthohelium system to the 2 
state Iso. 2po in the parhelium systems. Further evidence bearing on 
the principal quantum number of this state will be found in the next section. 

§ 3, A New Band System ending on 2 *8. 

This system lies in the blue, the stronger lines being distributed on each 
side of Hp. There are only P and R branches and it resembles the system 
2 ^S' 2 *8 and the a, p, y 8)^tems in having the R stronger than the P 

branches. It is not an extensive system, only 3 bands having been found. 
The wave numbers of the lines preceded by Kapuscinsky and Eymers’f 
measured intensities and followed by Gale, Monk, and Lee’sJ eye estimates, in 
brackets, are set out by the usual double entry method in Table II. A 
study of the properties of the lines as set out by Merton and Barratt§ shows 
that they possess the following features in common with the a and p bands :— 
The lines are given a greater intensity by Gale, Monk and Lee than by Merton 
and Barratt. This is especially the case for the lines with low* rotational 
quantum numbers. The lines are enhanced at low pressures. They are 
depressed, particularly those with low rotational quantum numbers, by the 
condensed discharge. In some of the bands there is a tendency for helium 
to bring up the lines of higher quantum number; others are unresponsive. 
None of them respond to the Zeeman effect. These are all features which 
characterise the a, p bands (see, for example, the tables of properties of the 
lines of the Q branches of the a bands given by Richardson in these 
Proceedings, vol. 113, p. 373 (1926)). 

The lines show the alternation of intensity due to a 3 to 1 ratio in the weights 
of the consecutive rotational states which has been found to be characteristic of 
all the other bands of the spectrum. This is shown in Table III where the 
intensities of the P (2) lines are compared with f of the sums of the intensities 

* • Zeite. 1. Physik,’ vol. 54, p. 321 (1929). 
t ‘ Roy. Soc. Proc.,* A, vol 122, p. 58 (1929). 
x • Astrophys. *1.,’ vol 67, p. 89 (1928). 

$ < Phil. Traiu./ A, vol 222, p. 369 (1922). 
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Table II. 


* n' 

i 

m 

1 

i 

0 

1 

1 



0 



1 

Final Rotational Term 
Diflerences. 

O'O'' I'O" 


K 

20675-67 (3) 


R(0)~P(2) 199-52 199-49 


1 

P 

5-0 20459-24(2) 

1 

R(l)-P(3) 330-72 330-71 



R 

73-7 20616'78(tt) 

! 

R(2)~P(4) 469-38 


2 

P 

6-0 20376-15(4) 


R(3)~-P(6) 584-61 

0 

R 

10-8 20646-23(3) 


y r 

3 

P 

22-6 20286-06 (4) 

17780-37 (la) 

R(0)-P(2) 189-69 


R 

34-6 20682 »l(6) 


R(l) ~ P(3) 3U-53 


4 

P 

8-3 20185-86(3)* 




5 

R 

P 

20668-61(1) 

9-6 20078-30 (2)t 


Initial Rotational Term 
Bitferences. 

0' 0" 






B(l)-P(l) 156-54 






R(2)~P(2) 269-08 






R(3)-P(S) 377-85 


0 




U(4)~P(4) 482-76 


R 

2-7 22722-06 (1) 

5-6 20198-29(3) 

1' 0" 1' r 


j 

1 1 

P 

16-1 22602-84(2) 

16-3 20081-77(4) 

R(l) - P(l) 168-07 158-94 

1 

R 

7-8 22701.81 (2) 

18-6 20240-71(6) 



2 

P 

7-3 22623-10(2) 

7-8 20008-00(2) 



3 

P 1 

1 

30-9 22431-10(4) 

16-2 19926-18(6) 


T 2" r R (1) «I 19915*90 (00). ? 2' ^ 

♦ OivBU aft 20184-63 in Gale, Monk and Lee’s tables, 
t Given as 20078-30 in Gale, Monk and Lee's tables. 

2'P (8) =. 19616-96 (16A). 

of the P (1) and P (3) lines of each band, R (2) with i {R (1) + R (3) } for the 
0 -»0 band, B (0) with | R (1) for the other two bands and J P(3) with 
J {P (2) + P (4)} for the 0' -►O" band. The agreement is satisfactory except 
in the case of R (2) and | {R (1) + R (3) } for the 0' -0" band. A com- 
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paxison of the intensities of the R (1), R (2), R (3) lines with those of P (3), 
P (4) and P (5) for this band suggests that R (2) is abnormally weak if it is 
correctly measured. The intensity measurements used are those of Kapuscin¬ 
ski and Eymers (loc, dt,). 

The rotational term differences, such as F (2) — F (0), are given in Table II, 
The values, which are averages where there are more than one, of both the 
rotational and vibrational final term differences are collected, together with 
the mean values of the corresponding mean final term differences for the 
a, p, y bands, in Table IV. In every case the values are identical within the 
accuracy of the measurements. This shows that the present bands have the 
same final electronic level (2 ^8) as the a, p, y bands and the band system 
described in § 2. It also shows that the numbering of the final vibrational 
levels given in Table II is correct. 

Table IV. 

Final Rotational Term Differences. 


Vibrational level n". 

0 

0 

0 

0 

1 

1 

1 

Rotational Term . 

Mean value for present bands 
Mean value for a, y bands 

F(2)-F(0) 

19«fiO, 

lOO'MI 

F(3)-F(l) 

330*715 

330*77 

F(4)~F(2) 

469*38* 

459*43 

F(6)--F(3) 

684*61* 

684*64 

i 

K(2)-F(0) 
189-ftO* 
189-74 

F(3)--K(l) 

314*53* 

314*54 

Final Vibrational Term Differences. 

Rotational level w. 

0 

1 

2 ' 

3 



Vibrational term . 

Value for present bands . 

Mean value for a, y bands 

r-(r 

1 2624'36 

1 2624*353 

i ^ 

.'“T" 

1 l*-0' 

i 2621 08, 

2621tt((, 

1' - 0^ 
2514*50 
2514*00 

r -~0' 

2604*92 

2604*86 




• Not mean values. 


We now proceed to investigate the rotational structure of the upper levels 
of the bands. We adopt the rotational numbering of the lines shown in 
Table II where the value of m indicates the value at the final level, the lowest 
being m = 0, This is the same numeration as we used in the former paper. 
If F (w) denotes the rotational term value, with a single dash for initial and a 
double dash for final terms, we have 

R (0) = Vo + F (I) -* F'' (0) and P (1) == Vo + F' (0) - F" (1), 

where Avq is the non-rotatioual part of the energy change. 

Thus. R (0) ™ P (1) ^ F (1) F (0) + F' (1) F'^ (0). 
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The values of the final term differences such as F" (1) — F'' (0) are well 
^^tablished and are given in Table VII on p. 705 of the former paper. For 
the lowest initial vibration state, numbered n' = 0 in Table II, we thus find 
ra)-*F'(0) = 49-764. Similarly from R (1)P (2) = F (2) F'(1)+ 
F'*" (2) — F" (1) we find F' (2) — F' (1) = 106-BOg wave numbers. In this 
way we find the various level differences which are set out for the state desig¬ 
nated 3 ®S', w 0 in fig. 3. 

These terms are not capable of representation to the accuracy of the data 
by the expression F (m) = Bg (m — e)® + ®o» Po ^ 

constants ; but such an expression comes very near to covering them. For 
example, the expression 

F (m) == 28-91 (m + 0-362)2 - 0-03324 {m + 0*362)^ 

gives the following comparison between the calculated term differences and 
the directly observed term differences such as F' (2) — F' (0) R (1) — 
P (1)) which involve no assumptions about the final levels. 


Table V. 


m 

0 

1 

2 

3 

4 


F (m) calculated. 

F (!»+2)—F (m) calo. 

I'’(m+2)-F(m)ot». 

3-7» 

15f)-68 

166*54 

63'62 
269 08 ! 
209 08 i 

160-37 
377*70 
377'86 

i 

322-66 

481- 60 

482- 76 ! 

638-07 

804-11 


The agreement is satisfactory except at the last interval but we believe 
that the data cannot be forced into a complete fit with this formula. 

To determine Bg for small values of m we can employ another method. 
The effect of the 4th power term is small when ni is small; so that we assume 
as a good approximation that this term can be neglected for values of m below 3. 
We then have simply F (w) = B© (m — t)^ for w == 0, 1 and 2. With this 
we get F(l)-.F(0)==Bo(l -2c) = 49-764 and F (2) - F (1) = Bg (3 - 2e) 
= lOS'SOg. These give Bg = 28-52 and e = — 0-372. These values com¬ 
pare reasonably with the values Bg = 28*91 and e = — 0-0362 in the 2-term 
expression* It is quite likely that they are closer to the actual values near 
M ass 0. The 3 third differences of the term values given for this level in 
fig. 3 give the following values of — % vis.; 0-042, 0-038 and 0-018. These 
are not very constant but their average is close to the value ^ — 0*03324 

used in the 2 term expression. Anyhow, the data only albw of a rough guess 
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at the magnitude of this constant by these methods. Its theomtioal value 
from the formxila == — 4Bo®/o)o® is = — 0*019, and the agreement is of 
about the kind to be expected. 

For the higher vibrational upper level, called «' = 1 in Table II, by proceed¬ 
ing in the same way we obtain from B (0) — P (1) = P' (1) ~ F' (0) + F" (1) 
-j- F" (0), etc., the level differences shown for the upper level designated 3 *S', 
n = 1 in fig. 3. In this case we only have the levels to = 0,1 and 2 so that the 




4th power term in to — « is of no interest. Assuming P (to) = (m — «)* 
and proceeding as before we find Bj = 26*34 and e = — 0*809. Thus at the 
n = 1 vibration level c is practically equal to — | as in the case of 2 *S, 3 »P, 
4 ®P, 2 '8 and many of the initial levels of the band systems which end on 
2 (see Richardson and Davidson, ‘ Roy. Soc. Proc.,’ A, vol. 123, p, 84, 
p. 487 ; vol. 124, p. 50, p. 69, 1929). Using Bo = 28*82 this value of B, 
leads to a (in B„ == Bo — an) == 2*18. 

The values at the lowest level in fig. 3 are got by putting F' (0) = Be* using 
Bo «= 28*52, Co = ~ 0*372 and Bj = 26*34, e^ f It wUl be seen that 
for both the vibrational levels the rotational levels have alternately a and s 
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oharacter and that all transitions are from iS to « or a to a. This together with 
Aj = 0 or rfc 1 and the fact that the lowest level (j ^ J) has the a character 
determines all the transitions which occur including the absence of Q branches. 
The rotational structure is, in fact, the same as that of the upper level of the 
system considered in § 2, and which was described in the former paper (ioc. cit., 
p. 715). The strong lines are those which have a to a and the weak lines s to 
s transitions. 

The final vibration numbers assigned to the bands in Table II are quite 
certain since they rest on well-established combinations. We also think that 
there is no reasonable doubt that the initial vibration numbers are correct. 
In the first place if the band with R (0) = 20575*67 were not the 0' 0" band 

there should another strong band with li (1) in the neighbourhood of 18420 
w, nos. It seems quite certain that no such band exists. The occurrence of 
a single strong 0' 0" band followed by all the rest weak or absent is a feature 

which is characteristic of and confined to 0' n'' progressions in the a, p, y 

systems. The 0' 0" band of the R' P' Hjs sjrstem- is comparable in intensity 

with but a little stronger than the band which we are calling 0' -*►0" of the 
present system; it is followed by a 0' band represented by three very 
weak lines and the remaining bands of the progression absent. This is 
precisely similar to the present example where O'-^O" is strong, O'-^T' is 
represented by one weak line and 0' it" > 1 are all absent. In fact, if this 
were not a 0' n" progression it would be unique ; because there is no pro¬ 
gression in the whole number of systems, now exceeding 20, which have been 
arranged in the Hj spectrum, in wh^h n' -^0" is strong, n' to 1" is weak, and 
which is followed by no strength in the higher n" bands (n' -♦w") which is 
not a 0' n" progression. Again the other progression is very similar to the 
r -► w" progression of the HaQP'R' system, which has V 1" a little stronger 
than both definitely weaker than and very much 

weaker than any of these. 

The association of these bands as two progressions of the same system is 
justified by the values of and although the value of a — Bq — B^ is 
perhaps rather large. However, the value of Bq is not known very accurately 
so that a might be somewhat less than 2 • 18. 

We can determine the non-rotational energy switch Avq from P (1) = Vo + 
r(0)^F'(l). Putting F" (1)=-76*011 F(0)== 3*94 this gives, from 
0' "►0" P (1) = 20459*24, = 20630*41, Similarly, irom the upper vibra¬ 

tional level utsing V 0" P (1) =»= 22602*84 and F/ (0) = 6*78 we have = 
22671*17. The difference Vj — is coq — a:< 0 o — 2140*76, As we have 
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only two initial vibrational levels we cannot determine »<*>(, but it is probably 
about 60. We can take Wo to bo 2200 in round numbers with an uncertainty of 
one or two units at the third figure. 

V(j measures the electronic switch from the upper electronic level of these 
bands to the level 2 *S which is 29,340 wave numbers below the groxmd state 
of H 2 +; so that the electronic frequency of the upper level is = 29340 — 
20530-41 = 8810 w, nos. If this term is equated to we have for the 
denominator x = 3-53. From v* = 8810 te. nos. we obtain the equilibriixm 
value W (Tq) of the negative energy of the upper state of this system to be 
^ W (Ha 4-) + V, =: 16-16 + 1-09 = 17-25 volts. 

The denominator 3-53 suggests that the upper level of this system is the 
next higher electronic level to the upper level of the system discussed in § 2 
for which the denominator Was 2 - 485 . The values of Bq, and Oq for that 
level were 26-54, 25-03 and 2130These compare with 28*52, 26-34 and 
about 2200 respectively for the upper level of the present system. As a rule 
these quantities axe each smaller for higher members of the same set of electronic 
levels, but it is significant that the ratioB^,/ci>(, remains nearly constant (Mecke’s 
rule) at about 0-0126 compared with 0-01297. A denominator of 3-53 would 
admit of a total electronic quantum number n either 3 or 4. If n = 3 the heat 
of dissociation calculated from W (Tq) by the method used at the end of § 2 
is 2*205 in equivalent volts, if n = 4 it is 2 * 864 . We cannot distinguish 
between these from internal evidence in the band system as in § 2 because we 
have only two upper vibrational levels, so that is unknown. However, 
if this is the next higher electronic level corresponding to the upper level of 
the system of § 2 the proper choice is n = 3 since we decided that n = 2 for 
that system. In either event the vibrational stability, as measured by the 
heat of dissociation, is higher for the upper level of the present system. This 
is entirely reasonable on accoimt of the larger values of B^ and (dq aud the 
smaller intemuclear distance For these various reasons we have therefore 
decided to denote the upper electronic level of this system provisionally by the 
symbol 3 ®S'. 

It should be added that there are two weak lines 19916-90(00) and 19616-96 
(1 bh) in Gale, Monk and Lee’s tables which may well be the R (1) and P (8) 
lines of the 2' “*-2'' band of this system. The value of R (1) — P (8) has a 
defect of 0-13 w. no. which is about what is to be expected from an h line 
(probable blend). If these lines belong to the system they settle the value of 
as 43 and coq as 2184, If these are used to determine the heat of dis¬ 
sociation from D = ci)q/4x we find D = 3 = 3-43 volts. This is in excess of the 
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values got by assuming either w =:= 3 or w === 4, but if it is in excess by about 
the same proportion as the similarly calculated limit for the 2 *S' level it would 
be more favourable to w — 3 than to n — 4. 

§ 4. VariouB Comtawls of 2 ®S' and 3 *S'. 

It is convenient to have these collected together. They are : -For 2 - 

V, “ 17733, denominator 2-485, W (ro) = 18-35, D — 1 -426, — 2130, 

aroo - 67, 26-54, == 1-119 X 10“^ e 0, a ^0. For 3 »S' 

V, =^8810, denominator = 3-53, W (rp) = 17-25, D = 2 - 205 , coo-= 2184 ?, 
axoo — 43 ?, Bq = 28*52, r^, = 1-114 X 10“®, e = about o == 0. v^, Wp, 

x(siQy are in wave numbers, W (tq), D in volts, in cms. v, is measured 
from the groimd state of the molecule ion, W (fo) is the equilibrium value of 
the negative energy (see p. 314). D is the heat of dissociation, e is the 
constant in F {j — s)® with j half integral and a is the number of missing 
rotational levels. 

§ 5. Two New Progressions endh\g on 2 *S* 

In all the band systems hitherto found which have 2 as the final state 
the bands arrange themselves in sequen(5es with the strong bands having the 
same initial and final vibration quantum numbers (n' = n") near the origin 
of the system («' - - n'' — 0), As increases there is a tendency for the 
strength to change over to n' = n" + 2 at about n' 7 in the 2 
bands, and at about n' = 4 in 2 *S' -► 2 *S. We have now found a set of 
bands having 2 ®S as the final state which has the character of a well marked 
progression, i.e., the vibrational transitions are from n' n'' where n' is 
constant and n" = 0, 1, 2, 3, 4. As n' is unknown we denote it provisionally 
by y, a symbol which will also serve to indicate the progression. There is 
also another set consisting of a few lines of two bands only, perhaps hardly 
enough to merit the term progression, which we denote provisionally by 
a:-^ or x for short. We are, however, describing these together as two 
progressions because we think that they are closely related. 

The wave numbers of the lines preceded by Kapuscinski and Bymers’ 
measures of their intensities and followed by Gale, Monk and Lee’s eye 
estimates, in brackets, are given in Table VII. There are no strong lines in 
either progression. In x the strongest has an intensity of 20*0 in the scale 
of Kapuscinski and Eymera, whilst in y their highest measure is 15-3. How¬ 
ever, this is a P (2) line and should be much weaker than the P (3) line of the 
same band which has a measure of 8-6. The properties assigned to it in 
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Merton and Barratt’s tables (enhanced by the condensed discharge and by 
helium) are mmsual in a P (2) line and R (0) is missing. It thus appears that 
this line is either abnormal or is covered up by some other line of unknown 
classification. Judging by Gale, Monk and Lee’s eye estimates the strongest 
band of this progression is ^ 3"' which lies in the infra-red beyond Kapuscinski 

and Eymers’ limit. 

Below and between the wave numbers in Table VII are given the vibrational 
differences and at the bottom of the table are set out the corresponding differ¬ 
ences for the Q branches of the bands taken from Table I (p. 691) of om 


Table VII. 


K 

R 

K 

P 

P 

P 


) 


2 



18011 •73(1) 

20-0 1803rr41 (4) 15660-27 (1) 

2385-14 

2-6 18045-66 (1) 

]7821-99(1) 

17720-81 (1) 16361-49(0) 

2369-32 
17608-81 *(00) 

* Alw) K (3) of 0' 3'^ 3 2 


R 

E 

B 

P 

P 

P 




19311-71(00) 

—.. 14667-73 (0^) 



2388-30 

2266-68 


21847-14 (0) 


■19326-08(0) 7-7 18910-99(1) 

14687 -93 (4) 

12661-0 (Oil) 


2621-06 

2386-09 

2263-OB 

2123-03 

21841-22 (1) 


19326-08(0) .i——. 

14700-79(00) 


2616-14 

2378-12 

2246-87 


?21636-36(Ia) 

19122-16(00) 13-3 16713-17(3) 

1 ... 14496-86-f 121 


25J4-19 

2378-99 

2217-31 




19011-O^l) 8-6 16612-11(2) 

11401-38(1) 

12296-6 (3) 



2369-37 

2237-76 

2108-78 



16532-87 (Oa) 14307-13(00) 12210-0(0) 




2226-71 

2097-13 



t Also P (1) of 8' 1' 2 *8' 

2*8. 



2624*32 

2388-26 

2266-10 

2126-SB 


2621-07 

2886-12 

2253-06 

2123-86 


2614-65 

2378-80 

2246-01 

2117-78 


2604-86 

2369-11 

2287-77 

2108-83 


2492-00 

2367-06 

2226-60 

2006-67 
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former paper. There are three blended lines whose wave numbers have 
defects of about 0-4 in y. These are 11(0) of 3'' =::= 14667-73 (0^) — A is 

Gale, Monk and Lee’s terminology for a probable blend.R (2) of 1" = 

19326-08 (0), which has to do duty also as R (1) of the same band, and P (2), 
of 3" == 14495-86 (2) which is also 3' -*►!" P (4) of the system considered in 
§ 2. The intervals affected by these are indicated by bars above the numbers. 
The agreement of the others with the corresponding final differences for the 
2 ®S level is within the accuracy of Gale, Monk and Lee’s data except in two 
cases. The first is 21636 • 35 (la) ■==. P (2) of y “> 0". The propriety of including 
this is doubtful; in fact, it is certain that most of it is something else. The 
other is y4" P (4) = 12210-0 (0). This gives the vibration interval 
4" — 3'' for m := 4 as 2097 -13 compared with 2096 • 57 from the former paper. 
However, it is quite imcertain what the true value of this interval is ; there is, 
fortimately, no doubt about any of the others. In y four vibration intervals 
involve the wave numbers of missing R (m) lines. These have been got from 
the corresponding P {m -f- 2) lines by using the known final rotational term 
differences R (m) — P (m + 2) of 3 ®P 2 ^S. 

In Table VIII we set out the values of the final rotational t/erm differences 
R (m) — P (m. + 2) with the corresponding values from the a bands, taken 
from the former paper, immediately under them. The values in brackets 
involve a missing line whose wave number has been got from some other line 
by the vibrational combinations. When the status of the various lines is 
taken into account the agreement is quite satisfactory. Nearly all the real 
strength is believed to lie in the R (1) and P (3) lines and it is gratifying to 
find that the values for R (1) — P (3) are identical with those from the a system 
to the accuracy of the data. We believe that the identity of these rotational 
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n' 

+ 


0 

1 

2 

3 

4 

X 

R(0)-P(2) .... 


189*74 




V 

B 

0) ~ P (2) .... 

(199-08) 

189-55 

(180*28) 




R 

0) - P (2) a 

199*50 

189-74 

180-24 



X 

R(l)-P(8) .... 


314*60 

298*78 



y 

R( 

1)-P(8) .... 


314*67 

298-86 

283-56 

2«8-4 


H (1) F (3) a 


314*535 

298*82 

283-635 

268-55 

St 

R| 

2)-P(4) .... 


436*86 




y 

B( 

2)-? (4) ....; 



(414*79) 

393*66 

(373-0) 


R( 

2) - P (4) a 


436*91 

415*03 

393*71a 

1 

872-74 
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6emm together with that of the vibrational terms in Table VII establishes the 
reality of these bands beyond any doubt. 

We have foiuid some evidence of the existence of another set of branches, 
possibly Q, close to those of x The lines are very faint and half of them 

coincide with stronger lines of other systems. This makes it difficult to decides 
whether these branches are real or not; so that it does not seem worth while 
to publish an accoimt of them until they are supported by some additional 
evidence. 

As to what these progressions are, it seems very probable that they constitute 
the w/ ^ 5 and n' = C> progressions of the system discussed in § 2 and denoteti 
by 2 2 ^8. As we shall see this is borne out by an investigation of the 

vibrational and rotational structure of the initial levels of the bands and by 
the values of the resulting constants. We have pointed out already that the 
n' — 4 level had properties which deviated in some resjKjcjts from those of the 
levels n' = 0, 1, 2 and 3. This was referred to in § 2 as an ' abnormality ’ at 
the n' = 4 level. This deviation is much more marked, if these bands belong 
to the system, at the n' 5 level, and is carried on, with some rectification, 
into the n' = 6 level. 

We turn first to the rotational structure of the initial levels. In both pro¬ 
gressions w(i iiave both P and R branches ending on the well authenticated 
final levels of 2 *8 ; so that there is no doubt about the j values of the initial 
levels and the actual level difierences, except that we are confined entirely to 
three levels since we only have the lines R (0), R (1), R (2), P (2), P (3) and 
P (4). We assume the exclusion niles A^’ = 0, 1 and s a or s not 

allowed which hold throughout the rest of this spectrum so far as it has yet 
been explored. The correctness of this is confirmed by the fact that the 
strength of these progressions lies in the R (1) and P (3) lines which end on 
m = 1 and 3 respectively. This shows that the alternation of intensity with 
a weight ratio of 3 to 1 is present as in the other bands of this spectrum. The 
data are too meagre for more than a rough estimate of this ratio in the present 
case. 

From, for example, P (yw) = + F' (m ---1) - (w), w - 1 we 

have F' (m) F' (m - 1) ^ P (m + 1) ~ p (m) +F" (m + 1) F" (m). The 
values of P'' (m) are given in the former paper. From them and the wave 
numbers of the P (m) lines we can thus calculate the values of the intervals 
F' (m + 1) •“ F (w). In this way the data for y 0" give F^ (2) — F (1) 
77*76 and F (3) — F' (2) = 127*16. Such of the rotational terms of the H 2 
band spectrum as are capable of being expressed by any known formula are 
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covered by F (m) ~ B (m — c)^ + fd (m — e)* where B, p and £ are constants. 
We shaU not get far wrong by assuming that the effect of the fourth power 
term will be small for m below 4 so we assume F^' (w) B„' {m —* e„)*. 

Using this the two level differences give, for 2 B' = 49»39 and c = — 0-0743. 

With the X progression we cannot proceed in precisely this way as the 0" 
band is absent; but there are various other ways of obtaining the same informa¬ 
tion* The method adopted has been to calculate the wave numbers of the 
lines of the 0" progression from those of the V* progression, using the final 
vibrational intervals of 2 ®S, which are known with precision, and then proceed 
in the same way os we have outlined for y. 

In Table IX we have set out in the last two columns, imder n' = 5 for x 
and w' = 6 for y, the values of F' (3) — F' (2), F' (2) — F' (1), B' and s' 


Table IX. 



0 

1 

2 

3 

4 

6 

6 

1 

r(3)- F'(2) 

1 157-73 

U8-73 

139-46 

130-64 

127-27 

136-66 

126-91 

F'(2) r (1) 

10(5-77 

99-67 

93-58 

87-62 

83-08 

87-10 

77-9*5 

Bn 

1 25-9S 

24-58 

22-94 

21-66 

21-80 

24*73 

24-48 

— €n 

0'63(5 

0-526 

0-636 

0-530 

0*419 

0-262 

0-093 


1 llW.)S-85 

13669-65 

15896 03 

17386-52 

19034-93 

20606-00 

21785-80 

4i Vo 

20tJ3-80 1926-98 1789-89 1648-41 1470-07 1200-80 



136-82 

137-09 

141-48 

178-34 

269-27 


^3 *^0 j 

1 


0-27 4-39 36-86 90*93 



obtained in this way. These are preceded by the corresponding quantities 
for the initial vibrational levels n! = 0, 1, 2, 3, 4 of the band system discussed 
in § 2, all extracted in the same way. Actually in constructing this table the 
R lines of the bands were used instead of the P lines. This accounts for the 
slight difference in the values for w' = C compared with the values got for y 
in the example just worked out. It will be seen that the values of all these 
quantities for w' = 6 are a smooth continuation of those for w' = 0, 1, 2, 3 
and 4. The constancy of and the linearity of F,*' (3) — F^' (2), of F^' (2) 
—‘F„' (1) and of B„' as a function of n which holds for n* = 0, 1, 2 and 3 has 
already ceased at == 4 and the change at this level is in the direction and 
of such an amount as to point to the values found for n' = 6. The values 
found at the level x and put under w' = 6 do not lie on the same curve, the 
values of F' (3) — F' (2), F' (2) — F' (1) and B' all being high. They are, 

z 2 
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however, not very far away and the value of e for w' 6 lies between the 
values for n' = 4 and n' = 6 at about the place to be expected. It seems 
highly probable, on this evidence, that these two progressions form the extension 
to the upper vibrational levels n' 5 and n' 6 of the system 2 2 ®S 

considered in § 2. 

This position is strengthened when we consider the wave numbers v^, of the 
origins of these progressions. These have been calculated, using = R (0) + 

(0) F' (1), F (1) =- (1 and F^' (0) -- 8*34^ (taken from the 

former paper), both for x and y and for all the progressions 0, 1, 2, 3 and 4 
of § 2. These have been set out under the respective values of n* in Table IX 
with those for x under == 6 and for y under nf = G. The values of and 

used in calculating F' (1) are in each case those immediately above the 
respective value of Vq. Below the values of Vq are given in succession the values 
of their Ist, 2nd and 3rd differences. Whilst the 3rd differences are far 
from constant they increase in a regular manner with n\ Thus, the vibrational 
properties agree with the rotational in placing these bands in the same system. 

If these progressions are the n' = 5 and n' := 6 progressions of 2 ®S' 2 

the vibrational energy is approaching that required to dissociate the molecule 
2 ^8'. The vibrational and rotational energy of the upper state of 21841*22, 
if it is G' 0'^ of 2 2 ®S, is about 10430 w. nos. 1 • 288 volts. The next 

higher vibrational level would be about 0*126 volts above this and would lift 
the energy to just about the value for dissociation foiind in § 2, viz., 1 • 42^ volts. 
It is hardly to be expected that this level will occur. 

§ 0. .d New Bmhd in the Yellow, 

This is only a single band but it contains one of the few remaining strong 
lines which ore not classified. It has every appearance of being authentic, 
and, if so, its final state is the vibrational state n" = 1 of 2 *8. This makes it 
important as showing that there is at least one undiscovered system with some 
strength which ends on 2 ®S. 

Gale, Monk and Lee’s wave numbers followed by their eye estimates of 
intensities, in brackets, and preceded by Kapuscinski and Eymers’ measured 
intensities of the lines are set out in Table X. The strong linos R (1) and P (3) 
are recorded as enhanced at low pressures by Merton and Barratt, The 
intensity measures show that the mean of R (0) + E (2) is not far from ^ of 
R (1) and that of P (2) + P (4) is close to J of P (3), showing that the alternation 
of intensity with a weight ratio of 3 to 1 is present. The final term differences 
R (n) P (w -f* 2) are set out in Table X above the oorrespondmg term 
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Table X. 


m 

(112 3 

1 

R (m) ... 

P (m4-2). 

U-2 17778-92(4) 67-8 17812-31 (10) 14-1 17837-29(3) 2-7 178.'53-78 (1) 
19-4 17rt89-17(3) 33-5 17497-72(6) 17400-48(1) 

189-76 314-69 436-81 

189-74 314-64 436-91 

B(m)-P(m+2) .... 
[R (m)-P{m+2)]a 


diflereuces for the n" — 1 level of the a bands taken from the former paper 
and the numbers show a good agreement. 

The initial rotational term differences for this band have been extracted by 
the method used in dealing with the x progression in § 5. They are F' (4) — 
F (3) :== 204-77, F' (3) F (2) = 151 *29 and F (2) F (1) 96-8L The 

successive differences of these numbers are 53-48 and 54-38. If we assume 
that F' {rn) B' (m — e')® holds up to m 3 as a sufficient approximation we 
obtain B' —27-19 and e' —0*28. If we treat it as the second band 
n' 1" of an n' progression of which the first w' ^>-0" does not occur the value 
of Vp for the progression is 20627 -q. 

Up to the present we have not found any other bands which belong to the 
same system as this, and until this is done there will, of course, be a certain 
amount of doubt as to its reality, 

§ 7. The a, p, y Band Systems, 

A paper has recently appeared by Finkelnburg and Mecke* which deals with 
the Q branches of this series of systems. The authors have added a few lines 
to the a system and made considerable additions to the p system, as these 
systems were described in our former paper. We think, however, that the 
validity of some of these additions is very doubtful, the new lines either having 
the wrong properties or giving bad combinations or both. In particular we 
think that in the p system the reality of the An rr: n" — n' = 3 sequence and 
of the n* = 6 progression are both extremely doubtful We are not yet pre¬ 
pared to discuss the details of the y and higher systems, the elucidation of which 
is imdoubtedly difficult. Finkelnburg and Mecke propose to call these systems 
the singlet systems of Hg, as they claim to have foundf a triplet structure 
in the bands analogous to the parhelium line spectrum described by Eichardson 
and Davidson. This means that either at the switch 1 2 ^S, which occurs 

♦ ‘ Zeito, f. Fhysik,’ vol 54, p. 198 (1929). 

t Finkelnburg and Meoke, * Zeits, f. Physik,’ voL 54, p. 507 (1929). 
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in the absorption spectrum of unexcitedHj, or at theswitch 3 3^B 3 2 

which includes the strongest lines in the emission spectrum in the visible, 
there is a transition from triplet to singlet states, or else, that the groimd state 
of Ha is a triplet state. These alternatives all seem to us extremely improbable. 
Accordingly we prefer for the present to retain the 85 rmbolft m *P 2 *S for 
the a, p, Y band systems, although no measurable triplicity of the lines has yet 
l>eeu found, as they recall the undoubted analogy between the spectrum of 
and the line spectrum of He, and the fact that there are no known transitions 
from the final states of these bands to the ground state of H 2 - 


The Isotherms of Hydrogen, Carbon Monoxide and their MixfAires. 

By Gordon A. Scott, B.Sc., D.I.C., High Pressure Gas Research Laboratories 
of the Imperial College of Science and Technology, London. 

(Communicated by W. A. Bone, F.K.S.—Received May 22, 1929.) 

Intrfdv4!tion, 

In investigations involving gases at high pressures it is as essential to know 
the relative densities of the media concerned as it is their actual pressures. 
This demands a knowledge of the deviations from the ideal gas laws over wide 
ranges of pressure and temperature for each particular medium. 

Although reliable data are available for the commoner single gases, with 
perhaps the exception of carbon monoxide, as yet little is known concerning 
the compressibility of mixtures, except generally that neither the Law of 
Partial Pressures nor the Law of Additive Volumes is strictly obeyed. In this 
connection the recent researches of Masson, Verschoyle, Bartlett, Keyes and 
their CO- workers have been very informative, yet a great deal more work needs 
bo be done before such lacunte in our knowledge of such matters are filled. 

An apparatus for determining the compressibility of gaseous media has been 
developed in the High Pressure Gas Research Laboratories at the Imperial 
College, London, under the direction of Prof. W. A. Bone ; and some time ago 
at his suggestion the author commenced to determine the isotherms of 
hydrogen, carbon monoxide and mixtures of the two in the molecular pro- 
][)ortions 2:1, 1:1, and 1: 2, the first-named mixture being of importance in 
connection with the industrial synthesis of methyl alcohol. The present pamper 
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describeB the apparatus and method employed as well as the results obtained 
over a pressure range up to 170 atmospheres at a temperature of 25® (X 

The Isotherms of the Single Gases. 

(а) Hydrogen Isotherm. —Although many investigators have studied the 
compressibility of hydrogen it would appear that no direct measuremets have 
been made at 26® C. In the recent work of Gibby, Tanner and Masson^ 
i*,arried out at this temperature, pressures were measured by comparison with 
hydrogen as the standard, and for this purpose an equation interpolated from 
Holbom and Otto’st figures was used, as follows :— 

pvj, = ] -090850 + 0-656 x 10“3 p + 0*106 X l(rV- 

The isotherm determined in the present investigation is best expressed by 
the equation 

1-09090 + 0-651 x 10“»p + 0-033 X 10-“V» 

which will be seen to be in close agreement with the interpolated Berlin 
equation. 

(б) The Carbon Monoxide Isotherm. - The only researches hitherto carried 
out on the compressibility of carbon monoxide at high pressures were those of 
NattererJ and those of Amagat.§ In the former case the gas was compressed 
into a steel vessel at pressures up to 3000 atmospheres and then released by 
letting out successive quantities each occupying at atmospheric pressure 10 
times the volume of the vessel, and measuring after each release of gas the 
resultant pressure. Unfortunately neither was the temperature of deter¬ 
mination stated, nor are the figures suitable for comparison. In 1880 Amagat 
published a few relative figures only, covering a pressure range between 30 
and 400 atmospheres, but apparently did not pursue the study of this gas in 
his later researches. 

The equation expressing the isotherm determined in the present investi¬ 
gation is 

-== 1-09196 --- 0-4393 X lO'^p + 3-66 x lO^^pK 


♦ - Roy. Soc. Proo.,’ A, voL 122, p. 283 (1929). 
t ' Z. Physik,’ vol. 23. p. 77 (1924), and vol. 33. p. 1 (1925). 
X * Sits* Wien Akad. and Pogg. Ann.* (1844 to 1855). 

§ ‘ Ann. CMm. Phy«.,’ vol, 19, p. 346 (1880). 
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Experimental, 

Apparaim and Method—In principle the method employed was that first 
used by Natterer, afterwards by both Wroblcwski and Witkowski, and more 
recently by Holborn in Berlin and Bartlett in the American Nitrogen Fixation 
Ilesearch Laboratories. It consisted in filling, at a known constant temperature, 
a vessel of known constant volume with the gas or mixture under investiga¬ 
tion up to a given accurately measured pressure, and upon releasing the gas 
determining its volume at atmospheric pressure.* 

It has an advantage over the alternative method of compressing a constant 
mass of the gas at constant temperature and determining its diminished volume 
at selected higher pressures in that the entity finally measured increases 
instead of diminishes with the degree of compression, so that the experimental 
error does not increase. The apparatus employed consisted essentially of the 
following parts : (i) a high pressure vessel; (ii) its filling system ; (iii) a 
glass measuring system ; (iv) an accurate pressure balance ; and (v) a 
water bath fitted with a plate glass window and maintained at a constant 
temperature of 25° C. and in which the high pressure vessel and the glass 
measuring system were immersed. 

(i) The High Prensure VeMel was a mild steel cylinder 30 cm. long, 
7*5 cm. external diameter, with a bore of circular section 1 cm. in diameter 
running longitudinally through its entire length and capable of withstanding 
an internal pressure of 2000 atmospheres. One end was closed with a blank 
screw pltig, whilst into the other end was screwed a needle valve. The desired 
accuracy for the pt;-values of the gaseous media necessitated knowing pre¬ 
cisely the volume (approximately 28 c.c.) of the vessel to at least 0-01 c.c., 
which corresponded with an error of 0-035 per cent, in the final values. 

The direct use of mercury for the determination of this volume was precluded 
for several reasons which need not be discussed here. The method eventually 
adopted consisted in (ct) evacuating the vessel down to below 0-01 mm. of 
menjury, (b) allowing air to flow into it from a glass bulb, and (c) measuring 
the quantity of mercury required to be admitted to the bulb in order to restore 
atmospheric prcsstxre to the system. This method was found to be capable 
of giving concordant results of an accuracy depending upon the smallest 
quantity of mercury which could be added to produce a perceptible change in 

It should be inantionod that all pressures in this paper are given in terms of standard 
atmospheres equivalent to 7ft0 mm. of mercury measured at sea level in latitude 46® and 
at 0 C. In the High Pressure Laboratories of the Imperial College this pressure oorre* 
eponds to 769*66 mm. of mercury at 0® C. 
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the pressure of the system. With the mercury jet in use this was found to be 
0^006 c.c. 

The arrangements for the operation are shown in fig. 1, wdxich is self-explana* 
tory. The high pressure vessel A in position in 
the water bath was first of all evacuated by means 
of a “ Hyvac ’’ pump attached at m, the vacuum 
being determined by the appearance in a dis¬ 
charge tube B. As soon as a vacuum of below 
0*01 rnm. was attained, the valves at A was shut 
and air allowed to enter the outside system. 

When thermal equilibrium had been attained, the 
system was closed from the outer atmosphere by 
turning tap n ; valve A was then opened and at 
the same time mercury was admitted into the 
bulb C (also immersed in the water bath) imtil 
atmospheric pressure had been restored in the 
system. By weighing the mercury so admitted 
the volume of the high pressure vessel was 
obtained. The mean of 12 determinations gave the value of 27*793 c.c. 

(ii) The filling system allowed of the compression (without any contamination) 
of pure gas into the high pressure vessel and the measurement of its pressure 
when so compressed. The essential parts (fig. 2) were the glycerine pump D 
and the mercury pump E. 

The glycerine consisted of a cast-iron cylinder, D, of about 3 litres 

capacity into which the gas or gaseous mixture was admitted at slightly above 
atmospheric pressure from a 50-litre copper gas holder. A 50 per cent, 
mixture of glycerine and water (in which the gases are practically insoluble) 
was then pumped into the bottom of this cylinder, thus compressing the gas 
into the upper cylinder, Ei, of the mercury compressor. When the level of 
glycerine reached nearly to the top of the cylinder (as indicated by the amoimt 
pumped from the glycerine mixture reservoir) valve q was closed and valve r 
opened to allow the glycerine mixture to return to its reservoir, and at the 
same time to draw in a fresh supply of gas from the gas holder. In passing 
to the mercury pump the gas was dried by contact with redistilled and highly 
purified phosphorus pentoxide contained in the steel tube F. By repeating 
this operation a store of gas was obtained in the cylinder its pressure, 
indicated by the standard Bourdon gauge G, not exceeding 100 atmospheres 
which was the limit attainable by the glycerine pump. 


m 
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The nrnmry pmif, which operated on the same principle as the glycerine 
pump, consisted of two steel cylinders, an upper Ej and a lower Ej, each of 



about 500 c.c, capacity and designed to withstand pressures of 2000 atmospheres. 
They were connected at their lower ends by a steel capillary which could be 
closed by a needle valve S. The gas in the upper cylinder (in this cose already 
at 100 atmospheres pressure) was further compressed by raising the mercury 
from the lower cylinder with compressed air. This operation was controlled 
by a valve t to which was attached a standard Bourdon gauge H and a release 
valve «. 

The high pressure vessel A was connected to the mercury pump by way of a 
capillary and 3-way piece to which was attached the pressure balance PB- 
The filling system could be shut ofi by closing valve J, 

(iii) The glass measuring system (fig. 3) consisted of a series of three accurately 
calibrated gas burettes of 500 c.c., 300 c.c. and 100 cx. approximate capacity 
respectively. Each terminated at the upper end in a short capillary tube and 
a 3-way tap sealed into a common horizontal capillary* At one end of this 
capillary a 2-way tap coimected either to a U-tube manometer or to the 
outlet, while at the other end connection could be made to the high pressure 
vessel. The 100 c.c. burette was graduated throughout its entire length; 
the larger ones, however, were graduated only on short stems at their lower 
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ends. Below the graduations in each case was sealed a vertical tube which 
served to show the approximate presstire of the gas in the burette. Each 
burette was also sealed at the base into 
a stout horizontal glass tube which 
connected by means of pressure tubing 
with a mercury reservoir. The mercury 
in the burettes was raised or lowered by 
means of water pressure or by suction. 

(iv) Pressures were measured by means 
of a pressure balMce supplied by Messrs, 

Budenberg & Co.; the diameter of its 
piston was measured at the National 
Physical Laboratory and found to be 
(>•15946 inch which corresponds to a 
cross-section of 0*12884 sq. cm. For the purpose of the present investigation 
this value was accepted as the effective area at all pressures. By observing 
the movement of the piston with a cathetometer the balance was found to have 
a sensitiveness of 1 part in more than 20,000 at the highest pressures employed. 

(v) The water’bath consisted of a galvanised iron tank 60 cm. long, 30 cm. 
wide and 80 cm. high. In it were mounted the high pressure vessel together 
with the burette system and its mercury reservoir. In the front of the tank a 
window of plate glass (50 cm. high, 30 cm. wide) was fitted through which the 
gas burettes could be read by a method whereby parallax was avoided. The 
water was maintained at a constant temperature of 25® C. by an ordinary 
thermostat control containing about 200 c.c. of xylene, thorough stirring being 
effected by means of a horizontal paddle wheel driven by a 1/25-h.p. electric 
motor. The temperature, which was chosen as being that most easily con¬ 
trollable in the region of the ordinary atmospheric temperature, was checked 
by a Beckmann thermometer, calibrated against a standard Charlottenberg 
thermometer. 

Procedure ,—In making a determination the high pressure vessel was first 
of all evacuated, then connected to the filling system and filled with gas from 
the mercury pump. When the gas had been in the high pressure vessel long 
enough to allow of the attainment of thermal equilibrium, the needle valve at 
A (fig. 2) was just closed and the pressure accurately measured by means of the 
pressure balance. The valve was then finally turned to “ pressure tight¬ 
ness,” the mercury pump shut off and the filling system disconnected. 

The high pressure vessel was next connected to the glass measuring system 
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and the gas allowed to expand slowly into the burettes, at the same time 
mercury being withdrawn from them at such a rate that the gas pressure could 
be maintained approximately at that of the atmosphere. When the burettes 
were full, the flow of gas was arrested and connection made by means of the 
2-way tap with the U-tube manometer. By further adjustment the gas was 
luought accurately to atmospheric pressure and its volume read. Subsequently 
the burettes were refilled with mercury, the gas at the same time being expelled 
and collected in a gas holder. This operation was repeated xmtil all the gas 
had been released from the high pressure vessel and its total volume measured. 
As the amount of gas to be released at any particular pressure was known 
approximately, the burettes were used in such an order that the final reading 
could be made in the 100 c.c. burette, which was graduated throughout its 
whole length. 

Preparation of Gases. —(1) The hydrogen was obtained in cylinders through 
the kindness of the Osram (6.E.C.) Lamp Company and guaranteed to have a 
purity of 99*9 per cent. This was checked by chemical analysis and found to 
be correct. 

(2) The carbon monoxide was prepared in these laboratories by dropping 
formic acid (95 per cent.) on to warm concentrated sulphuric acid. The gas 
after being scrubbed by passing through a 5-foot column of pumice sprayed with 
a 50 per cent, solution of caustic potash was collected in a large gas holder. 
Analysis showed it to have a purity of over 99*5 per cent, and to be quite free 
from both hydrogen and carbon dioxide, the only impurity being air. Since 
the compressibility of carbon monoxide differs but little from that of air, it 
was deemed justifiable to assume its compressibility to be unaltered by the 
presence of this very small air content. 

It should be added that steps were taken to make sure that no perceptible 
iron carbonyl had been formed during the short time that the compressed gas 
was in contact with the walls of any steel cylinder or pressure vessel employed 
either during its compression or the subsequent compressibility determinations. 

(3) The experimental mixtures of carbon monoxide and hydrogen in the 
proportion of 2 :1, 1 :1 and 1: 2, respectively, were carefully made up in gas 
holders and samples taken before and after compression and also after release 
from the high pressure vessel. Their compositions were determined by chemical 
analysis and foxmd to be unaltered. 
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Results, 

Calculation ,—If the abeolute pressure recorded by the pressure balance be 
Pj atmospheres and the total volume of the gas upon expansion and measured 
at atmospheric pressure (Pj) and be ; then if Vj be the volume of the 
high pressure vessel 

where pvx is the pressure-volume product at P 2 atmospheres pressure and 
C (1 of a mass of gas ocicupying unit volume at 1 atmosphere and 0^ C. ; a being 
the coefficient of expansion of the gas at a constant pressure of 1 atmosphere and t 
the temperature of determination (25° C.). The value of a for the separate gases 
and their mixtures has been taken as ()• 003652. This value holds well for 
hydrogen, and, although 0 • 0036688 was given by Regnault for carbon monoxide 
there appears to be little recent information in respect of this gas and the former 
value has therefore been adopted in each case. The only dilTereuce this has 
made is that the pv\ values for this gas are 0*0001 lower than they would 
have been, had Regnault’s figure been employed. 

A Typical illustrating the method of calculating pv\ 

values, the following figures in respect of a typical experimental determination 
of a point on the isotherm of the 66*3 per cent, hydrogen mixture, may be 


cited:— 

Temperature of water bath {/.). 25-00° C. 

Pressure balance (reading) . 90-242 atmospheres. 

Barometer reading. 752*65 mm. 

Temperature . 16 • 8° C. 

Corrected to 0° C. 750-60 mm. 

In terms of standard atmospheres (Pj) 0-9884 atmospheres. 
Pressure of gas before release (Pg) (i.e., Pressure 

balance reading + atmospheric pressure)- 91*230 atmospheres. 

Volume of gas released and measured at 25-00° C. 

and atmospheric pressure. 2426*60 c.c. 

Volume of high pressure vessel (Vg) . 27-793 c.c. 

Total volume of gas at 25° C. and atmospheric 

pressure (V^) . 2464*39 o.c. 

Coefficient of expansion (a) . 0*003662. 

Fa == (1 + a«) P2Va/PiV, 1*09155 X 1*0462 


== 1*1409 for the mixture at 91*230 atmospheres 
and 25° C.* 

* Using the value of 91 -230 for p in the experimental equation ^ 1 -09109 H- 0-4626 
X 10“*p -(- 0-947 X 10“•p* the value obtained is 1*14117. 
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Isotherms ,—Betweea 50 and 60 experimental determinations of fVx for 
each, isotherm were made over the whole pressure range and plotted as ordinates 
against pressiire os abscissae (fig. 4). From smooth curves drawn through these 
points, values were read off at intervals of 10 atmospheres (Table I). 



A, Hydrogen. B, 66-3 per cent. 33*7 per cent. CO. C, 51 *7 per cent. H„ 48 *3 per 
cent, CO. D, 33*1 per cent. Hg, 06*9 per cent, CO. E, Carbon monoxide. 

The isotherms so determined may be represented in the usual manner by 
equations of the form 

= a + + cp®, 

where a, h and c are constants. The values of these constants (Table II) 
were foimd by the method of least squares which was applied to the figures in 
Table 1. 
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Table I .—pvx values at 25^ C. 


r 

(atm os.). 

H,. 

66*3 gftr cent. 

33-7 per cent. 
CO. 

51-7 per cent. 
H,. 

48*3 per cent, 

.... 

33*1 per cent. 

H., 

66*9 piM* cent. 

(;o. 

CO. 

1 

1 oaiSs 

1 -09154 

1 *091.55 

1 *09155 

1-09155 

10 

10073 

1 -095.5 

1-0945 

1*0926 

1*0876 

20 

1•1039 

1•1005 

1-0980 

1 0942 

1*0846 

30 

1-1103 

1•1056 

1•1022 

1-0965 

1*0823 

40 

1*1167^ 

MllO 

1•1065 

1-0992 

1*0806 

50 

1•1235 

lll«6 

MMO 

1•1023 

1*0797 

m 

1 1300 

M223 

1*1155 

1■1060 

I 1*0790 

70 

1'1367 

ll2m 

1•1203 

1•1095 

1*0794 

80 i 

M432 

1 1343 

1•1257 

1-1138 

1*0801 

00 

1*1498 

1•1405 

11310 

M184 

1*0814 

100 

1*1563 

I•1470 

1-1370 

1-1235 

1 0836 

110 

1•1628 

1•1537 

1-14.10 

1 * 1293 

1*0867 

120 

1•1694 

M604 

1•1492 

1♦1350 

1 *0906 

130 

11760 

1•1675 

M555 

1*1411 

1*0948 

140 

M826 

1 1746 

1-1625 

1•1474 

1*0997 

150 

1•1892 

1•1820 

MBtH) 

1 * 1.540 

1-1050 

160 

1■1959 

1-1893 

1*1760 

1 • 1608 

1-1106 

170 

1-2024 

1-1965 

1*1832 

1*1677 

1-U65 


Table II.— yv\ — a -f bp c'jf. 



1 

1 

t 

! 

«. 1 

1 

h X 10» 

c X 10®. 

H, . 

! 

1 -oooot* 

0*6511 

0*033 

66*3 per cent. H,, 

.13 *7 per cent. 00 . 1 

1*09109 

0*4026 

0*947 

51*7 per cent. Hji. 

48 -3 1 ) 0 r cent. CO .j 

1*09122 

0*3281 

1*28 

33*1 per cent. H,, 

66 • 9 per cent. CO . ! 

1*09142 

0*1514 

1*88 

00. 

...j 

1 

J *091191 

-0-4.193 

3*55 


Volume Calculatiom from Isotfiernis.--¥oT practical purposes it is often 
desirable to know the volume obtainable when a gas is released to atmospheric 
pressure from a vessel containing the gas at a known pressure. Such volumes 
referred to the volume of the vessel as unity are numerically equal to the 
density of the gas at the particular high pressure similarly referred to its 
density at atmospheric pressure and at the same temperature. For a gas 
obeying Boyle’s Law such densities or volumes would be numerically equal to 
the pressure. It has been customary in these laboratories to make use of 
curves showing the differences of vohime obtained on expansion above or 
below that which would be obtained for a “ perfect ” gas. Such values for the 
gases and mixtures herein studied are given in Table III and plotted in fig. 5. 
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Table HI.—^Difference between volume obtained on expanding gas from 
P atmospheres to 1 atmosphere and that which would be obtained for a 
“ perfect ” gas. 




1 66 • 3 per cent. 

51 • 7 per cent. 

33*1 per cent. 


p 1 

H 


Hj, 



(atmos.)* 

1 

33*7 per cent. 

48*3 per cent. 

66*9 per cent. 


j 

1 00. 

1 

00. 

CO. 


1 

10 

j 

-0*05 

-0*04 

-0*03 

0*01 

1 

+003 

20 

-0-22 

-0 16 i 

-012 

-0*05 

4 0-11 

30 1 

--0*51 ] 

-0*38 1 

-0*28 

-0*14 

+0-2« 

40 ! 

-*)*00 

-0*70 1 

-0-51 

-0*28 

4' 0 * 40 

50 

-~M2 : 

-1*12 

-0*88 

-0*49 

40*66 

ftO 

2*04 

-1*64 1 

-1*29 

.0*79 1 

' +0-70 

70 

— 2*78 

2-27 

-1*80 

-M4 

1 ■(-0-78 

80 

- 3*62 

-3*01 

-2*43 

1*60 1 

+0-84 

90 

-4-65 

-3*91 

-3*14 

-2*17 

40.84 

100 

-5*00 

-4*84 

4*00 

-2*85 1 

40-73 

no 

-0*75 

-5*92 

-5*06 

.3*69 1 

t 0-4» 

120 

- 7*99 

; -7*12 

-6 02 

-4*60 

40-10 

130 

-9*34 

■ 8*46 

7*22 

5*66 

-0-30 

140 

-10*79 

-9*01 

-8*54 

-6*83 

-1-04 

150 

.12*32 

-11*47 

9*97 

•8*13 

-1-76 

HK) 

-13*96 

13*17 

-11*50 

-9*57 

-2-76 

170 

-15*68 

j 

-14*93 

-13*18 

-11*10 

1 

-3-81 



A, Hydrogen, B, 6«'3 per oont. 33-7 per cent. CO. C, fil-7 per cent. H,. 48-3 per 
cent, CO. D, 33-1 per cent. H„ 068 percent. CO. B, Carbon monoxide. 
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Discmsion of Results, 

The law, first emmciated by Dalton, that the pressure of a gaseous mixture 
is the sum of the pressures exerted by the constituents when each one occupies 
by itself the same volume as the mixture, cannot hold good at high pressures 
because (a) in a mixture the space between the molecules of one gas is occupied 
by those of the other (co-volume effect or Van der Waal’s “ 6 ”) and (6) there 
is likely to be an attraction of the molecules of one gas for those of the other. 
The first experimental disproof of this law at high pressures was that due 
to Andrews working on mixtures of nitrogen and carbon dioxide. Recently 
Masson and Dolley have tested this law in respect to the binary mixtures 
of argon, oxygen and ethylene up to 125 atmospheres pressure and have 
found that in nearly all cases the actual pressures of the mixtures are less 
than the stun of the pressures of the components acting separately. 

An alternative version of this law is that the volume of a gaseous mixttire 
is the sum of the volumes of tlie separate gases all measured at the same 
temperature and pressure. In this case conditions are such that the resultant 
cohesive forces operative in the gaseous mixture are different from those 
previously tjxisting in the separate gases, then deviations from the law 
would be expected. Amagat was the first to emmeiate this version of the 
law as an outciome of his work on the compressibilities of air, oxygen and 
nitrogen ; he observed that the p^values for air are related linearly to those 
of its component gases. It should be borne in mind, however, that the critical 
temperatures of oxygen and nitrogen are almost identical and that therefore 
it may be supposed that the cohesive forces acting between the molecules of 
each separate gas are similar and will not differ greatly from the force between 
a molecule of one gas and a molecule of the other. Masson and Dolley have 
found only small deviations (not exceeding 0-25 per cent.) from this law with 
a 50 : 50 oxygen-argon mixture where the compressibilities of the constituent 
gases are very similar. In the cases of oxygen-ethylene and argon-ethylene 
mixtures, however, where the gases have very different compressibilities, the 
volumes of certain of the mixtures exceeded the sum of the separate volumes 
by as much as 30 per cent. 

In the present investigation it has been found that mixtures of hydrogen 
and carbon monoxide show deviations from both versions of the law. Devia- 
ticns from the ‘‘ additive volume version are at once apparent from the curves 
in fig. 4, where it will be seen the isotherms for the mixtures lie considerably 
nearer the hydrogen isoftherm than they would if a linear relationship with 

von. OXXV.—A, 2 A 
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composition held good. Althoiigh the effect is marked, the numerical value 
is not great in the case of each mixture, the deviation above the additive volume 
increases from 0*35 per cent, at 30 atmospheres pressure up to 2 per cent., a 
maximum not having been reached in the present range of pressure. 

Deviations from the additive pressure version of the law have also been 
calculated. The pressure of a mixture is greater than the sum of the pressures 
exerted by the separate component gases occupying the same volume by an 
amount which again increases over the whole range and reaches 10 atmospheres 
at 170 atmospheres. 

Verschoyle* has determined the isotherms of hydrogen and nitrogen and some 
of their binary mixtures at temperatures of 0^ and 20® C. over a pressure range 
up to 200 atmospheres. 

In general he found deviations from both versions of the law, but as in tbe 
present investigation, considerably smaller than those observed by Masson and 
Dolley for ethylene mixtures. His isotherms were expressed in the usual 
form : 

= a b'p -)• c// ; 


it was also noted that the constants 6 and c are not linear functions of the 
composition of the mixtures concerned. The behaviour of these mixtures 
shows a remarkable similarity to that of the hydrogen-carbon monoxide 
mixtures here studied, thus in fig. 6, the values of the constants h and c for the 
latter mixt^ures are plotted against composition, and lie on smooth curves 
closely resembling those of Verschoyle. 

Bartlcttf also has investigated the compressibility of hydrogen and nitrogen 
and of several mixtures of these gases at 0® C. and over a pressure range extend¬ 
ing to 1000 atmospheres. His determinations were in very close agreement 
with those of Verschoyle at the same temperature and over the same pressure 
range. More recently he has extended the temperature range to 400® 0. in 
respect of these single gases and a 3 :1 mixture, finding that at temperatures 
above 300® C. the additive volume law is obeyed very closely. 

Keyes and Burksl have studied the compressibility of nitrogen, methane 
and mixtures of those gases by an isometric method, and have observed 
similar divergences from both versions of the law. 

From the theoretical aspect of the subject a noteworthy contribution has 

♦ ‘Roy. Soo, Proc.; A, vol. Ill, p. 662 (1926). 

t ‘ J. Amer. Ohem. Soc.; vol. 49, p. 687 (1927), and vol. 60, p. 1276 (1928). 

X ‘ J. Amer. Chem. Soc.,’ vol. 60. p. 1100 (1928). 
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been made by Lennard-Jones* who has based his calculations on the assumption 
that a molecule is surrounded by a spherically symmetrical field of force, 



resulting from superposed repulsive and attractive forces. According to his 
theory “ 6 ” in the expression 

pvj^ == a “1“ 6jp + cp^ 

is some measure of the forces acting between two molecules of the gas concerned ► 
In the case of a gaseous mixture the expression becomes 

^ Urn + KP + 

and the value of the constant “ is dependent upon the '' b ” factor for 
each single gas (i.e., and upon bx^ which is a measure of the force 

acting between a molecule of the fii’st gas and a molecule of the second. The 
relative effects of these three types of forces acting in a mixture of the two 
gases will depend upon the proportion in which the two gases are present. 
Lennard-Jones has obtained an expression combining ^22 ^12 

(the resultant effect of the three forces in determining the form of the isotherm 
of the mixture) as follows 

K = Kx Xx^ + 2xx x^ bx2 + aPg*, 

• ‘Roy. Soo. Proo./ A, vol.'ll^, p. 334 (1927). 

2 A 2 
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where and are the molecular proportions of the two gases in any mixture 
of them. Ascertaining by other means the value of it is possible to predict 
the value of for any particular mixture of the two gases. On the other hand 
if b^ is obtained experimentally, b^^ may be calculated and should be constant 
and independent of the composition of the mixture. Gibby, Taimer and Masson 
have investigated the isotherms of helium and hydrogen mixtures in the 
light of these considerations and have found close agrt^cment with the views of 
Lennard-Jones. 

In the present investigation the constant b^^ force acting between a 

molecule of carbon monoxide and a molecule of hydrogen at 25^ C. lias been 
calculated from the isotherms of each experimental mixture. The values so 
derived for b^^ X 10® are 0-50, 0-51 and 0*62 as obtained from the three 
mixtures containing 66*3, 51*7 and 33*1 per cent, of hydrogen respectively, 
an agreement which may be considered satisfactory. 

The investigation is being extended to cover a pressure range up to 1000 
atmospheres, determinations also being made at temperatures other tlian 
26" C. 

Summary, 

The isotherms of hydrogen, carbon monoxide and three mixtures of these 
gases containing 66*3, 51*7 and 33*1 per cent, of hydrogen respectively have 
been determined over a pressure range extending to 170 atmospheres at 26" C. 

Each isotherm has been expressed in the form pv\ a + 6p 4* cp® and the 
values of a, b and c tabulated in each case. 

The mixtures deviate from both the law of additive volumes and that of 
additive pressures and in general exhibit similar characteristics to those of 
hydrogen and nitrogen. 

In conclusion I desire to express my best thanks to Prof. W. A. Bone for 
his advice and help during the investigation in his laboratories, and to the 
Department of Scientific and Industrial Research for grants which have 
enabled me to carry it out. 
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The Effect of a Transverse Magnetic Field on the Propagation 

of Light in vacno. 

By William H. Watson, Carnegie Research Fellow, 
(Communicated by Sir Ernest Rutherford, P.R.S,—Received June 21, 1929.) 

[Platb 6a,] 

§ 1 . 

In modern physics there have developed two complementary—and apparently 
mutually contradictory—moiles of description of radiation processes and of 
the motion of molecules, atoms, electrons and protons. How far can the 
parallelism in description of photons (light quanta) and members of the second 
group of entities be carried ? It is now well known that the physical effects by 
which an entity is recognised are, in all cases, atomic and individual, e.g.j 
photoelectric and Compton effects, scintillation on a fluorescent screen, effect 
on a photographic plate. Such effects are quite naturally correlated with the 
concept of a moving particle with energy and momentum. On the other hand, 
the motion of these particles can only be completely described by the wave 
method. Except in the case of very long wireless waves, the weaves are never 
observed directly as waves with periodic physical effects in space and time, 
and even in the case of the exception it seems probable that the periodicity 
observed is only a large scale phenomenon (for comparatively large numbers of 
particles). The development of the analogy between photons and entities of 
the second class (atoms, electrons, etc.) has already reached the stage where it 
is possible to give a wave description of the motion of the particles in all cases 
and to assign to the particles an energy-momentum four-vector within the 
limits of Heisenberg^s principle. There remains, however, a fundamental 
distinction in current theory. All the entities in the second class have electro¬ 
magnetic particle properties while none have been assigned to the photon. 
Electrons, ions, and protons have electric charge which is quantised in integral 
multiples of the electronic charge ± c. Atoms possess the electromagnetic 
particle properties, magnetic moment and possibly electric moment, while 
molecules have magnetic and electric moments and mechanical moments of 
inertia. Since the photon is assumed to be electromagnetic in origin, and can 
produce electromagnetic effects, it is necessary to assign to it some electro¬ 
magnetic character. The simplest particle properties which one can postulate 
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are those of electric moment and magnetic moment; free electric charge is 
excluded by the fact that light is not deflected in a uniform electric or magnetic 
field. 

The present investigation was carried out with the object of detecting, if 
possible, the existence of the magnetic moment of a photon. The Stem- 
Gerlach method of the non-uniform field involving the deflection of particles 
moving with velocity of light, presents obvious difficulties. The method actually 
adopted depends for its sensitiveness on the interference properties of light, 
and the principle was the following. Light was passed through a Fabry- 
Perot dtalon placed in a strong magnetic field which was perpendicular to the 
direction of propagation of the light. A particle with a magnetic moment (x 
parallel or antiparallel to the field H, would undergo a change in energy 
AE = ± on entering the field and in accordance with the principles of 
the quantum theory would experience a change in frequency Av = dr fxH/A. 
This would involve an effective change in wave-length 

AX = d: (xHX*/Ac 

and a change in the interference pattern formed by the interferometer of the 
type observed in the normal Zeeman effect. 


§ 2. Experimefvtal Arrangement. 


The electromagnet which is capable of giving 10,000 gauss across a 2 cm, 
gap, is mounted in the centre of a wooden optical bench, 2*14 metres long, 
supported centrally on a specially stout table. The optical arrangement is 
practically that of Fabry and Buisson* and is shown in fig. 1. Light from a 
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ikBon discharge tube (T) on one arm of the bench, passes through a lens (L^) 
and nicol prism (N) to the interferometer (I) whose plates are parallel to the 
* * J. Physique,’ vol 9, p. 129 (1910). 
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axis of the electromagnet (M). The interference pattern k then projected by 
an achromatic objective (Lg), of 17-5 cm. focal length, on the slit (S) of the 
collimator of a grating (G) spectrometer and the fringe system of the yellow 
line 6852 is examined in the eye*piece of the telescope or projected in the focal 
plane of a photographic camera (P). The collimator, grating and telescope 
or camera are set up separately on the bench» since in the presence of the 
powerful magnet an ordinary spectrometer table mounting cannot be used. 

The interferometer has, after consultation with Messrs. Adam Hilger who 
made the instrument, been designed so as to occupy as little space as possible ; 
it is shown in fig. 2. The plates are made of quartz, “ half-silvered,” and 
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separated by a quartz ring distance piece, 1 cm. long, making optical contact 
at three places near the rim on each plate. The 6talon lies without constraint 
in a copper tube which is fixed by four screws to the end of a brass box 
(fig. 3a) and into which it fits with a clearance of less than 0 *6 mm. (see fig. 3b). 
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This box IB closed in front by a plate-glass window; the opposite face carries 
a brass tube closed by the objective lens L^. Once the interferometer has 
been mounted, the box is cemented and screwed together and then connected 
via a tap, flexible glass tube system and a liquid air mercury trap to a vacuum 
pump* The box is mounted on a stout T-base supported by three levelling 
screws on the optical bench. 

The light selected for observation is an intense line on the neon spectrum, 
a singlet, and exhibits a normal Zeeman effect; its colour makes it easy to 
observe visually, so facilitating adjustment. On the other hand, it is not 
efficient for photography even with panchromatic plates. The breadth of the 
line determines the limit of resolution possible for a theoretically infinite 
resolving power of the interferometer. Fabry* observed the value »324000 
for this limit at ordinary temperatures and this accords with Lord Rayleigh's 
formulat for temperature broadening—the pressure of the gas was sufficiently 
low to be of negligible aocoimt in determining breadth. On the performance 
of fitalons, CJhildsJ gives data from which may be deduced by interpolation 
that the optimum resolving power of a 10 mm. fetalon, silvered to 90 per cent, 
reflecting power, is about 660000 for X 5852, that is, the fringe breadth is 
0’061 of an order. Since on account of the breadth of the line we can only 
resolve 0 • 106 of an order, and since the etalon actually used was silvered to 
more than 90 per cent., it is evident that temperature breadth is the more 
important factor in determining the limits of resolution. 

The source of light initially employed was a neon discharge tube of about 
100 C.C. capacity, first with plane Al electrodes, and then with cylindrical 
Mo electrodes. These tubes were operated by a transformer at about 400 
volts, passed 6 ma., and were immersed in an oil bath, light being taken from 
the tube by a window on the axis of the capillary positive column. Owing 
to cathodic sputtering and consequent disappearance of gas these tubes proved 
masatisfactory. A more intense source of light was obtained by the use of a 
low voltage arc in neon. A Wehnelt cathode surrounded by a grid was used 
for starting the arc which afterwards maintained itself on the D.O. mains when 
3M) current passed through the filament. The positive column was 12 mm. 
diameter and the whole lamp in soda glass. The potential across the tub^ was 
120 volts and currents up to 0*6 amp. could be passed without rendering the 
tube unduly hot; the oil bath was dispensed with, and a large screen was 

* “ Les appUcatiouB d©s inter!4renoe» lumineuses/* p. l4Sfc^ 

t' Phil. Msg.,’vol. 29, p. 274 (1016). 
t W. H. J. Clulds, * J. Sci. Inst.,’voL 3, pp. 07,129 (19^^ 
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interposed to confine light to the axis of the apparatus (see fig. 1), Before 
being filled the tube was evacuated and baked out at 350° C. for 2 hours, then 
before sealing off it was run for some hours at varying currents up to 0*5 amp. 
being connected all the time with a charcoal tube immersed in liquid air. 
Good fringes were obtained with light from along the axis of the positive column 
with currents up to 0*3 amp. (see fig. 4, Plate 6). 

The effect of the magnetic field on the optical apparatus may be discussed 
briefly 

(i) Source of light—Zeeman effect negligible. 

(ii) j5talon— 

(а) Change of temperature, see below. 

(б) Magnetostriction and magnetic double refraction—negligible. 

(c) Rotation of the plane of polarisation of the light if there is a com¬ 
ponent of the field parallel to the direction of propagation of the 
light. 

(iii) Ring objective—'this closes the evacuated box and is removed from the 
strong part of the field so the effect of the field on this lens must be 
negligible. 

§ 3. The Res^i of the ExperimefU, 

For X 5852 the normal Zeeman effect in a field of 10,000 gauss is 0* 161 A.U., 
and this is the change in wave-length which would take place if the inter¬ 
ferometer were (Jt, the magnetic moment of the photon, equal to 1 Bohr 
magneton (9-21 . 10~^ e.m.u.). On the other hand a separation in a normal 
Zeeman fringe pattern of a fraction q of an order would correspond to a change 
in wave-length AX = X®g'/2 = 0-171 yA.U., and therefore in this case a 
magnetic moment |x = 1*06 fig. Hence the smallest magnetic moment 
completely resolvable by the apparatus is about 0*1 fAg. 

If the light when inside the interferometer is plane polarised with its electric 
vector x>erpendicular to H, the magnetic moments of the photons will be 
orientated parallel and antiparallel with H and we should expect the simple 
splitting of each fringe into two displaced fringes XX, but if the plane of polarisa¬ 
tion is not so orientated, we should expect the pattern XXX, the relative intensity 
of the undisplaced to the displaced components being proportional to tan* fl, 
where 6 is the angle between the plane of polarisation and H. If the magnetic 
moment sought for is too small to be resolved, but is nevertheless large enough 
to produce a measurable broadening of the fringes, this broadening should 
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depend oa tlie aetfting of the nicol, reaching maximum and minimum 
respectiveiy at orientations of the plane of polarisation 90*^ apart. Neither 
of these efiects was observed; the only broadening which occurred could be 
accounted for by changes in the temperature of the fetalon duringthe experiment. 

The induence of change in temperature is two-fold—^fiist, to increase the 
mean diameters of the rings, and secondly, if there is steady increase in 
temperature during the experiment, to produce an asymmetrical broadening 
of the fringes obtained with constant temperature. Since the coefficient of 
expansion of fused quartz is about 4.10”“^ per degree C. a change in temperature 
of C. involves a change in ring diameter corresponding to 0*014 of an order. 
This is the magnitude of the increase in the mean ring diameter observed in a 
photograph, with 90 minutes’ exposure and field current 5 amperes ; and all 
differences of ring diameter observed as between “ field-off ” and “ field-on ** 
exposures can be accounted for by temperature changes of this amount and of 
the proper sign. The corresponding increase in the breadth of the fringes 
in the case of temperature altering over the above interval during exposure, 
being 0‘007 order, is less than 10 per <;cnt. of the fringe breadth and is not 
measurable with certainty. 

Fringe breadths were measured with a comparator 6n several plates and in no 
case was the broadening produced by the field observed to be greater than 10 
per cent, of the fringe breadth, with a possible error of 10 per cent. Thus the 
maximum possible broadening which could fail to be revealed by the measure¬ 
ments was 20 per cent, of a fringe breadth, and fringe breadths were found to 
be about 0*140 order. That is, the maximum possible effect due to the 
photonic magnetic moment could not exceed an effective splitting displacement 
of 1/10 X 0*140 order. 

Therefore fx >0r014 x 1*06 |jlb == 0*015 

It is unfortunate that it is Impossible to gain the factor 50 necessary to detect 
a magnetic moment equal to that of the proton [6.10“** e.m.tt.]. 

The result of this investigation may also be stated in terms of wave theory, 
viz., the alteration of the refractive index of vacuum by a magnetic field per-, 
pendioular to the direction of light-propagation is not greater than 4.10“^ 
per gauss. 

In conclusion it may be pointed out that this experiment proves conclusively 
that the SHeeman effect is determined completely by the emitting atom in the 
field, and that no effect** is contributed by the propagation of the light from a 
region where the magnetic field is strong to a place where it is weak. 

• Within the Umitci mentioned abom 
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Traksverse Magnetic Field, 

I am indebted to Prof. Sir Ernest Rutherford for his intifest in the work 
and to the various other workers in the Cavendish Laboratory for valuable 
technical advice and criticism. The grant by the Carnegie Trust of a research 
fellowship has made it possible for me to devote myself for a period 
completely to research. I take this opportunity of expressing my thanks, 
and of acknowledging the Trust’s financial award to defray the cost of the 
6talon used in this work. 

Summary, 

It is reasonable to expect/ that photons may have some of the properties of 
electromagnetic particles. An experiment to detect the existence of the 
magnetic moment of a photon is described. This magnetic moment, if it 
exists, is less than 1*4.10“®* e.m.u. The alteration in the refractive index 
of vacuum produced by a magnetic field perpendicular to the direction of light 
propagation does not exceed 4.10“^^ per gauss. 

Addendum .—The influence of a magnetic field component of 2500 gauss 
parallel to the direction of light propagation through the etalon has also been 
tested. To the limit of detection given.above no effect on the interference 
pattern was observed. 
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Diffraction of Cathode Rays —III, 

By G. P, Thomson, M.A., Professor of Natural Philosophy in the University 

of Aberdeen. 

(Communicated by Sir Joseph Thomson, F.R.S.—Received June 26, 1929.) 

[Platk 6b.] 

This paper is a continuation of work described in these * Proceedings, and the 
apparatus used was closely similar. The general method is to send a beam of 
cathode rays, of the order of 30,000 volts energy, through a thin film of crystalline 
material and examine the diffraction pattern formed by the action of the crystals 
on the de Broglie waves of the cathode rays. The patterns obtained are closely 
similar to those formed in the Hull-Debye-Scherrer method of X-ray analysis, 
thus in the case of a metal film containing a large nmnber of small crystals 
orientated at random, they consist of a number of concentric rings, one corre¬ 
sponding to each spacing of crystal planes. The patterns are recorded by 
allowing the electrons which form them to strike a photographic plate and 
developing the plate in the ordinary way. 

Preparatimi of Fihm. 

The films used in the earlier work were made from beaten foil further thinned 
in a suitable reagent. These films when thin enough to show the effects, 
always had holes, and indeed were often more like a lacework of metal than a 
coherent film. Though they give in many oases very good rings, such films 
are quitt^ unsuitable for quantitative work, especially as they generally show 
distinct orientation of the crystals in privileged directions. It was therefore 
decided to try again to make films by cathodic spluttering. I have been much 
helped by a suggestion made by M. F. Jolliot who pointed out to me the 
advantages of cellulose acetate as a base on which to splutter. The technique 
as now developed is as follows. A solution of pure cellulose acetate in acetone 
is clarified by filtering. Some of the solution is poured on to a clean glass plate, 
allowed to solidify, and stripped off ; this is done in order to remove specks 
or dust particles from the plate. When the plate has warmed up again to 
room temperature enough solution is poured on to form a film, rather too thick 
to show interference colours but of that order. Round the edges of this film 

* VoL H7, p. 600 (1928), end vol. 119, p. 661 (1928). 



358 

more solution is applied with a paint birush as the first lot dries. In this way a 
kind of picture frame is buUt up round the thin centre portion, which can be 
lifted off by means of the frame. It is then placed in a bell jar 3 or 4 cm. 
below a cathode of the metal to be spluttered. The spluttering is done with a 
current of 1-3 milliamps, with a dark space of about 1 cm. A thermionic 
valve is used to prevent back current from the induction coil. In most cases 
residual gas was used, but for aluminium the gas was 99 per cent, argon, 
obtained from the British Oxygen Company. In order to get films free from 
holes it was found necessary to make the cellulose acetate films, and transfer 
them to the bell jar, in a carefully sealed fume cupboard through which a 
stream of filtered air was drawn. Otherwise minute dust particles occurred 
on the surface of the cellulose acetate and the metal film was not continuous 
over them. When the spluttering has given a sufficient deposit, 6 minutes to 
an hour, the time being judged from the appearance of the surface, the com¬ 
posite film is* removed from the bell jar and the cellulose acetate dissolved 
off in a bath of acetone. The metal film drifts away in the liquid, and must 
be washed by transferring it in a glass spoon to clean acetone; four dishes 
of acetone are used in succession to remove all traces of the cellulose acetate. 
A portion of the metal film is then caught on an aluminium disc with a hole 
1-3 mm. in diameter through it. The film is manceuvred over the hole and 
sticks to the disc when removed from the acetone and dried. With practice 
the proportion of losses is surprisingly small considering that tlie films are of 
the order of 10”* cm. thick and sometimes even less. The discs were made a 
standard siase (1 cm. diameter) to fit a holder in the apparatus. 

A variant of this method was to substitute a polished rock salt crystal for 
the cellulose acetate. This has previously been used by Rupp as a basis for 
his evaporated films. Thte spluttering in most cases was done in a stream of 
argon originally 99 per cent, pure and further purified by standing for an hour 
over a hot timgsten filament. The rock salt was removed by solution in brine. 
Films formed in this way were never so strong as those from cellulose acetate, 
they were difficult to mount and were never obtained free from holes. In 
some cases, however, they gave markedly better rings. However prepared, 
the films octuadly used were always highly transparent, sometimes almost 
invisible by tnsmsmitfced light, in other oases showing appreciable colour. 
They could always readily be seen by light reflected at obUque incidence. They 
imre too thk to show interference oolours^ 

The cellulose acetate method has been applied to gold, silver, lead, iron, 
nickel, tungsten and aluminium, of which the fimt two and the last had been 
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investigated before with films made by the thinning method. The rock salt 
method has been tried for nickel, lead, iron and aluminium. 

Theory ,—The theory may be briefly expressed as follows. Each spacing 
d of planes in the crystal will give a reflection at glancing angle 0 where 
2d sin 0 = nX and X is given by de Broglie’s expression X “ hmvl \/1 — v^jc^, 
here v is velocity of the electron of mass w, and h is Planck’s constant. This 
gives a deviation of the ray equal to 20, and if, as was always the case in these 
experiments, the crystals are arranged at random in the film, will lead to a 
ring of diameter 2L sin 26 on a plate at distance L. Since 0 is small this 
becomes D 2LX, njd. For a face-centred cubic crystal to which class 
belong the metals previously studied njd ~ where a is the 

cube side and h, j, k are integers which must be all even or all odd. If 
P is the measured voltage of the cathode rays it can be shown that 
DVP (1 + VejVlOOmc^) is constant for any ring. 

Results. 

Oold. —The films formed on cellulose acetate gave excellent rings in many 
cases, but a curious difference was noticed between the normal films, which 
were a pale green by transmitted light, and some occasionally obtained which 
were a pinkish purple. The latter indeed gave quite measurable rings but they 
were never really good. They were of the same size and arrangement as the 
others showing that there was no essential difference in the crystal structure. 
The pinkish films were generally found when the spluttering had been slow, 
and it seems possible that they contain layers of gas enclosed in the gold. 

In all cases the pattern of rings was in complete agreement with the theory, 
as in the previous work, and the improved films brought out rings corresponding 
to higher values of the crystal indices. One of the plates used for the F curve 
determinations (see p. 364) is shown in Plate Ob. 

Measurements showing rings for all possible value of A* + + P up to 20 

have been given in previous papers, though in some cases two close rings are 
\mrosolved, e,g., those with radii in the ratio ‘y/ 19 : ^^20. A few measure¬ 
ments for the higher rings are shown meaned in the table, the diameter of the 
ring corresponding to the (2, 2, 0) spacing being put equal to ^8-00 in all^ 
oases, In many cases several rings are too close to be resolved, but the agree¬ 
ment with a mean, weighted to allow for the number of planes co-operating 
to form each ring, is satisfactory. 
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Observtid diameter 
(raoan). 

V24*3. 

V27-6. 

•y/ 35 ' 3. 

V'43-6. 

V^5M. 

y/58*5. 

Corresponding plano«.... 
Indices (A, j, k) 

(4. 2, 2) 

(5, 1. 1) 
(3. 3,3) 

(6. 3,1) 
(6. 0,0) 
(4, 4, 2) 

(5, 3, 3) 
(0, 2. 3) 

(4,4.4) 
(7, 0, 0) 
(5,5,1) 
(6, 4, 0) 

(6. 4. 2) 
(7, 3, 1) 
(o, .5, 3) 

VA" + / + P. 


V27 

V35 

V36 

V43 

V44 

V48 V40 
V51 \/52 

y/66 

V59 

V r j’* f k* weighUni 
mean . 

-v/24 

v'27 

V^35*4 

^43*5 

v'.W 

V57'8 

i 


The individual measurements of diameters seldom differed by 1*0 from the 
means given. Using do Broglie’s expression for the electron wave-length the 
value ofa ’’ can be found, the speed of the electrons being calculated from the 
observed spark gap. The mean for the spluttered films is a 3*99 x 10”'^, 
the X-ray value is 4*06 x lO”'^, The agreement is somewhat bettor than for 
the thinned films which gave 4*20 X 10'”^. 

Silver ,—rings o|>tained with silver films were not so clear as those with 
gold, the greatest number of rings visible being six. The films were pale 
orange by transmitted light. Films of silver obtained by the thinning down 
method have previously been investigated by Ironside* who found good 
agreement with theory. The relative sizes of the rings measured with the 
present films are in good agreement with the face-centred cubic structure found 
with X-rays. 

ieod. ““The rings with this element are small because of the large size of the 
crystal cube (4*92 A. by X-ray measurements), and also because high voltages 
have to be used, the rings disappearing below about 16,000 volts. Partly, 
no doubt, for this reason the rings ^3 and ^4 of the face-centred cubic struc¬ 
ture are not resolved, but the films themselves are portly to blame, for the 
and rings are also inseparable. These films were stretched quite 

tight over the aluminium mount, while the gold films usually showed folds. 
It seems possible that the lead films may have been stretched by surface tension 
beyond the elastic limit, and the crystal lattice deformed. If the inner ring 
Dj is taken as ^3, two other rings are visible of sizes \/l0*4 and \/20*9. The 
first is probably a confusion of \/ll, ^12, the second the usual \/19, 
\/20 ring. The *\/4 ring is faint compared with the -y/3 in all spluttered films, 
and it seems reasonable to suppose that* the size measured for the inner ring 

* * Roy. Boo. Proc.,’ A, vol, 119, p, 668. 
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is little influenced by its presence. In spite of the poorness of the rings they 
show the right variation with voltage as is seen from the annexed table, the 
factor in brackets being a small relativity correction of not more than 2 per 
cent. 


V, 


D,VF(1 + P«/1200i«,c»). 

volts. 

cins. 


15.800 

1-53 

194 

18,100 

1-50 

204 

2S,300 

1-28 

198 

27,000 

116 

194 

27.300 

M8 

198 

28,400 

116 

199 

34,500 

1*06 

200*5 

36,600 

0-98 

192 

42,000 

0-96 

201 


If the ring is taken as ^^3, the value fomid for “ a ” is 4-99 A., the X-ray 
value being 4 • 92; the discrepancy of less than 2 per cent, is within the probable 
error in view of the difficulty of measuring the rings. The films were of a 
brownish jnirple tinge. 

The rock salt method was also tried using argon as gas, the temperature was 
high enough to begin to melt the lead. The films were very brittle but one 
was mounted. It gave excellent rings, very narrow and persisting even at 
voltages as low us 6000, but showing <juite a different pattern from that of the 
familiar space-centred cube. The chief spacings calculated from four plates 
are as follows : - 


Spacing in A units 

V circa 4*2 Y . 

2*88 

2-B9 

2*23 

i-es 

1*48 

1*29 1*26 

1 11 o w 

Character of ring 

Too near the central 
spot to be seen with 
certainty 

faint 

strong 

dii¥use 

moderate 

moderate 

jti^t 

laaolved 

faint 

« 


These spacings do not fit any probable structure fox the metal and are 
probably due to a compound, perhaps PbCl^. 

Iron.—k number of films of this metal were prepared on cellulose acetate. 
They were very transparent and practically colourless by transmitted light. 
The rings for the most part were not very good, but the best were easily 
measurable. The two clearest rings in most cases bad diameters in the ratio 
1 : y'2. Iron at ordinary temperatures forms body-centred cubic crystals. 
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For thi» system the first few rings are in the ratio -y/2: ^74: \/6: \/8, Assuming 
that the rings observed are the first two of these, the size of unit cube can be 
calculated in the usual way. The mean of all the measurements on six films 
gives a 2-78 X 10”® against 2*87 X 10““® found by X-ray analysis. Taking 
measurements of the five clearest rings (3 films) the value is 2*85 x 10“"®, so 
the discrepancy above is probably due to difficulty of measurement. Some of 
the films showed a ring at a mean value of \/7^2, this probably represents 
to \/6 and \/8 rings unresolved owing to their diffuseness. One film (No. 24, 
see p. 360) which though the densest optically gave fairly good rings, showed 
in addition to the \/4 and a faint \/2 ring, a ring which would correspond bo 
y'l*3 on this scale. This cannot be due to the ordinary iron structure. 
Although the size of the third ring for this film agrees well with ^/4 for the 
ordinary iron structure, it is so much stronger than the \/2 ring on the same 
plate that it is probably partly due to some other cause, presumably the 
structtxre which is causing the innermost ring. 

This is confirmed by experiments with rock salt as base. Spluttering in 
argon a film was obtained which though very brittle was successfully mounted. 
It was brown in colour and rather dark, but gave two good rings. They 
corresponded well with the first and third of the above film, the second being 
absent. With only two rings the data arc insufficient to enable one to tell 
whether this film is a new form of iron itself, or a compound with the rock salt 
or some impurity in the gas. The spacings are 2*55 and 2*90 A. 

Tungsten ^—Transparent films were obtained by spluttering this metal in 
99 per cent, argon on cellulose acetate. They showed only one very poor 
ring which does not agree in size with any to be expected from the known 
metal structure. They are probably compounds. 

Aluminium ,—Aluminium spluttered in argon on cellulose acetate gave good 
coherent films of optical density about 0-2. They were rather turbid in 
appearance and colourless. The rings were very poor, but appeared to fit 
fairly with the usual structure. Films spluttered on rock salt dissolved away 
entirely in the brine, the aluminium having probably reacted with the rock 
salt to form a chloride. 

Nickel.-~Fal(^ brown films of nickel were obtained by the cellulose acetate 
method, they seemed thin enough but gave very poor rings, not measurable 
with certainty. Spluttering on rock salt crystals with polished or cleaved 
surfooes gave films similar in colour but extremely brittle and difficult to moimt. 
None was ever obtained free from large tears. In spite of this they gave much 
better rings, easily measurable with accuracy. The rings showed a striking 
von. oxxv,—A, 2 B 
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contrast to the familiar face-centred cubic pattern, though this is given in the 
tables as being the structure of nickel, and the experiments of Davisson and 
Germer with large crystals, and of Rupp with thin films, have confirmed the 
result by electron diffraction. Measurements were made with three films which 
gave the following spacings calculated in the usual way. 


IHste . 

May 13 
(1) 

May 13 
(2) 

Ma^ 21 

Ma|^2l 

May 21 

(3) 

May 21 
{*) 

May 22 

(I) 

Mean. 

Voltage . 

44,000 

82,600 

33,600 

39,600 

42,600 

33,600 

36,200 


SpetCiTtg in J. Units — 
King 1. 

M)2 

1-92 

1*94 

1-926 

1-95 

1*93 

1-966 

1*935 

.. 2. 

1*465 

146 

1-52 

1*48 

1*49 

1*42 

1*476 

1*473 

„ 3. 

1-21 

1-26 

1-28 

1*26 

1*2.3 

1*206 

1-24 

1-237 

„ 4. 

— 

M4 

M8 

— 

— 

— 

— 

MO 

fi. 

1*046 

105 1 

1075 

1-04 

1-06 

1*03 

1-065 

1*05 

M 6. 



0-930 

0*938 

— 


— 

0-987 

„ 7. 



0-802 

0*800 

0*798 

* — 

— 

0*80 

8. ' 



0-6 


. 

1 


— 

0*0 


A comparison of the mean spacings with HulVs curves showed that they 
corresponded at least roughly to hexagonal closest packing, some of the rings, 
which were rather diffuse, representing two or more spacings too close to be 
resolved. The second and third ring should be single and represent (1, 0, I, 2) 
and (1, 1, 2, 0) respectively. From the latter “ a is found to be 2-474 A., 
and then from the former c == 4*06 A. The ratio o/o = 1- 64, and is equal 
within the error of experiment to 1 • 633 the value for the close-packed arrange¬ 
ment. 


Using these values we can calculate all the other spacings and the results 
for the inner rings are as shown 


Plane, 

NF. 

OaloulatCMl 

SpacingB deduced 

Appearance 

spacing. 

from rings. 

of ring. 

(1010) 

0*76 

2*16 


Trace of inner ring. 

(0002) 

(lOll) 

1 

4*6 

2 026 \ 
1806 / 

i-ose 

Strong, rather diffuse. 


1*6 

1 473 

2-473 

Moderate. 

(llSO) 

3 

li37 

2-237 

Moderate. 

(lOlS) 

4-5 

1146 

lie 

Faint. 

(loio) 

(1122) 

1*6 

6 

1*076 1 

1*06 t 

1*06 

Moderate. 

(202l) 

4*6 

1*04 J 


(0004) 

1 

101 

_ 


(2022) 

(1014) 

1*6 

1*6 

0*96 \ 

0*016 / 

0*937 

Diffuse. 

(2023) 

4*6 

0*84 1 



(2130) 

2131) 

1*6 

9 

0*81 { 

0*79 r 

0*80 

Diffuse. 

(1124) 

6 

0*78 J 
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The coltunn NF gives the piroduct of the phase factor F and the number of 
co-operating planes N, both calculated as for X-rays. It measures the strength- 
of the effect to be expected, apart from a factor which gives a steady decrease 
of strength with increasing size. The agreement is as good as can be expected 
in view of the fact that the larger rings are composite. 

Bredig and Allolio* have found a similar structure for nickel films spluttered 
in hydrogen, but with larger spacings. They calculate the density as 7-04 
which is much less than that of nickel in bulk (8*9). Since both structures are 
close packed the difference seems inconsistent with the view that their films 
were pure nickel, and it is probable that they were a hydride or at least con¬ 
tained large quantities of hydrogen in the lattice. 

The density calculated from the above measurements is 8*86 in good agree¬ 
ment with the ordinary value. The spluttering was done in the residual gas, 

4 

but as this probably contained a good deal of hydrogen some films were made ' 
by spluttering in a stream of argon 99 per cent, pure and further purifying 
by standing for about an hour over heated tungsten. The films were very 
brittle, but there was no systematic difference in the size of the rings. Nickel 
thus resembles cobalt, its sister element, in crystallising alternatively in the 
two possible forms of closest packing. It may be mentioned that the rock 
salt became considerably heated during the spluttering, and even after taking 
out of the vacuum was too hot to handle. As far as could be seen from the 
rough measurements which alone were possible, the structure of the films 
deposited on cellulose acetate was the same as the above. The above is the 
jSrst instance of the discovery of a new crystal structure by means of electron 
diffraction. 

L(mer Limit of VoUage for Rings, 

In view of Rupp’sf experiments in wliich he found good rings with electrons 
of only 180 volts energy it seemed of interest to determine the lowest voltages 
at which rings could be obtained with my films. In all cases with metal films 
the rings ceased to be visible below an energy of the order of 10,000 volts. At 
these voltages the rings appeared to merge into the background of scattered 
electrons. This background at large energies was very dark near the central 
spot, but became rapidly lighter as the distance from the centre increased. 
At the slower speeds the background was much more unifonn, indicating a 
wider spread of the diffusely scattered electrons. If the film used was free 
from holes the centre spot became faint and disappeared at a voltage ^000 

♦ "Z. Phys. Ohem.,* vol 121, p. 41 (1927). 
t * Ann. Physik,’ vol. 85, p. 981 (1928), and voU 1, p. 773 (1929). 

2 B 2 



360 


G. P. Tbomfioaa, 


volts below that at which the rings vanished. The general impression is that 
the rings disappear because the diffuse scattering becomes too strong for them, 
and the intensity which was originally in the central spot gets spread diffusely 
over the whole field. It is not a question of failure to penetrate the film. 
I tried with a good gold film to see if any region existed at a lower voltage 
where the diffuse scattering was less, and used a high tension direct current 
generator of Evershed and Vignolles to produce the rays. This gave a beam 
which magnetic deflection showed to be highly homogeneous. With the film 
in place, however, it gave merely a uniform illumination over the range 7500- 
:I500 volts as observed on the willemite screen and tested by photographing. 
It was possible to deflect the luminosity by a strong permanent magnet, so it 
was not due to soft X-rays. In another apparatus I was able to observe 
down t>o 1700 volts and the illumination was still uniform. Below this it was 
too feeble to see, and photographic observation requires special j)lates. 

Photographs with a spluttered aluminium film over the range 1900--7000 
volts show uniform illumination except for a minute spot due to u crack in the 
film. 

The results of a series of observations on the lowest energy with which rings 
are obtainable are shown in the table. The values given are necessarily 
approximate, for the visibility of a faint ring is sometimes a matter of opinion, 
and in any case a good deal depends on hittiiig the right time of exposure, 
but the values given are probably accurate to about 1000 volts. 


Meta]. 

Optical density 
of film. 

Kings visible 
at 

Rings i Estimated 

in visi ble i 1 east voltage 

at I for rings. 

Aluttjinium 

(full of holoN) film 10 . . 
Film 8 . 

11,000 

f 11,000 doubtful 
\ 12,700 certain 

lO.liSO 
} - 

10,500 

11,900 

(ioW . 

Film 47. 

Film 40 (rather thick 
and gave poor rings).,,. 

12.500 

13,300 faint 

10,200 

12.000 

13,300 

Silver . 

Film 14, densitv 1 ‘ 106 
Film 12. density 0*334 

21,000 

15,000 

18,700 ? 

20,000 

14,000 

. 

Film 1. denaity 0 • 105 
Film 8, density 0*972 

J5.HOO faint 
27..300 

i 16,S00 

24.0<H) i 27,00« 

Iron . 

j 

i 

Film 15. density 0-155 
Film 24,* density 0*195 

Film 19, density 0*06,3 

22,W)0 

\le,0W barely 

ill 

— « 

10,(K)0 

22,000 

15.500 

Compound formed by 
flplutteririg lead on 
rook Balt . 


5,8(M) 

— 

— 


* This i» the film discussed on p. 867, 
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The small value found for the last film may be compared with Ponte* result 
with films of zinc and cadmium oxides which gave good rings at 10,000 volts 
and apparently a good deal lower. It seems as if compounds will give rings at 
lower voltages than metals, but the iron film 24 is normal in this respect. 

Effects with Slow Ekctrom. 

These results could be brought into agreement with Rupp’s if it were sup¬ 
posed that metals show a range of selective transparency for the range of 
electron energies used by him, about 180-300 volts, so that they could get 
through without excessive scattering. This idea was indeed suggested in bis 
paper as a result of some experiments by Becker.f It therefore seemed worth 
while to try to repeat his results with the films made by spluttering on cellulose 
acetate. Rupp’s films were made by evaporation on to polished rock salt 
and solution of the rock salt in brine. 

The apparatus used was of the same general plan as that used for the fast 
electrons, with two main modifications. The distance from film to photo¬ 
graphic plate was reduced from 20 or 30 cm. to 6*2 cm, and the gas discharge 
replaced by a hot oxide-coated filament, from which the electrons were driven 
by a battery of accumulators giving up to 300 volts. The pressure was kept 
as low as possible, but owing to the vapour from the plate and the joints there 
was generally a visible glow round the filament. 

At these low voltages the Paget plates previously used are not very sensitive 
to electrons, and the effect of the light from the filament and glow was larger 
than that of the electron beam even when no film was present. Kodak process 
films were also tried but were no better. As Rupp had used oiled plates, I 
tried some Wellington plates of 450 H.D. speed number treated with a solution 
in ether of Everett tap grease. They were more than 10 times (but less than 
20 times) as fast as Paget plates, judging by the length of exposure to give 
equal effects, and were relatively less sensitive to the light. They were better 
than the same plates treated with “ Hyvac ” oil. However, Schumann plates 
supplied by Hilger were considerably more than 10 times as fast again, and 
were therefore used. 

In spite of repeated attempts no rings were found for films of gold or silver, 

• ‘ C, R.; vol. 188. p. 244 (1929). 

t ‘Ann. Physik,* vol, 84, p. 779 (1927). The electrons observed by Becker to show 
selective trsnemission in the above range had all lost a large part of their energy, ext^ept 
in one doubtful experiment, and thus could hardly form an interference pattern. The 
two effects are probably quite distint^t. 
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bnt even when it seemed oertain that none would be found, I persisted in the 
hope of being able to determine if the rays could penetrate the film with 
sufficiently little scattering to give a well defined central spot. As mentioned 
above at voltages between 2000 and 7000 the transmitted electrons are always 
completely diifused. The great difficulty was to avoid holes in the films. 
Films spluttered without the exclusion of dust almost always had holes visible 
under the microscope, and gave what were apparently well marked central 
spots with from 5 seconds to 1 minute exposure on a Schumann plate. Such 
spots were certainly due to electrons getting through the holes, and being 
slightly scattered by the residual gas. Even with films made in filtered air 
and apparently quite whole it is very difficult to be sure, for with such a film 

many hours may be needed to give an effect as seconds without it, so that the 
mimitest hole becomes important. In a number of oases such films gave, 
after several hours’ exposure with about 5 milliamps, current, a central spot ” 
consisting of a group of small specks, obviously the result of invisible holes. 
One gold film (optical density 0*304 corresponding to about 85 A. thickness) 
showed such an effect after 10 hours’ exposure. Two or three seconds without 
the films would have given a good black patch, so the fraction of electrons 
transmitted by the sound parts of the films must be excessively minute. On 
the other hand, another gold film showed a faint spot after an hour's exposure; 
the film was examined and no holes could be seen, while from the size and shape 
of the spot it might have been genuine. A silver film gave a very faint and 
diffuse patch after 1 minute’s exposure only. 

In a later paper Rupp {loc. cit., 1929) states that the films are erratic in 
behaviour, and considers that the successful ones have small areas of extreme 
thinness which alone are operative. The above results are probably to be 
explained by supposing that in my films the thin areas are either entirely 
absent or too small to be effective, and that uniform films of about 10"* cm. 
do not transmit alow electrons. 

Regutar and Diffuse Scatteriti^, 

There are two possible kinds of scattering which the electron waves may undergo. 
The one wldch gives rise to the rings is a scattering without loss of velocity, 
as shown by the magnetic deflection of the rings,* The other, which causes the 

* * Boy, Soo. Proo,,’ A, vol. Ill, p. 661 (1928). It is there proved that the velocity of 
the electrons in the rings is the same as that in the central spot. The films used hod 
numerous holes so electrons could get through to form the central spot without suffering 
loss of energy. 
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diffuse background, is probably accompanied by transference of energy and in 
the language of particles may be spoken of as due to inelastic collisions, as 
opposed to the elastic collisions of the electrons which go to form the rings. It 
seems reasonable to suppose that as the original train of waves passes through 
the film, the amount of energy scattered at any point in the two ways is pro¬ 
portional to the energy of the wave train. But there is this difference, that 
rings will only be formed by electrons which have had a single scattering only, 
electrons which have had two elastic collisions, or one elastic and one inelastic, 
will alike appear in the diffuse background, unless the inelastic collision is so 
slight as not to deflect the electron beyond an angle of tolerance which depends 
on the arbitrary width assigned to the ring. Let us call the fraction of the 
energy of a wave train scattered elastically in a distance dx, k^dx, and thaj: 
scattered inelastically k^dx* If the original intifjnsity is A the intensity after 
penetrating a depth x of the film is Ae"“ ^ the elastically scattered 
energy is kh^e ^ ^ * dx and of this a fraction e ~ emerges with • 

out further change, d being the thickness of the film. Thus the total ring 
intensity is . A . de ™ 

The total scattered intensity of all kinds is A{1 — e” + so the total 
diffuse intensity is A(1 — c"" ^ % 

The ring intensity has a maximum when ^^=1/(^1 +^ 2 ) hut for the 
clearness of the rings a more important quantity is the ratio of ring to diffuse 
intensity. For small values of {k^ + ^g) d, such as are given by good films the 
ratio is 

fci {1 (fcj d), 

K + (^1 + (*1 —* 2 )/ 2 ’ 

This decreases as d increases, so that other things being equal, the thiimer 
the film the clearer will be the rings, which is in agreement with observation. 
The ratio approaches the asymptotic value kjk^ for very thin films, and if 
this is small no reduction in film thickness will give good rings. Thus the dis¬ 
appearance of the rings with slow electrons cannot necessarily be cured by 
reducing the thickness. 

There appear to be no measurements of electron scattering through small 
angles for voltages near 10,000, but the measurements of the absorption and 
loss of velocity in electrons passing through metals show no sudden change at 
this point. The theory of nuclear scattering which has given good results with 
^rays, would predict great differences between, for example, aluminium and 
gold, contrary to the experiments. This failure is not surprising, for the com¬ 
paratively slow electrons used would be deflected by the outer regions of the 
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atoms where the field of the nucleus has been largely neutralised by the sur¬ 
rounding electrons, and where atoms of widely different atomic number may 
have fields of force not greatly differing from one another. 

It is more surprising that there should be so little variation with the thickness 
of the film. Thus in the case of lead for two films having optical densities in 
the ratio of 9-2:1 the limiting voltage only varied from 15,500 to 27,000, 
and in the case of silver a change from 14,000 to 20,000 volts corresponded to 
a change in density of 3*3 : 1. If the metals are reasonably pure the optical 
density is roughly proportional to the thickness in this range. If does 
not depend much on the speed, and the rings vanish at slow speeds because of 
excessive total scattering, the quantity which would determine their dis¬ 
appearance on the above theory is + Ajj) d. For deflections due to an 
electrostatic field the mean scattering angle of a particle varies inversely as the 
energy, but in the above example of lead Aj + A ;2 would have to vary inversely 
as about its fourth power. If one supposes that the scattering which masks 
the ring is mostly multiple, the determining factor is ^/i (mean angle of 
deviation). This last would then vary inversely as the voltage squared in the 
CAse of lead. The other possible explanation of the disappearance of the rings 
is that decreases at low voltages. The fact that the central spot dis¬ 
appears, if the film is free from holes, at energies not much below those at which 
the rings vanish, supports the view that a large increase in total scattering 
occurs, and Rupp’s experiments show that at very low speeds is still 
considerable, as otherwise rings could not be seen no matter how thin the 
films. If the greater visibility of rings due to compounds is general, the dis¬ 
appearance in the case of metals may be connected with the conductivity. 
It would be very interesting to have some experiments on the scattering of 
electrons in this range of speed. 


Iktermimtion of F*' Curve. 

The intensity of each of the rings will depend on a number of factors. The 
corresponding case for X-rays has been thoroughly investigated, and it has been 
found that the total radiation in a cone of semi-apex angle 26, i.c., for planes 
at a glancing angle 6, is given by 


R -- my? 


1 + cos* 26 
“2sin2e 


cos 6 * . . 

*4 


where V is the volume of the crystal, j) is the number of planes giving the 
reflection and is obtained by permuting f^e crystal indices and their signs, X 
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the wave-lexigth, k a factor correspoading to the X-ray soatterii^ of a single 
electron and F a factor which represents the number of electrons to which 
each atom is equivalent in scattering power. F varies with 0 because the 
scattered waves due to the several electrons will not be exactly in phase except 
when 0 0, and at other angles will interfere so that the combined amplitude 

is less than the sum of the separate amplitudes of the several electrons. For 6 
small, as in the present experiments, we may write for the linear density of 
scattered electrons on any ring D == i'F*. p/0* where k' is a constant for any 
single photograph. Since p is an easily calculable integer a measurement of D 
for various rings will enable m to compare the values of F for the angles 0 
to which the different rings correspond. 

The necessary measurements and calculations have been made for diffraction 
patterns taken with two gold films. The experimental details are as follows. 
Two exposures were made on each plate with the times of exposure in a known 
ratio, in some cases 2 : 1 in others 3:1. In order to make the measurements 
of the times sufficiently accurate the intensity of the rays was reduced by a 
small magnet held near the fine tube till they gave iuitable blackening with the 
shorter exposure 60 seconds in duration. Great care was taken to ensure that 
the discharge was running steadily and the pressure was kept constant by 
balancing the pump against an artificial leak. Plates were rejected for which 
there was any reason to suppose a change of csonditions or on which the 
blackening did not lie within the range most suitable for photometric measure¬ 
ment. Four plates were selected for measurement, three made with one gold 
film and one with another. The first film was selected as giving specially 
good rings, the other was an average one. 

The plates were developed in a Dobson tank to ensure equal development 
all over. The density was then measured in a Lindemann photometer made 
by the Cambridge Instrument Company. The measurements were made along 
corresponding radii of the two exposures of each plate and readings taken at 
0^26 mm, intervals. The method of reduction was as follows. The densities 
(wedge readings) of a number of pairs of corresponding points of the two 
exposures were tabulated. From these a curve showing the relation between 
density and log D for the particular plate and the particular rays can be con¬ 
structed as follows Each pair of densities is plotted with density as ordinate, 
and a diffreme in abscissa equal to log 2 or log 3 depending on the exposure 
ratio, Each pair of points is shifted parallel to the X axis until the whole lie 
•on a smooth curve, which is the curve required. From this a second curve is 
4rawn giving density against It, which in most oases was not far from a 
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straight line through the origin. The second curve can be used to transform 
the measured densities into niunbers of particles per unit area at any part of 
the plate. 

In practice, owing to the large number of individual readings of density. 



the readings themselves wore not transformed, but curves were drawn of the 
density along the radius, of which one is shown in fig. 1. The “ background ” 
of diffuse scattering is sketchedjin as shown by the smooth curve, and the area 
under each peak measured. This area was then reduced to (relative) number 
of particles by multiplying by the slope of the curve connecting density with 
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intensity, taken at a density corresponding to tlxe centre of gravity of the area 
of the peak. This method, which was a great saving in labour, is justified by 
the relatively slight curvature of the density-intensity curve. 

It will be seen that the above method makes no assumptions as to the 
characteristics of the plate, the calculations for a plate depending only on 
measurements made on that particular plate. It is indeed assumed that the 
blackening depends on the product, I/, of intensity and time, but Ellis has 
shown that this law holds for the blackening produced by electrons, though, 
as is well known, it is not accuratt)ly true for that caused by light. 

In many cases two or more rings were so close together that they were 
either not resolved at all, or if resolved overlapped to such an extent that the 
intensities corresponding to them could not be determined separately with 
any degree of accuracy. In such cases they were treated as one ring with a 
mean value of 6. The table shows the relative values of D thus obtained, 
that for the (2, 2, 0) (\/8) ring being taken as 100 throughout. It will be seen 
that the four plates are in fair agreement and that the one at the higher voltage 
shows no appreciable difference from the others. Since the sizes of the rings 
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vary with the wave-length of the electrons, and hence witii the voltage, F 
must vary with X as well as 6. For X-rays it is a function of sin B/X and is 
thus the same for any ring whatever the wave-length. Within the limits of 
experimental accuracy the same holds here. 

The mean values of D have been used to calculate the relative values of 
F = 0*. D/jfc'p, the values of 6* being proportional to the squares of the ring 
radii, i.e., to A® -f-j* + ifc*. In the case of the compound rings the weighted 
mean was used for this quantity, which is given in the table. 



ordinntoB of the two curves are in arbitrary units. 


The value of F* is shown in fig. 2 plotted against + 

2a sin 8/X. It will be seen that it shows a rapid fall with increasing values of 
sin 6/X, as is well known to occur for X-rays. This fall is to be expected on 
general considerations of interference. The closest distance of two atoms in 
a face-centred cube is a/V2, which is presumably the atomic diameter. For 
electrons diffracted through an angle 20, the path difference corresponding to 
scattering matter at the ends of a diameter is a sin 20/^2 = V2 o sin 0 since 
0 is small. It is thus equal to X V'i® + l^ly/2. The effect of inter¬ 
ference in reducing the intensity would become marked if this was about 
X/2, i.e., for a smaller value of ^ than is available, so interference 

will be serious even for the (1, 1, 1) ring. If the scattering is due to the 
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electrons which are distributed throughout the volume of the atom, the 
effect of interference will become more and more serious as the angle of 
diffraction increases, and this is what our curve shows. The shape of the 
curve will be governed by the relative amount of scattering caused by the 
electrons in the concentric shells of the atom, and it should thus be possible 
to check up on electron distribution curves such as those calculated by Hartree 
from wave mechanics considerations. This has in fact been done by Mott 
(‘ Nature,’ May 11) in a note published while this work was being written up, 
using D 3 rmond’B data for the elastic scattering of helium to check the electron 
distribution in the atoms of that gas. It is hoped that these and similar 
experiments may lead to a better xmderstanding of the nature of the elastic ” 
scattering which causes the rings. 

It seemed of interest to compare the experimental curve with the corre¬ 
sponding curve for X-rays. No experiments are available for this curve for 
gold itself, but Bragg has shown that good agreement for the heavier elements 
is given by curves calculated from the electron distribution found from 
Thomas’s formula. A curve calculated in this way"** is shown dotted in fig. 2. 
It will be seen that the fall with increasing angle of diffraction is much less 
rapid than for the electrons, indicating that the mean position of the scattering 
material is nearer the centre of the atom than in the case of the electrons. 
This is not surprising in view of the much smaller penetrating power of the 
latter. 

Incidentally the fact that the present method gives a smooth curve at all 
is strong evidence that the small crystals are distributed at random in the film. 
If there were any preferential directions some of the rings would be enhanced 
relative to the others. Thus in the original gold films made from leaf the 
(2, 0, 0) ring was stronger than the (1, 1, 1) because there was a slight tendency 
for a (1, 0, 0) axis to be perpendicular to the film. With the spluttered films 
the reverse is the case, because f is larger for the (1, 1, 1) and 0 is smaller. 

My sincere thanks are due to Mr. C. G. Fraser for the construction of much 
of the apparatus, and to Mr. J. D. McKay for his help in carrying out the 
experiments. 

Summary. 

1. A technique is described for making metal films of the order of 10'“® cm. 
thick approximately free from holes, 

2. Cathode ray diffraction patterns for the following metals are described 
♦ For the method of calculation see Bragg and West, * Z. Krist.,* vo). 69, p. 136 (1928). 
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and discussed : gold, silver, lead, iron, nickel, and attempts with alttminium 
and tungsten* 

3. Of these nickel shows an unexpected structure, namely, hexagonal closest 
packing, the rest give results in full agreement with the structures deduced by 
X-ray analysis for the metals, except for certain films formed from lead and 
iron which probably contained compounds. 

4. The slowest speed of rays for which rings are visible is found for a number 
of films. For the metals the corresponding voltage varies from 10,500 to 
15,600 thin films. It is only about 6800 for one of the films of compounds. 
For thicker films higher voltages are needed but the variation is not rapid. 

6. Attempts to get rings with 300 volt electrons were unsuccessful. 

6. By photometric measurements of the diffraction rings in gold a curve is 
deduced giving the variation of wave scattering with angle for the individual 
atoms, and analogous to the X-ray F ” curves. The curve falls much more 
steeply than the corresponding X-ray curve. 


The Growth of Silver Iodide Fihm. 

By U. R. Evans and L, C. Bannister. 

(Communicated by Sir Harold Carpenter, F.R.S.—Received July 9, 1929.) 

It is now well established that a large class of important chemical reactions 
is controlled by the growth of obstructive films, but our knowledge of the 
mechanism of the growth of such films —especially at low temperatures—is 
still very imi)erfect. The present paper describes a detailed study of a 
particularly instructive case of film-growth, the action of iodine on silver; 
this reaction was chosen because silver iodide films—^in contrast with oxide 
films^—reach visible thickness rapidly at ordinary temperatures. The optical 
properties of these films have already been studied by Wernick,* whilst much 
information regarding the velocity of film-growth has been obtained by 
Tammann,f by KohlschUtter and KrUhenbUhl,!^ and by Ha 3 rtung.§ Tammann 

* ‘ Ann. Phyaik,’ vol. 142, p. 560 (1871). 

t ‘ Z. Anorg. Ohom.,’ vol 111, p. 78 (1920), and vol. 123, p. 196 (1922). 

X * Z, Electroohem.,* vol. 29, p. 570 (1923). 

§ ‘ J. Cliem. Soc.,’ p. 1349 (1926). 
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used the interference colour as the means of arriving at the thickness of the 
film ; this method has certain unique advantages, but the more recent work 
of Tammann and Bockow* has indicated that—^in the case of oxide-films at 
least the particular form of the method employed gives values for the thick¬ 
ness differing uidely from those obtained by the gravimetric method. Tammann 
expressed the relation between the thickness (y) and the time (0 by the parabolic 
equation f ^ where p is a constant. Kohlschiitter and Kjahenbtihl, 
and also Ilartung, used microgravimetric methods to determine the amount 
of iodine token up, and obtained curves connecting thickness and time ; these 
curves do not appear to follow the parabolic equation. All the experimenters 
mentioned used iodine vapour to attack the silver, but the concentration of 
iodine in the gas phase was not directly determined. In all cases the sxurfaces 
were prepared in air, and the possible effect of exposure to oxygen was not 
considered ; yet in several of the reactions of copper and iron, pre-exposure 
to air or oxygen is known greatly to modify the result, owing to the fact that 
an oxide-film may become protective before reaching the thickness needed for 
interference colours.*!’ It may be mentioned that after exposure to vapour, 
the colour produced on metallic specimens is usually not uniform, but indicates 
a greater film-thickness near the edge. 

In the present research, it was decided to use a solution of iodine in an 
organic solvent; in this case, the concentration could be fixed or varied at 
will, and in general uniform colouration (indicating imiform thickness) could 
he obtained. Moreover, abrasion could be conducted, if required, below the 
surface of the solvent, instead of in air. Ohloroform was.found to be a suitable 
liquid, since, whilst freely dissolving iodine, it had no appreciable solvent action 
on a silver iodide film. 

The special aims of the work were as follows :— 

I, To ascertain the relation of thickness with colour. 

II, To compare three other possible methods for measuring the amount of 
iodine taken up by silver, namely (a) micro-gravimetric, (6) nephelo¬ 
metric, and (c) electrometric, and to ascertain whether pre-exposure 
to air was a legitimate procedme. 

III, To measure the rate of formation of silver iodide under different con¬ 
ditions of (1) solvent, (2) stirring-rate, (3) abrasive treatment, (4) 
temperature, and (5) concentration of solution. 

* * Z. Anorg. Chem.,’ vol. 169, p. 42 (1928). 

t Vernon, ‘ J. Ohem. Soc./ p. 2273 (1926); Evans, p, 1020 (1927); Constable, 

•* Natum,’ vol 123, p. 669 (1929). 
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IV. In the light of the results, to consider the mechanism of the passage of 
the iodine through the iodide-films, and the nature of thin films in 
general. 

Materials silver used consisted of foil, 0 02 mm. thick. It was free 
from copper and lead, but contained 0*001 per cent, of iron. Kahlbaiun^s 
iodine was employed, and was dried at 100° C., mixed with potassium iodide 
and resublimed. The chloroform was purified by the method of Hantzsch and 
Hofmann* and kept in the dark. The abrasive used (except where otherwise 
stated) was carborundum powder, grade 3F, previously washed free from 
chloride ; it was applied by means of a pad, made from linen, which had been 
soaked many times in boiling water and dried. A small bag w'as made by 
wrapping the carborundum powder in a piece of this linen, the loose ends of 
which were squeezed tightly into the end of a glass tube. It was then soaked 
in chloroform and rubbed over the silver surface, when the carborundum powder 
worked through the linen in the re<juired quantity and produced a uniform 
abrasion. Residual abrasive was removed with clean cotton-wool. 

I. The Relation of Cohiir and Thickness. 

The assumption that the thickness of a solid film can be judged by dividing 
the thickness of the air-film required to give the same colour by the refractive 
index of the film-material has been the basis of nearly all the quantitative 
work of Tammann and his collaborators on the growth of films of oxides, 
sulphides, nitrides, chlorides, bromides and iodides ;t it has been used as 
an auxiliary method by Dumi.J Since, however, the assumption has been 
subjected to criticism, § it appears of general importance to ascertain whether 
the method is sulficiently accurate for ordinary use. 

Portions of silver were prepared with carborundum, cut into strips 5x2 cm. 
accurately measured, kept in a desiccator for one hour, weighed on a micro- 
balanc*^ and immersed in iodine solution, with stirring, for different periods. 
They were then washed in chloroform, dried in a desiccator, reweighed, and 
the colour observed. The tint was in most coses uniform, except at certain 
thicknesses where the variation of colour with thickness is pronounced. The 

* ‘ Bor. D. Chem. Goa./ vol. 44, p. 1777 (1911). 

t Anorg. Chem,,’ vol. Ill, p. 78 (1920); vol. 123, p. 196 (1922 ); vol. 124, p. 25 
(1922); vol 128, p. 179 (1923); vol 148, p. 297 (1925); vol 156, p. 261 (1926). 

% Dunn, ‘ Roy. Soc. Proo.,’ A, vol. Ill, p. 210 (1026). 

§Gale, ‘ J, Soc. Ohem. Ind.,* vol 43, p. 349 T (1924); Evana, *0hem, Ind.,' vol 45> 
p. 211 (1926); Jung, ‘Z, Phya, Chem.,* vol 119, p, 111 (1926), 
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relation between weight-increment and colour is shown in columns 1 and 2 
of Table A (see p. 374); the iodine-uptake at the central point of each range 
showing a typical colour is given in column 3. The uptake of iodine corre¬ 
sponding to this colour has been calculated in accordance with Tammann’s 
assumption from the thicknesses of the air-films needed to give the nearest 
colour, as recorded in Rollett's tables ;* these calculated numbers are shown 
in cohunn 4. 

The actual thicknesses of the silver iodide films.obtained by the two methods 

—are shown graphically in fig. 1 ; the individual determinations corresponding 
to different ranges are distinguished as crosses, circles and triangles. It is 
obvious that in the case of an abraded surface the term “ film-thickness ’’ 
requires definition. The numbers shown ou the left-hand side of fig. 1 represent 



Fio. 1.—Thickness of Silver Iodide Layers in Angstrdm Units, 


the thickness defined as “ the average of the intercepts made by lines drawn 
normal to the gmeral plane of the surface.” If allowance is made for the 
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VOt. OXXV,—A. 


♦ ^ Bitzh, Akad. Wien,’ vol. 77, p. 220 (1878), 
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Table A. 


lodino uptake. Colour of 

(mgma. per eq. dm.) iodieed ailver. 


Iodine uptake at 
oentre of range 
showing typical colour. 


Iodine uptake at 
centre of range, as 
calculated by older 
colour method. 


0*21,0*36,0*44 
0*04, 0*83. 1*00 
Ml 


mg./dm.* 

Vttiinw T /Pale yellow.... 0-44 \ 

* . \ Brownish yellow 0*89/ 


1‘13, 1*32, 1*88 Red mauve I ... 


1*44,1*55 
1*68,1*76, 1*77 

1*65, 2 00, 2 07 \ 
2*16, 3*01, 3*22 / 


3*21,3*31,3*41 
8*46. 8*74, 3*96 
4*00,4*03 


4*70,4*91,6*02 \ 
6*30,6*60 / 

6*12, 5*48, 6*77 
6*90,6*14 


Blue mauve I .... 


rBluish silver. . 2*131 

^ * i Purewlver. 2-49 

green; LyeUowish^Uver 2-85J 

fPale yellow. 3*42 

Yellow II . i Yellow. 3*62 

Beep yellow .. . 3*83 

Yellow-rod . — 4*37 


f Pale rod. 4*90 

Red II .U Red. 6 *10 

(.Deep red. 5-80 

Blue mauve II.... — 6*68 


6*84,6*30,0*40 Blue green 11 .. 


6*69, 6*71, 6*80 
7*04,7*19 

7*49,7*66 


Green II 


i YeUow III.. 


7 - 82 , 8 ' 82 , 8-09 \ „ , .rr . I'll 

8 - 98 , 9 ' 40 , 9 94 / .^... 8-88 

■' Impure red. 9-41 


10'2,10-6,10 8 Green m 


14*2,14*6,14*9 Green IV . 


Pale red.11*81 

Red.....12*64 

Impure red.13*42 


16*2,16*2, 18*2 


23*6, 26*7 


Greenish grey 
; Kedduh grey 


mg./dm,* 

1*46 

(brown) 


Colours not reprosented 
in air*film sequence. 


4*76 

(orange) 


8*10 

(fiesh ted) 
8*78 

(** purpur^’) 


11*76 
(flesh rod) 
12*31 
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roughness, and the thickness is defined as “ the average of the intercepts made 
by lines drawn normal to the local plane of the surface,smaller numbers 
would be obtained, and the agreement between optical and gravimetric results, 
at least for the lower thicknesses, would be even worse than that shown in the 
figure. 

It will be seen that there are serious discrepancies between the gravimetric 
and optical methods of evaluating the thickness. Moreover in some places 
the character of the colours shown by iodide films is different from those shown 
by air films. For instance, in the iodide sequence a silvery “ hiatus occurs 
between the first order blue and the second order yellow, whilst in the air- 
colours there is a green interposed. This is quite to be expected. As indicated 
by one of us* elsewhere, a “ perfect ’* film of uniform thickness, composed of a 
highly transparent substance on a brightly fejleoti‘ng base, would be expected 
to give narrow absorption bands, and it is to be anticipated that, when the 
film thickness is increased sufficiently to make the first absorption band lie 
just beyond the red end of the visible spectrum, the second band would still 
lie outside the violet end ; at such thicknesses there will be no absorption 
within the visible region, explaining the silvery appearance of the iodised 
sxu^ace. With the air films, however, it follows from optical considerations 
that the absorption bands will be broad, the maxima being as well rounded as 
the minima ; before the first absorption band has passed beyond the red end 
of the visible spectrum, the second band begins to make an effect at the violet 
end ; there is thus a maximum reflection in the middle of the visible region, 
explaining the green colour. The breadths of the absorption bands must also 
greatly affect the “ character ” of the colour observed. It is true that even 
films on a metallic basis should show broad bands, if the films are imperfect 
or non-uniform, or, if they are composed of imperfectly transparent matter 
or if the basis is an imperfect reflector; indeed, exceptional specimens of iodide- 
covered silver did show a faint green at the end of the first order. It is note¬ 
worthy that Constable,t during his study of the oxide-films on copper, obtained 
quite broad absorption bands, and normally observed a greenish colour between 
the first and second orders. Under such conditions, a rough proportionality 
between the air-thicknesses and the oxide-thicknesses is to be expected, and 
Constable obtained an approximate linear relation between the two thicknesses, 
although his investigations extended only to the middle of the second order. 
In the case of silver iodide films it is clear from fig. 1 that this proportionality 

Evans, * Chem. Ind.,’ vol. 45, p. 213 (1926). 
t ‘ Roy. Soc. Proc.,’ A, vol 116. p. 570 (1927); vol 117, p. 370 (1927). 
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floes not exist; it is concluded, therefore, that in measuring the thickness 
of iodide films, the ** Old Colour Method ” is unreliable. 

Properly used, however, the observation of colours is of great service. When 
once the relation between thickness and colour has been recorded (as in Table 
A), these results may be used to gauge the film-thickness upon any new speci¬ 
mens which require examination. The colom indicates that the thickness must 
be between certain definite limits, and the middle value of this range (column 
3) is adopted as the most probable value. Where the range is a narrow one, 
the maximum error is quite small; some colours, such as Red 111 and Red IV 
extend over a fairly broad range of thickness, but even here it is usxially 
possible to subdivide the range- as indicated. This New (/dour Method,” 
it should be noticed, ultimately depends on a comparison of iodide-colours 
with other iodide-colours, not of iodide-colours with air-colours ; its validity 
does not rest on any special theory of the production of the tints, and only 
assumes the well-recognised fact that the thickness determines thf* colour. 
Indeed, with small specimens, the New Colour Method ” is a more accurate 
method than direct weighing, since the tint at the abnomial places such as the 
edges and points of support can simply be neglected, whereas in other methods 
such places introduce serious errors in all corrosion-research. 

A number of calculations of error by the two methods have been made. 
Using the Newer Method, the maximum possible error over most colour-ranges 
is 4 to 7 per cent. ; the average error of a random determination will usually 
be much less than this. On the other hand, in the hiatus zone, the error 
may well reach 20 per cent., and the method is here unreliable—as is also the 
case, for various reasons, in the first order yellow. The Older Colour Method 
involves serious inaccuracy; for instance, blue-mauve I (dark violet) is pro¬ 
duced by an iodine-uptake of 1*50 mg. per sq. dm., but the calculation by the 
Older Method indicates 1 *82 mg. per sq. dm., an error of 21 per cent. Errors 
of this sort of magnitude occur throughout the first order, but the percentage 
error is coiisiderably smaller at greater thicknesses ; it is clear, however, that 
the Newer Method gives a smaller maximum error. 

In general, the Older Method gives values too low at great thicknesses and 
too high at small thicknesses. In their recent study of oxide-films, mainly 
of the first and second-order thickness, Tammann and Bookow* also find that 
this (older) form of the colour-method gives higher values than the gravimetric 
method ; indeed in some cases their colour-value was 8 or 10 times their gravi¬ 
metric value. They attribute the discrepancy to the existence of an invisible 
* ‘ Z. Anorg. Chem.,* vol. 169, p, (1026). 
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layer present on tlie metal before tinting^ but in some cases the thickness of 
the layer which they assume as necessary to reconcile the results is very 
considerable, and it is perhaps a little diflBcult to understand why this layer 
should not in itself give tints. 

When obtaining the values recorded in Table A, a few measurements were 
made on silver abraded with a coarser abrasive (French emery paper No. 1). 
For thick films (second, third or fourth order colours) the relation of colour 
to weight increment was not found to be affected appreciably by the change of 
the abrasive. For very thin films (early-first-order), the character of the 
abrasive has a slight influence, although it required special experiments to 
establish it with certainty. 

Two strips of silver were subjected to coarse and fine abrasion respectively, 
and placed in equal volumes of a very dilute solution of iodine (calculated as 
siifiicient to give red-mauve I) for three weeks, after which time all the iodine 
had been taken up by the silver. Careful comparison showed the finely 
abraded piece to display a slightly more advanced colour, although no more 
iodine had been used than in the other piece. The experiment was repeated 
with a somewhat greater quantity of iodme, and the same result was obtained. 

These results are most easily understood if it is remembered that Bowden 
and Rideal* found that abrasion increases the true surface, presumably by 
producing a network of cracks. Thus after coarse abrasion a bmited amount 
of iodide has to be spread over a greatly increased surfacse, whilst with fine 
abrasion the cracks will be less extensive and narrower, and will more quickly 
become choked with iodide. Thus at low^ thicknesses, a given amoxmt of 
iodine per unit area of apparent surface wall produce a less advanced colour 
on a coarsely abraded surface than on a finely abraded surface. Clearly this 
will cease to be true when the film-thickness exceeds the depth at which the 
cracks are penetrable by iodine molecules. 

Evidently the New Colour Method cannot be used with safety to follow the 
growth of very thin films on metal which has been abraded in an abnormal 
manner. But for metal abraded in the standard manner, the observation of 
colours combined with the results embodied in Table A, column 3, affords as 
accurate a means of judging the thickness as can be expected in view of the 
small quantities concerned. This method involves no optical assumptions 
(since the results of Table A rest directly on experiments), and is merely an 
indirect means of utilising the gravimetric procedure. 


♦ * Roy, Soc. Proc,; A, vol. 120, p. 59 (1928); * Nature/ vol. 112, p. 047 (1928). 
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II.— Comparison of G^aidmetric, Nephelometric and Elecirometric Methods of 
Measuring the Iodine Uptake. 

Pieces of silver foil were abraded as usual, wiped, measured, weighed, exposed 
to iodine solution, washed, dried and reweighed. The gain in weight is shown 
in column (a) of Table B. A suitable portion of the foil was cut off, measured, 
and subjected to cathodic reduction in N/lO potassium nitrate solution with 
an E.M.F. of 2 volts, the strength of current at different times being noted. 
The interference colours quickly disappeared, being replaced by a chalky 
yellow appearance, which finally gave place to the black characteristic of 
reduced metallic silver. The current fell off with the time, and after reduction 
was complete, a small residual current, slowly decreasing, continued to flow 
(connected no doubt with the removal of hydrogen by diffusion or by coni’ 
bination with dissolved oxygen); the completion of reduction is show n by 
the disappearance of the last traces of yellow. 

Table B.—First Methods. 


The amount of iodine in mgma. per cm.*. 


(0) 

Micro’gravimet ric. 

(6) Electrometric. 

(C) 

Nephelometric. 

Assumption (i). 

Assumption (ii). 

0-058 

0*059 

0-033 

0-050 

0 053 

0 049 

0-033 

0*044 

0 034 

0 041 

0-027 

0*029 

0-022 

0*023 

0-017 

0-017 

0-021 

0*016 

0-011 

0*010 

0014 

0*012 

0-008 

0-009 

0-013 

0-014 

0-010 

0-011 

0-011 

0-007 

0-004 

0*007 

0-000 

0 004 

0-003 

1 

0*004 


From the number of coulombs needed to give complete reduction, the 
amoimt of iodide present could be calculated. The numbers shown in column 
(6) (i) of Table B are calculated on the assumption that the whole current is 
taken up in the reduction of the iodide, whilst those in column (6) (ii) are 
calculated on the assumption that the ** residual current ” (connected with 
changes other than the reduction of silver iodide) commences to flow from the 
first moment of immersion. Clearly the truth lies somewhere betw^een the two 
values. This uncertainty renders the method in this form unsatisfactory, 
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ai^d the electronictric values show only general correspondence with the 
gravimetric values. 

The amount of iodine brought into solution was also determined by adding 
silver nitrate and comparing the cloudiness with that formed in the same way 
from a known “ standard ’’ solution of potassium iodide. Since the unknown 
iodide solution contained nitric acid (a bye-product of the electrochemical 
process, and present in araoiuit equivalent to the iodide) and also N/10 
potassium nitrate, both of which affect the nephelometric comparison, these 
substances were also added in the appropriate quantities in making up the 
standards. This method of estimating amounts of iodide was found to be 
most sensitive when the concentration was 16- 20 mgms. of iodine per litre, 
and accordingly this strength was aimed at in making the comparisons. Hence 
in the case of thujk films an aliquot proportion of the ekjctrolyte solution was 
taken for comparison, but when the films were very thin, the total volume of 
liquid used in the electrolysis vessel had to be diminished as far as possible ; 
for this reason, the tinted silver strip was rolled into a cylinder of diameter 
0-5 cm. and placed for cathodic reduction in a small cylindrical glass 
cell containing 2 c.c. of electrolyte, a central platinum wire serving as 
anode. 

The nephelometric determinations, shown in column (c) of Table B, give 
results somewhat lower than the gravimetric determinations ; special experi¬ 
ments showed the difference to be due to oxidation of part of the iodide to 
iodate, which subsequently interacts with the iodide in the now slightly acid 
solution to form free iodine. For this reason the process was modified as 
follows. The platinum anode was replaced by a strip of pure zinc externally 
short-circuited to the silver, thus eliminating the external source of E.M.F. 
The silver iodide was reduced as before^, but no acid or iodate was produced, 
and thus the source of error was avoided. It was found that the timo-cuiTcnt 
curve now obtained was of a different character and exhibited an inflection 
at the moment when the reduction of the iodide w as complete. This, together 
with the fact that the residual current was smaller and more nearly constant, 
made the method of calciilation more reliable and the results more accurate. 
Some results are given in Table C (see p. 380). 

The nephelometric and electrometric methods are useful mainly in cases 
where it is desired to grind the metal under the solvent, avoiding exposure to 
air before tinting. The miorogravimetric method necessarily involves exposure 
to air, and before it is legitimate in velocity work to use that method (or the 
newer oolotir method, which is merely an indirect use of the microgravimetric 
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Table C.—Improved Metbods. 


Tim amount of iodine in mgms, per cm.’*. 


(a) Microgravimetric. 1 

j {b) Kloctromotric. 

(c) Nopholomotric. 

0162 

0*161 

0*167 

0128 

0*130 

0*113 

0100 

0*096 

0*113 

0*059 

0*069 

0-058 

0 040 1 

0 042 

0 040 

0 040 1 

0*036 

0-037 

0*01S 

0*020 

0-017 

0*014 

0*014 

0-014 

0*004 I 

I 0 006 

0-0(H 

0 002 j 

0*003 

0-004 


method) it is necessary to ascertain whether the pre-exposure to air affects the 
rate of growth of the films. 

Accordingly different parts of a strip of silver were scratched with a knif (5 
point at different times, respectively 48, 27, 19, 3 hours, 1 hour, 5 minutes and 
1 minute, previous to the moment of tinting. The abrasion was conducted 
xmder chloroform, but otherwise the silver was exposed to air in a desiccator 
until the time fixed for tinting arrived. The 8{)ecimen was then re-immersed 
in chloroform, again scratched at a fresh place, and a solution of iodine in 
chloroform was added ; the whole was then quickly mixed without allowing 
air to come into contact with the silver. This experiment was performed 
seferal times, the period of tinting being different in the various cases. It was 
found, after long pre-exposure to air, the tint reached seemed in some oases 
slightly less advanced than when air had been excluded altogether, or allowed 
to act for a short time only; but the effect was very small, and was not 
detectable when the period of aeration was less than 24 hours. Evidently 
any oxide jiroduced by a short exposure to air imposes no appreciable hindrance 
on the diffusion of iodine to the metal. 

Experiments using carborvmdum as the abrasive gave similar results, A 
strip of foil thus abraded, was washed in chloroform, kept in the desiccator 
for 3 hours and then placed in a glass cylinder containing chloroform, being 
held by means of a clip against the walls. One part only of the surface was 
then re-abraded below the chloroform level by means of the usual abrading 
pad. Immediately after re-abrasion, the iodine solution was introduced, and 
all air expelled. The whole was then mixed by inverting the cylinder, a glass 
]>ead being placed in the cylinder to promote stirring ; after a suitable period 
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the^silver was withdrawn. No difference in colour was detected between the 
two parts, one only of which had been exposed to air after the abrasion. 

In spite of this result, it still appeared possible that abrasion in vacuo might 
cause an increase in the uptake of iodine, because a liquid might penetrate 
better into cracks if these were not already filled with air ; this difierence 
might not be detected by the colour method, since any iodide formed in 
cracks below the general surface would hardly affect the colour. To test 
this point, two pieces of silver were abraded and exposed to air for 1 hour ; 
one was introduced into the upper part of a vessel containing chloroform, 
and the vessel evacuated ; the chloroform commenced to boil at ordinary 
temperature, thus assisting expulsion of air. After sufficient time had elapsed 
to eliminate all air, chloroform was allowed to enter and fill the vessel. The 
other specimen was then added and both tinted together. After removal, 
both pieces of silver exhibited exactly the same colour, and determinations of 
iodine content by gravimetric and nephelometric methods failed to detect 
any difference beyond the limits of experimental error. 

The main conclusion to be drawn is that a short pre-exposiue to air does not 
measurably affect the growth of iodide*films, and therefore that the micro- 
gravimetric method (which involves weighing in air) can be used instead of 
the more diflScult nephelometric or electrometric methods. 

Although pre-exposure to air at ordinary temperatures hardly affected the 
subsequent formation of iodide-films, it was found that a 30 minuttis’ exposure 
to air, at 400° C., considerably retarded the development of such films, whilst 
a preliminary heating in vacuo, vnth hydrogen as residual gas, had the opposite 
effect. 

III .—Velocity of Growth of Iodide Films, 

It is commonly considered that the increase of the thickness (y) with the time 
(/) is controlled by the rate of diffusion of the fihn-forming element (iodine), 
which is itself proportional to the concentration-gradient. Thus 

dy Kr^jC^^C,) 

dt y 

where 0^ and Ci are the concentrations of free iodine at the outer and inner 
boundaries of the iodide film, and Kp a constant connected with the diffusivity. 
If the chemical combination of iodine and silver proceeds so quickly that 
is kept small compared to Cg, this becomes 

dy KpCq k 

di y y 
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the equation of a parabola. The more general case where the effect of a finite 
chemical velocity is taken into account has been discussed by one of the authors* 
elsewhere ; here the curve shotild be a straight line near the origin, gradually 
approximating to a parabola when y becomes large. In writing the equation 
dyjdt ^kjy in an integrated form y^ = 'Ikt + A, most authors have assumed 
that if the time is so defined that t ^ 0 when = 0, it follows that A = 0, 
and that y'^jt should be constant during a given experiment. This would be 
logical if the equation held good down to zero thickness ; clearl)^ however it 
does not, for that would give an infinite value of dyjdl when = 0, and 
chemical considerations would preclude an infinite velocity even in the absence 
of a film. Hence, whilst it may still be true that dyjdt is equal to kly over the 
range of thicknesses easily investigated, this will cease to be true at very small 
thicknesses, and even over the range where the relation does hold the inte¬ 
gration constant, A, need not in general be ^sero. Thus y^jt will only became 
constant at such thicknesses that y^ is large compared to A. Actually, how¬ 
ever, some of the commonly neglected facts will tend to make A positive and 
others negative. The limitations imposed by chemical velocity--already 
referred to—will make it negative, but the fact that the eSective area is greater 
at the instant of immersion than later on will t^nd to shift A in the positive 
direction ; finally the fact that the concentration of the liquid in contact with 
the film will tend first to fall with the time and then to rise again will affect A 
in a complicated manner. Actiially in many of the cases examined, A is 
evidently small, but this could not have been predicted. 

The external film-concentration Cq will clearly depend on the concentration 
of free iodine in the liquid next to the film {C^) 

where m is the molecular state of free iodine in the film, n that in the solvent, 
and is a constant which may provisionally be called the Partition Coefficient, 
Thus for a given solvent the rate of film-growth will increase with the iodine 
concentration ; indeed, if the molecular state be the same in the film and the 
liquid, y^jt will be proportional to Ci„ at ranges where A is small compared 
to yK Cj, of course is the concentration of free (unsolvated) iodine molecules. 
For different solvents, containing the same total amoimt of iodine per litre, 
we may, on the whole, expect the violet solutions (where the iodine molecules 
are believed to be mainly unsolvated) to cause much quicker growth of films 


• Evam, “ Corrotsion of Moiald ” (1926 edition), p. 14 (Arnold). 
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than the brown solutions (where there is believed to be much solvation); lor 
solutions of identical colour, Kp will determine the film-growth. 

Experiments were performed to study the effect of different variables. In 
each series, all the factors were kept constant except one, which was varied. 

(1) Effect of Solvent. —Si)ecimen8 were abraded in the standard manner, 
immersed for different periods in solutions of iodine in six different solvents ; 
all the solutions contained 0»553 grams iodine in 1 litre of solvent. The 
temperature was controlled at 15° C. in a thermostat; after withdrawing, 
washing and drying, the film-thickneas was estimated by the New Colom‘ 
Method. The curves obtained are shown in fig. 2. With ethyl acetate, ether 



and amyl acetate the measurements could not be carried to greater thicknesses 
than those shown, owing to the deposition of a yellowish powder ; this 
occurrence made all measurements somewhat unc;ertain, and for the solutions 
mentioned it seemed difficult with confidence to express a relationship between 
thickness and time. The chloroform, hexane and benzene solutions showed 
approximate obedience to the parabolic relationship, since when y* was 
plotted against t, nearly straight lines were obtained. The order in which the 
solutions act is shown in Table D. 
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Table D.—^Effect of Solvent. 


Order of velocity 
of iUm’thickening. 

Solvent. 

Colour of solution. 

1 (most rapid). 

2 . 

Hexane . 

Petroleum ether.. . 

Deep violet. 

Bod. 

Deep violet. 

Reddish violet. 

Bed. 

Brown. 

Brown. 

Brown. 

3,4 ..' 

a .j 

/ Carbon totraohJoride. 

\ Chloroform 

Benzene . 

6 .: 

Bthyl acetate 

7 . 

Ether . 

8 (slowest) 

1 

Amyl acetate . 


The chloroform and carbon tetrachloride experiments were done simul¬ 
taneously and specimens taken out at the same time always gave precisely 
the same colour. The brown liquids do produce slower action than the violet 
liquids, but petroleum ether falls out of place in the series, suggesting that some 
other factor (possibly Kp) is influencing the results. 

It was found that commercially pure chloroform gave the same curve as the 
specially purified chloroform, but that commercial benzene containing thiophene 
gave a much quicker colouration than benzene free from thiophene. 

(2) Effect of Stirring ,—The previous experiments were performed in stagnant 
liquid, and there was reason to suppose that the consumption of iodine might 
affect the concentration in the liquid layer next to the iodide film. Experi¬ 
ments were carried out with very small specimens (0*7 x 0*7 cm.) hung by 
glass hooks attached radially to a central glass axis which could be rotated ; 
the sj)eed8 were varied from 8 to 50 revolutions per minute in different experi¬ 
ments. The solvent was chloroform, and as before the concentration was 
0*553 gm. per litre, the temperature 15^ C., and the abrasive treatment 
standard. The slowest stirring slightly increased the rate of thickening as 
compared with the stagnant experiments, and there was a perceptible further 
increase as the stirring was made more rapid. The effect, however, was slight, 
and was difficult to measure with certainty, since at the highest and lowest 
speeds luiiform results were not obtained. Finally an intermediate speed of 
16 revolutions per minute, which gave reproducible results, was adopted as 
standard for subsequent work ; this was equivalent to a longitudinal velocity 
of 2 cm. per second. 

The advantage of using very small specimens was that the alteration of 
concentration due to iodine-consumption could be avoided. The employment 
of such specimens was only rendered possible by the Newer Colour Method of 
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meaBuring the thickness ; the specimens used were far too small for the older 
methods, and in any case the irregularities around edges and points of support 
would have caused errors, had any of the other methods been utilised. 

The fact that the motion increases the velocity of film-growth, shows that 
the thickening is controlled to some extent by passage across the diffusion 
layer ” of liquid, as well as by diffusion through the solid film; increased 
movement of the liquid is usually assumed to decrease the effective thickness 
of the diffusion layer. There is nothing specially surprising in the fact that 
diffusion through the liquid affects the velocity; in some organic reactions 
which proceed only at the surface of a metallic catalyst, Kideal* found that 
the velocity may be controlled entirely by diffusion through this layer, over 
a certain range of conditions. 

(3) Effect of Abrasion ,—Uomparative experiments were performed with 
cold-rolled silver, and similar silver abra<led with numerous difiert^nt grades 
of carborundum and emery paper, and also with a rotary wire-brush, a steel 
point, and a steel blade. Experiments indicaU^^d that the abraded surface 
always ran through the sequence of tints more rapidly than the cold-rollod 
surface, and, as regards the latex colours, it was found that coarse abrasion 
caused more rapid thickening than fine ; in cases where the tinting was only 
carried on to the very early stages (early first-order (lolours) an ajypamitUj 



* ‘ Trans, Faraday Soo.,* vol. 19, p. 90 (1923), 
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contrary relation was obtained, fine abrasion giving a very slightly more 
advanced tint; this is due to the fact that for early tints the relation 
between colour and thickness varies slightly with the abrasive treatment, 
as already stated* Fig. 3 shows curves obtained after (A) Treatment 
with French emery paper No. 1 ; (B) “ Standard treatment with carborun¬ 
dum ; the solvent was again chloroform, the concentration 0*553 gram per 
litre, the temperature 15® C*, and the stirring-conditions “ standard ; near 
the origin the curves are slightly inexact, as already explained. 

(4) Effect of Temperature, —^Measurements were carried out at different 
temperatures, the solvent being chloroform, the concentration 0*553 gram per 
litre, and the abrasive conditions and stirring-rate standard ; each exi>eriment 
was performed in duplicate. The values of y^jt are shown in Table E; it 
will be noticed that they are far from constant, although approaching con¬ 
stancy at the higher values of y. The numbers placed in square brackets 
refer to the hiatus-zone where the thickness measurement is unreliable. The 
other thickness measurements have the accuracy mentioned early in the 
paper, but of course the percentage error on y^ is double that on y. For the 
range of thickness between jy = 6 and y 8, the mean value of y^ji is 2*60 
at 0® C* and 5 • 26 at 35® C. Thus the rise of 35® C. merely doubles the velocity 

constant —indicating a somewhat low temperature coefiicient. 

Other sets of experiments carried out for longer periods, and a set of curves 
made at a concentration of 0*276 gm. per litre, also pointed to a low 
temperature coefficient. 

(5) The Effect of Concentration, —^Measurements were made at five different 
concentrations of iodine in chloroform, the temperature being 16® C,, and the 
abrasive-conditions and stirring-rate standard ; each experiment was carried 
out either in duplicate or triplicate. Experiments were also made at a con¬ 
centration of 0*1105 gm. per litre; these were performed four times, but since 
the thickness lay during the greater period within the hiatus range, the results 
were considered inaccurate and are not included in the figures. The other 
curves are shown in figs. 4 and 5. In fig. 4 the thickness (y) is plotted against 
the time t, whilst in fig. 6, y^ is plotted against t. These latter curves become 
fairly straight over the greater part of the range, indicating that (y* A)/t 
becomes fairly constant. The gradients of the straight portions are given in 
Table F. The ratios of the gradients, taking the gradient at standard con¬ 
centration as unity, are shown in column 3 and the calculated ratios for different 
values oi m :n are given in columns 4, 6 and 6. The experimental ratio lies 
between that calculated for ; n = 1 : 1, and that calculated for 2:1, but 
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Table E. 

First Exi)erunent. Second Experiment. 


Temperature 0® 0. 

Temperature O*’ C. 

(, 

?/• 

.V*- 

?/“/<■ 





miiK 

mg. per 



1 

! min. 

mg. per 




dm. 



1 

flq. dm. 



0*53 

1-26 

1-69 

3-00 

i 0*73 

1-60 

2-26 

3*08 

0-95 

1-7.3 

2-99 

316 

2-03 

[2*861 

[8-12] 

[4-00] 

1-48 

12-49] 

[6-06] 

[4-021 

! 4-67 

3*62 

131 

2*87 

3*32 

3-42 

11*70 

3*62 

1 7*85 

j 4*90 

24-0 

3*06 

5-88 

3-83 

14*67 

2*49 

1 12*77 

6*27 

39-3 

3-08 

B'98 

4-90 j 

24-0 

2^67 

1 18-63 

j 6*89 

47-4 

2*64 

15 03 1 

0-27 

39-3 

2 62 

i 23*0 

7*67 

67*2 

2-49 

20-95 

7*57 

j I 

67*2 

! 2-73 

: 26*43 

7*67 

1 

57*2 

2*16 


Temperature 16 ® C. 

j Temperature 16 ® C, 

t. 

y- 1 y*- 

tit. 

1 

j t. 

y- 

2 ^- 1 .V®/^ 


0*63 
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is much nearer to the former. It is concluded that the molecular con¬ 
dition of the free iodine within the film is for the most part the same as 
that in the liquid, but that if anything the proportion of the more complex 
molecules is actually rather greater iu the fiilm than in the solution. It is 
possible, however, that the fact that the change of concentration alters the 
velocity rather more quickly than would be expected on the assumption that 
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9n:n ^ 1:1 is attributable to the fact that the effect of diffusion over the 
liquid diffusion-layer becomes increasijjgly important as a disturbing factor 
as the dilution increases. However this may be, a comparison with the 
figures calculated for ni : = 1 : 2 completely dispels any idea that the iodine 

might exist as molecules in the liquid and single atoms in the film. 

Experiments carried out for longer periods pointed in the same direction^ 
although it is difficult to keep the concentration constant if the films are carried 
to considerable thicknesses. Other sets of curves were obtained with stagnant 
chloroform and with hexane solutions ; they also support the same conclusions. 


Table F. 


Concentration 
gme. per litre. 

i 

1 Gradient 
img*din”*niin‘t 

1 

liatio of 
gradientH 
(standard 
concentration 
nnity). 

Ratio caK ulated for— 

i 1 * 

m : n 1 : 1.' m : n 1 ; 2 . m ; w -- 2 ; 1 . 

1 

1 1 

3-13 I 

20*3 

7 02 

1 

5*00 

2*30 

32*1 
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10*0 

3*01 

2 0 

1*41 

4*0 

0*553 

3*32 

1*00 

1*0 

1*0 

1*0 

0 - 27 (i 

1*38 

0*42 

0-6 

0*77 

0*26 

0 0563 

0*27 

00 S 1 

0*1 

0*32 

0*01 


Early Part of Curve, - Soma exi)eriments were made by the gravimetric 
method to follow^ the early part of the curve, below' the point where the colours 
commenced; as already explained, large specimens were needed for this 
method. In the short periods of immersion, the s^wimens were dipped in 
the solution, taken out and washed at once ; in the longer periods, specimens 
were kept in slow* motion. Pig. 6 indicates the commencement of a Kiurve at 
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15° C*, with 0*1105 gins, iodine per litre of chloroform, and standard abrasion; 
the range covered is largely the invisible and yellow I regions. The curve 
seems to commence as a nearly straight line, cutting the y axis at a finite angle 
(not tangentially, as the equation ^ — 2U would imply), but at higher thick¬ 
nesses it gradually passes into an approximately parabolic form ; perhaps the 
gradient of the initial portion indicates the velocity of combination of iodine 
vnth silver before the formation of a film begins to restrict access. 

IV .—Mechanism of Film Gmwth, 

The fact that the rate of thickening decreases with the thickness indicates 
that the process is essentially controlled by diffusion through the solid w^all of 
iodide ; the perceptible departure from the parabolic law at the lieginiiing of 
the curve and the effect of stirring are only what would be expected ; over the 
ranges where a linear relation holds between and t, diffusion is apparently 
the sole controlling factor. 

In view of the recent work of Pfeil* on the oxidation of iron, it must not be 
assumed that the diffusion is due to the uptake of excess of iodine on the 
exterior. It is possible to imagine that excess of silver dissolves in the iodide 
layer on the interior surface, thus producing the ooncentration-gradient needed 
for diffusion. In this case the role of the iodine solutions would be merely to 
ensure that no excess of silver exists on the exterior surface. Provided the 
iodine concentration in the solution is suffioient to ensure this, the linear 
relation between and t would clearly be accounted for, but it will be noticed 
that the thickening-curve should be independent of the concentration of the 
solution, which is not the case. Clearly then Pfeil’s mechanism cannot here 
hold good, and the diffusion must depend on passage of excess iodine inwwds. 

The results of varying the concentration indicate that iodine diffusing 
through the film exists in the same “ effective molecular state as in the 
solution. According to J. A. Mtiller,t the effective molecular state in both 
brown and violet solutions is I 2 ; certainly the general view is that it is not 
lower than I 2 ; if so, the diffusion through the film must be mainly as diatomic 
(or possibly polyatomic) molecules, certainly not as single atoms. Yet on 
steric grounds, it seems impossible to picture the passage of 1 2 molecules—or 
larger molecules—through compact silver iodide. If, however, pores of 
sufficient size ai‘e present, diffusion of 1 2 molecules is evidently possible. The 
marked influence of abrasion in increasing the rate of film-growth confirms 

♦ ‘ J. Iron Steel Inst.,* 1829. 
t ‘ Bull. Hoc. Ohim./ vol 11, p. 1009 (1912). 
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view that here we are dealing with diffusion through pores. Not only 
will the coarser abrasion leave the silver porous—feature favourable to 
porosity in the silver iodide—but the internal stresses left behind will 
be favourable to fresh formation of cracks— as indicated in previoxis work. 

The question then arises as to whether the solution, including solvent, enters 
the pores. This appears unlikely on several grounds, and the possibility 
appears to be completely excluded by the results obtained with different 
solvents. If the solvent entered the pores, the rate of gro’wth of the film would 
be favoured by employing a solvent of low viscosity or high iodine-diffusivity. 
Actually, however, ether, which has a much lower viscosity* and higher iodine- 
diffusivity coefficientf than chloroform, produces a slower rate of film growth. 
Evidently the solvent does not itself enter the pores. 

If then the iodine molecules enter the pores without the solvent, two 
possibilities remain :— 

(1) They may diffuse as free molecules through relatively large channels ; 
this is really gaseous diffusion. 

(2) They may diffuse through pores just large enough to accommodate 
them, and in a sort of loose union with the silver iodide of the walls. 

The first idea requii’es pores larger than are likely to exist, since the silver 
iodide behaves optically as a single phase. In any case such a mechanism 
would involve a high temperature coefficient; in cases where the parabolic 
relation holds good, the diffusion would be roughly proportional to the iodine 
vapour tension of the solution, and such vapour tensions rise sharply with the 
temperatiure, since they depend on the proportion of molecules which possess 
the necessary energy to escape from the liquid phase. Actually the temperattire 
coefficient is far too low to admit of the idea of evaporation of free molecules. 

If, however, the pores are very small, and the Ig molecules pass through in 
loose union with the wall-substance, an iodine-molecule need possess no great 
energy to pass into a chaimel, and a comparatively low temperature-coefficient 
is easily understood, provided that there is some sort of affinity between the 
iodine and the iodide. Seeing that potassium iodide solutions can dissolve 
•excess iodine as KIg, and seeing that the prevailing views on the peptiaation of 
silver halides postulate the attachment of extra halogen atoms or extra silver 
^toms to the halide surface, there is every reason to believe that the necessary 
•affinity exists. It would seem therefore that the process is one of passage 

♦ Dorsey, ‘ International Critical Tables,* vol. 5, p. 11, 
t Gr61i and Kelp, ‘ Z, Anorg. Chein.,* vol. 147, p. 321 (1925), 
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through channels of only a few molecular dimensions, and is a process inter¬ 
mediate in character between gaseous diffusion and diffusion in solid solution. 

Such an idea accords well with the ideas arising from the study of films of 
other kinds. It was at one time thought that the steady growth of films with 
time (exempMed* by Pilling and Bedworth*8 copper oxide films above 700® C*) 
depends on diffusion of the non-metal in solid solution through the material 
composing the film, but the gro^-th (sucli as Pilling and Bedworth 

found for copper exposed to oxygen at 500® C., or Vernonf found for aluminium 
at ordinary atmosphere) is due to the passage of the gas through definite 
cracks which appear at irregular intervals. Dunn^ however, has suggested 
that even in the case of steady growth “ the structural units of the oxide are 
in a state of vibration,” and ‘‘ an oxygen molecule can only pass a structural 
unit provided that this possesses at the moment energy greater than a critical 
value causing a loosening of the oxide structure at the point.”. Feitnecht§; 
has brought forward evidence that passage of oxygen through copper oxide 
films may occur preferentially at the grain-boundaries of the oxide-grains ; 
since many authorities, notably Tammann and Bredemeier,|| consider that 
capillary channels exist along the grain-boundaries, it is possible that this may 
be really a special case of passage through pores, ‘ 

Passing to the films formed at lower temperatures, recent results by one of 
the authors on corrosion and passivity^ also indicate that usually the films are 
not continuous. Oxide-films of the interference-colour range on iron and 
capper are definitely less protective than the thinner films which are invisible 
whilst on the metal. But even the latter contain weak spots where penetration 
by ions can occur. These are of various degrees ; the points where penetration 
by chlorine ions can occur are more closely studded than those where attack 
by sulphate ions commences. Penetration is also favoured by jagged places 
on the surface. 

In such cases also the pores must be of dimensions small compared to the 
wave-length of light, since on heat-tinted specimens the film material apparently 
behaves optically as a single phase. The flow through the film must be a 
process midway in character between leakage through large apertures, and 

♦ ‘ J. ln«t. Met./ voL 29, p. 5H (1923). 
t ‘ Trans, Faraday Soc.,’ voL 28, p. 153 (1927). 
t ‘ Roy. Soc. Proc.; A, vol. Ill, p. 203 (1920), 

§ ‘ Z. Elaktroohem,,’ vol 35, p. 142 (1929). 

11 ‘ Z. Anoig, Chem.,’ vol 142, p. 54 (1925). 

11 Evans, ‘ J. Chem. Soc./ 1927, p. 1020; 1920, pp. 92. 111. 
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diSuBion in solid solution, just as a'' sol is midway between a suspension and 
a true solution. As in osmosis, the facility to penetrate will not merely be a 
question of size ; affinity between the molecules penetrating and the substance 
penetrated will affect the ease of passage. This may assist the understanding 
of various cases which seem difficult to explain on the idea of ordinary diffusion 
in solid solution. Copper exposed to oxygen at ordinary temperatures yields 
films which cease to thicken before they produce colours ; it is necessary to 
apply heat before interference tints appear. But copper exposed to sulphur 
(or air containing hydrogen sulphide) at ordinary temperatures give sulphide 
films which pass readily through the sequence of interference tints. It is 
difficult to see why the oxide as such should be less capable of permitting 
diffusion in solid solution than the sulphide ; but it might easily be less liable 
to cracking. Qiiite often substances with large molecules act on metals, 
producing visible films ; benzene containing a trace of thiophene renders 
copper brown or mauve, but it is difficult to imagine the thiophene diffusing 
in solid solution through the film substance. 

All the evidence points to the fact that the films under consideration are 
essentially porous, but that the leakage is most pronounced where the surface 
is rough or cracked or the film in a distended condition. 

Summary, 

Specimens of silver have been exposed to solutions of iodine in chlorofonn, 
and a study made of the relation between the weight-increment and the 
interference colour due to the iodide-film produced ; the assumption made by 
previous workers that the thickness of the film can be obtained by dividing 
the equivalent air thickness by the refractive index is shown to be inexact. 
Nephelometric and electrochemical methods of estimating the thickness of 
iodide films have been worked out and tested against the microgravimetrio 
procedure. A “ New Colour Method ” is described, which for small specimens 
is more accurate than the direct microgravimetrio method. It is found that 
a short pre-exposure to air does not sensibly interfere with the combination 
of iodine with silver. 

The relation between the film-thickness (y) and time (i) has been studied 
under different conditions of solvent, stirring-rate, abrasive-treatment, 
temperature and concentration. Other things being equal, violet solutions 
act more rapidly than brown solutions, and coarsely abraded surfaces are 
attacked more rapidly than finely abraded surfaces. In general, there is a 
perceptible departure from the law dyjdi «= Toly at low thiclmesses, but the 

VOL, OXJCV,—A, 2 E 
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fact that y* becomes approximately a linear fimction of ^ as thickening proceeds 
indicates that the process is largely controlled by the rate of diffusion through 
the film. The effect of concentration indicates that the molecular state of the 
excess iodine in the film is not lower than Ig, but the small temperature 
coefficient excludes the idea of gaseous diffusion through large apertures. 
The effect of varying the solvent indicates that wc are not dealing with pores 
through which the solvent can enter. It is concluded that the iodine passes 
through pores of a few molecular diameters in loose union with the silver 
iodide—a process intermediate in character between diffusion in solid solution 
and gaseous leakage through definite cracks. This idea agrees with con¬ 
clusions drawn from workmen films other than iodides. 


Electrical Conductivity Cauaed hy Insoluble Monomolecular 
Films of Fatty Acid on Water. 

By Prof. James W. McBAfN, F.K.S., and Dr. 0. R. Peaker. 

(Received June 24, 1929.) 

* 

Introduction, 

I 

The well-known researches on thin films of insoluble fatty substances on 
water have brilliantly demonstrated that such films are monomolecular and 
that the molecules are oriented with their polar groups in contact with the 
water. Thus stearic acid spreads on water with its carboxyl groups on the 
water srirface. No one, however, has as yet investigated the possible dissocia¬ 
tion ofj^such fatty acids with formation of free hydrogen ions in the water, 
leaving the fatty ions behind in a monomolecular film on the surface. 

Such dissociation need not and probably should not involve more than a 
small fraction of the molecules on the surface. One of us^ has pointed out the 
enormous voltages which would be caused between a complete monomolecular 
layer of free ions and the charges of opposite sign, vastly exceeding the electro¬ 
motive forces of vigorous chemical reactions. This and many other lines of 


♦ McBain, * J. Fhy». Chem./ voh iS, p. 706 (1924). 
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evidence have led to the theory of ‘‘ sparse surface dissociation/** according 
to which a surface such as that of a colloidal particle may be largely covered 
or consist of undissociated molecules or adsorbed ion pairs, forming a double 
layer in the strict Helmholtz sense, but mth a further portion of the surface 
covered only with unbalanced or singly adsorbed ions whose partners remain 
free and mobile somewhere in the solution. 

The fact that colloidal electrolj’tes, such as soap, exhibit a high conductivity 
showed that at least a portion of the double layer, if any on these colloidal 
particles, must be dissociated into free and mobile ions existing independently 
in the solution, leaving behind highly charged colloidal particles which, like 
the mobile ions, exliibit high conductivity by virtue of their free charges. 
This conception invalidates the application of the classical formula of the 
Helmholtz double layer which are ail derived on the asstimption that there are 
no free charges on the surface in the interface. Indeed it is very possible that 
the electrical double layer has nothing to do with electrokinetic phenomena, 
although its ion pairs may l>c of importance in stabilising colloid surfaces as, 
for example, through induced solvation. 

Films of insoluble fatty acid on water afford an opportunity of testing the 
essential aspect of this modern conception of the existence of free mobile ions 
within the solution corresponding to free, unbalanced charges on the interface. 
We have measured here the conductivity due to these mobile ions and find 
that only about one-ninth of the monomolecular layer of stearic acid on water 
is dissociated. This extra conductivity, introduced by the insoluble film of 
fatty acid, may be termed “smface conductivity.’* This constitutes the 
first actual measurement of surface conductivity in absolute units, t 

The Experinmital Method, 

The object was to measure the extra conductivity in the neighbourhood of 
the surface after coating with insoluble fatty acid, and to distinguish it clearly 
from any conductivity due to slight solubility of the fatty acid or impurities 
introduced therewith. These purposes are accomplished through the use of 
a conductivity vessel of special design as shown in fig. 1. 

* Compare referenooB in MoBain, ‘ Colloid Symposium Monc^aph,’ vol 4, pp. 13 and 10 
<1926); * Kolloid-Z./ vol. 40, p. 1 (1926). See also the formulations of Oouy {* J. Physique,’ 
series 4, vol 9, p, 457 (1910)), and of Stem (‘2. Electroohemie/ vol 30, p. 508 {1924)), 
and the kmio struotaral zneohanism of Mukherjee (‘ Phil. Mag.,’ vol 44, p. 321 (1^)). 

t Tbo absolute measurements of surface conduetivity in the neighbourhood of optically 
polished glass surfaces in pre^tess since 1919 (MoBain and Darke, General Colloid Die- 
cusskm, ‘Trans. Farad. Soc./ vol 16,p. 150(192J); * Kolkwki-Z.; vol 28, p, 239 (1921)) 
have now been omnpieted by us for communication to the American Cbemioal Society. 

2 S 2 
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The electrodes consist of two vertical platinum rings held ccncentricidly by 
supports which in no wise tend to bridge the gap between them and which 
therefore do not introduce any surface conductivity of their own. It is a 
common fault in conductivity cells that they are partially short circuited by 
glass struts, or supports, or neighbouring glass walls, a source of error which 
seems never to have been suspected, even when cell “ constsmts ” have been 
recorded as varying appreciably with different solutions. The essential measure¬ 
ments are : (<z) the conductivity of the water alone ; (6) the conductivity of the 
water after introduction of the fatty acid but with the surface far removed from 
the electrodes ; (c) the conductivity exhibited by the water when the surface is 
brought to the same level as the tops of the two electrodes ; and (d) the con¬ 
ductivity with the surface in the same position after introduction of the fatty 
acid. In the design illustrated, measurements (a) and (c) could be repeated 
as often as desired until constant values were obtained before introducing 
fatty acid; thereafter the measurements (6) and (d) could be repeated indefinitely 
without opening the cell. This repetition is effected by pouring \mwanted 
liquid into the side reservoir and pouring it back so as to fill the cell for such 
measurements as (a) and (b). 

The outside platinum electrode was 1 cm. high and about 2 cm. in diameter, 
with about 1 or 2 mm. between it and the inner electrode, so that the area in 
square centimetres of the annular space between them is about equal to the 
volume between them in cubic centimetres. The platinum wires leading to the 
electrodes were covered with glass. A very great advantage of supporting 
the inner electrode from the ground-in joint at the top of the cell is the ease 
with which the electrodes may be taken apart for platinising and cleaning 
operations which otherwise were found to consume many weeks. Three cells 
were successively used, fig, 1 showing the final design for use with especially 
pure conductivity water which has not yet been available. The electrodes 
were well platinised, were reduced by using each as cathode, and were washed 
until the resistance of conductivity water placed in the cell remained constant. 

The stearic acid was a sample of stearic acid Kahlbaum.” This was 
extracted several times with hot conductivity water, allowed to dry on a 
filter paper in a desiccator, and finally recrystallised from distilled ether. The 
melting point of the stearic acid was 69-2*^ C. 

The arrangement of the conductivity bridge was similar to that described 
by Jones and Josephs^ with some modifications. Instead of the fixed^ratio 
slide wire used by them, we tised a Kohlrausch type slide wire (Leeds and 
♦ * J. Am. Chem. Soc./ vol. 60, p. 1049 (1928), 
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Northrup). The grounding resistance was another slide wire of the same type. 
The slide wire in the bridge circuit proper was carefully calibrated, and the 
necessary corrections applied to the bridge readings. The resistance of the 
box was adjusted so that the readings came about the centre of the slide wire. 

The resistance box was of the five-dial type made by Leeds & Northrup. 
Coils of 1000 ohms and above were of the Curtis design. A Vreeland oscillator 
(Leeds & Northrup), supplying alternating current at a frequency of about 
1000 cycles per second to the bridge network, was used. The oscillator was al 
a distance of 40-50 feet from the bridge. A one-stage vacuum tube amplifier 
was used in conjunction with the telephones. Two variable air condensers 
(caps. 0-001 and 0>00012 mfds.) were used to balance the capacity of the cell, 
the one of smaller capacity being used as a vernier. The region of silence in 
the telephones could be fixed very accurately (to 1 / 10,000 part of the length 
of the bridge wire). 

Procedure and Calculation, 


The cell was first fiUed with conductivity water to the point marked (a) 
in the figure and immersed in a thermostat, containing distilled water main¬ 
tained at 26 ±0-005® C. When the resistance 
became constant (R^), water was spilled over into 
the side bulb until the tops of the electrodes were just 
in the surface. When the resistance again became 
constant (Rg), the water in the side bulb was run 
back into the main part of the cell, and another set 
of measurements on the resistance obtained. After 
obtaining a consistent series of values for R^ and Rg 
in this way, we were ready to start the second part of 
the experiment. After obtaining the last value for 
Rg, a small amount of stearic acid was put on the 
surface of the water through the side tube (A), thus 
not disturbing the electrodes at all. When the 

resistance became constant (Rj), the water in the side bulb was spilled back to 
fill the main part of the cell to point (a), and measurements taken until a 
constant resistance was obtained (R^). Care was always taken to have 
visible crystals of stearic acid on the surface when measuring (R 3 ). 

Rj = resistance of cell filled with conductivity water; R* = 5 = resistance of 
cell filled to top of electrodes with conductivity water; R 3 == resistance of 
cell filled to same position with fatty acid present; this includes the resistance 
of the water, of the dissolved stearic acid, and any surface effects; R* 
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resistance of cell filled with contaminated water; this includes the resistance 
of the water and of the dissolved stearic acid. 

1 /R 3 = conductivity of water + conductivity of dissolved stearic acid + 
“ surface conductivity ’’ ( 8 ). 

Hence 

l/R3 = S + (l/R2.Ri/fi,). (1) 

The equation can then be solved for S* since ever 3 rthing else is known. 
The calculations from a typical experiment are given in det/ail as follows: 
Rj =: 14,438 ohms; R 2 — 10,129 ohms; R 3 = 13,949 ohms ; and R 4 ^ 
12,816 ohms. Substituting in equation ( 1 ), S = 0‘000001841 mhos. Con¬ 
ductivity of water === 1/14,438 = 0*00006200 mhos. Then per cent, increase 
in specific conductivity is 

0*000001841 X 100 -T- 0*00006200 = 2-7 per cent. 

The cell constant of this cell was 0*0226, so the conductivity of the surface 
is 

2*7 X 0*0226 (100 X 14,438) = 0*0000000422 mhos. 

It is of great interest to calculate the surface conductivity in absolute units. 
Volume conductivity is always indicated by specific conductivity; that is, 
the conductivity in reciprocal ohms of a cube of solution placed l^etween 
parallel electrodes 1 cm. square and 1 cm. apart. Similarly we must invent a 
specific surface conductivity in two dimensions instead of three (as regards the 
actual surface area), defining it as the conductivity in reciprocal ohms between 
two parallel electrodes 1 cm. long, placed 1 cm. apart on the surface. Hence, 
from the determination given above, since the area of the film between the 
electrodes is to the volume of liquid between the electrodes very nearly as 
1 : 1 , the specific surface conductivity (for 1 cm.^) is 

0 * 0000000422/1 =- 0*0000000422 mhos./cm.* = 4^2 X 10“» mhos./cm.*. 

Results arid Discussion. 

The following table records the results obtained with the different cells 
used. 

The results demoiifltrate conclusively the existence of a conductivity in the 
neighbourhood of the monomolecular fdm of insoluble fatty acid. This is the 
first apparently unambiguous system that has been invesrtigated. Surface 
conductivity has been surmised from the data of Stock, Miss Laing, Fairbrother, 
Briggs and Stamm, but in every case alternative explanations were possible 
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Table 1.—Specific Surface Conductivity in mhos./cm,® of a Surface of Water 
Carrying a Film of Stearic Acid at 26*00® C. 


evil. 
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R,. 

Ra. 

R,. 

Ceil 

constant. 

Per wnt. 
intreaae. 

8 peci6c surface 
conductivity. 

:i 

4,618 

4,»00 

i 4,409 

4,289 

0*00877 

1*33 

{mhos./ora.*). 
4-2 X 10“» 

t-i 

14,438 

I«,129 

13,949 

12,810 

0 0226 

2*70 

4*2 X 10-* 

10,137 

10,67« 

10,15.3 

9,964 

0 00976 

2*30 

2-2 X 10-* 
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M«an . 

3*6 X 10-* 


and plausible. We have completed almolute measurements of surface con¬ 
ductivity of salt solutions in contact with known areas of optically polished 
glass. There excess conductivities likewise could equally well be explained 
as being merely due to a concentration of salt in the neighbourhood of the 
surface rather than as here unmistakably due to mobile ions complementing 
unbalanced charges in the surface proper. N. K. Adam* found that with 
palmitic acid, which is presumably far more soluble than stearic acid, not 
I per cent, of the molecules of palmitic acid placed upon his trough left the film 
to go into the water. This can only have been possible because of the acidity 
of his “ water,** Even with the more insoluble stearic acid, as will be seen, 
the amount which would dissolve in really pure water in a trough of the depth 
which Adam describes would be equal to the amount required for a mono- 
molecular film upon the surface. Adam does not state the pa or conductivity 
of the “ water,** but he does describe the clear cut results obtained when the 
acidity exceeded 5 • 5. 

Approximate evaluation of the true solubility of stearic acid is afforded by 
the data of Table Lf For example in cell where the dissolved stearic acid 
raised the concentration of the water 980/963 fold, if the conductivity of the 
water (0*963 x 10“®) is ascribed to and HCOs"", then the concentration 
of — 2*2 X 10"® N and of the stearate ion = 7 X 10"® N, the solubility 
product being 15*4 X 10If the dissociation constant be token as 0*8 X 
10 "®, the dissociation is practically complete at this dilution and the total 
solubiUty is 4*1 X 10^' N at 25® C. 

There seem no other probable explanations of our measurements than that 
they are due to independent mobile hydrogen ions dissociated from the fatty 

* ‘ Roy, Soo* ProcV A, vol 99, p, 842 (1921), 

t Oompare the corresponding oalculation for palmitic acid at 90® by McBain and Taylor, 
Z. jAys, Chem.,’ vol. 76, p. 179 (1911). 
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film. If so> the fatty film is left with an equal and opposite electric charge. 
It is to these free charges, the mobile ions on the one hand and the sum of the 
unbalanced sessile charges on the other, that we ascribe all electrokinetio effects.* 

Since the conductivity of the surface has been ascribed to the ‘‘ mobile ” 
ions of the double layer, it ia of interest to calculate the number of such mobile 
ions ” per square centimetre. Considering the results for cell :t;2 in detail, let 
us assume that the conductivity of the water used in this experiment was due to 
(monobasic) carbonic acid. Then from the relation that A = 1000 A:/C, where 
A = equivalent conductivity of HaCOs solution (sum of mobility of H*' (350) 
and HCO 3 ” (70) at 25® C. 420), k = specific conductivity of the water used, 
and C = concentration of hydrogen ion in gram equivalents per litre, we can 
calculate the value of C. This is 

C = X 0>022fi 
14,438 X 420 ’ 

Then the number of mobile hydrogen ions per square centimetre is given by 

2>7 X 1000 X 0*0226 x 6-06 x 10^" _ c Oft v inw 
100 X 1000 X 1 X 14,438 X 420 X * 

The total number of stearate molecules and ions per square centimetre 
for a “close-packed” monomolecular film, if each occupies 25-1 X lO'*^® 
sq. cm. is 4 X 10^^. Thus the number of mobile hydrogen ions corresponds 
to about on©-seventh of the stearate in the monomolecular film, (The number 
of mobile hydrogen ions per square centimetre, calculated as given above, is 
3*64 X 10'® and 3*20 X 10'® for cells J1 and J3, respectively.) 

The average value for the number of “ mobile ” ions, from the results of 
Table I, is 4*64 X 10'®, corresponding to about one-ninth of a monomolecular 
film for a solution of pu corresponding to a S|) 6 cific conductivity of about 
1*2x10"® mhos, at 25® a 

For the study of materials which <lo not spread spontaneously, a somewhat 
different design of cell could be used, consisting of two concentric rings of 
platinum, clamped between glass plates, coated with the substance to be 
studied. Such a cell would be perfectly general in its application to the 
measurements of “ surface conductivity.” 

♦ For a quantitative vcriacation of this point of view for the various kinds of soap 
systems see Laing, " A Genera! Formulation of Movement in an Electrical field: Biigra- 
tion, Eleotrophoiesis and Eleotroosmosia of Sodium Oleate,” ‘ J. Phvs. Chexm * vol 28. 
p, 673 (1224). ^ ' 
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Summary, 

A monomolecular film of insohil)le fatty acid on water consists partly of fatty 
ions whose corresponding hydrogen ions have dissociated into the aqueous 
layer. These free mobile hydrogen ions are revealed through the electrical 
conductivity which they impart to the aqueous layer in the neighbourhood of 
the surface. The specific surface conductivity at 25® C. in the neighbourhood 
of the monomolecular film of stearic acid is 3*5 x 10”** mhos., corresponding 
to a dissociation of about one-ninth of the total stearic acid in the mono- 
molecular layer on water of conductivity 1*2 X 10'“*. The existence of the 
surface conductivity with its corollary of free mobile ions and corresponding 
charges left upon the interface lends support to the opinion that the Helmholtz 
double layer is not responsible for the electrokinetic phenomena, and that the 
classical formulae are not strictly applicable, owing to the existence of un¬ 
balanced charges upon the interface. 


A Quantitative Study of the Ref exion of X-Rays from Crystals 

of Aluminium. 

By R. W. James, M.A., G. W. Brinuley, M.Sc., and R. G. Wood, B.Sc., 

Manchester University. 

(Communicated by W. L, Bragg. F.R.S.—Received July 5, 1929.) 

1 , It has abready been shown* that the observed variations with temperature 
of the intensity of reflexion of X-rays from crystals of rock-salt and sylvine 
agree closely with those predicted by the theory of Debye,f as modified by 
Waller, J from the lowest temperature at which experiments have been made, 
that of liquid air, up to about 500® abs. Moreover, the absolute intensities of 
reflexion agree closely with those calculated theoretically, if the atomic scatter¬ 
ing factors, F, are calculated from the SchrOdinger charge-distributions for the 
atoms, obtained by the method due to Hartree.§ To obtain agreement, it is 

* James and Firth, ‘ Roy. Soo. Proc./ A, vol. 117, p. 62 (1927); Waller and Jame», ibid,, 
A, vol. 117, p. 214 (1927); James, Waller and Hartree, ibid,, A, vol. llg, p. 334 (192S); 
James and Brindley, ibid,. A, vol. 121, p. 155 (1928). 
t * Ann. Physik,’ vol. 43, p, 49 (1914). 
t UpsaU Dissertation, 1925. 

§ ‘ Camb. Phil. Soc. Pmo.,* rol, 24, pp. 89, 111 (1928). 
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necessary to asstune the existence of zero*pomt energy of an amount half a 
quantum for each degree of freedom, and the experiments may perhaps be 
considered as furnishing direct confirmation of such energy, since the difierences 
between the intensities calculated nvith and without it are considerable. The 
work to be described in this paper was undertaken with a view to extending the 
investigations to a crystal of a metallic element. Aluminium at once sug¬ 
gested itself as suitable for this purpose, since it can be obtained in large single 
crystals, and since its coefficient of absorption for the X-rays employed in the 
experiments. Mo K^, is small. 

Experiments on the variation in the intensity of reflexion of X-rays from 
aluminiiun with temperature have already been made by Backhurst* and by 
Collins,t but their results are not in good agreement. Backhurst found a 
diminution of intensity with increasing temperature greater than that given by 
the original formula of Debye, while Collins found a smaller diminution. Both 
heated the (crystal above the temp(>rature of the laboratory, and such treatment 
is likely to alter the state of crystallisation, and perhaps to cause twinning. 
Backhurst reports that the intensity of reflexion from his crystal was per¬ 
manently reduced as a result of the heating, which might have been due to 
twimiing, or to more perii^ot crystallisation, with a consequent increase in 
extinction. To avoid these difficulties as far as possible, we have studied the 
temperature factor over the range from the temperature of liquid air, about 
86 *^ abs., to that of the laboratory. The alternate heating and cooling over 
this range appeared to produce no recrystallisation, and the intensity of 
reflexion at the laboratory tempt^rature remained the same within the errors 
of experiment, throughout the work. 

The work may be divided into two sections: (1) measurement at room 
temperature of the absolute intensities of a number of spectra by comparing 
them with a reflexion of known iiftensity from a standard rock-salt crystal; 
(2) comparative measurements at room temperature, and at the temperature of 
liquid air, to determine the temperature factor. From (1) the atomic scattering 
factors, F, at room temperature can be deduced, and these are finally compared 
with the values caknalated theoretically from the Schrodinger charge-distribu* 
tions, the F curves so obtained being corrected by means of the temperature 
fac:tors deduced from (2). 


♦ ‘ Roy. Soo. Proct,,* A, vol. 102, p. 340 (1022). 
t ‘ Phye. Rev.,’ vol 24, p. 152 (1024). 
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2- Experimental Work. 

Two single crystals of aluminium were used, which were very kindly given 
to U8 by Prof. G. I. Taylor, F.R.S., to whom we are also indebted for cutting 
and preparing the necessary faces upon them. On one crystal, A, a (111) 
face was cut, and on the other, B, a (100) face. 

As a measure of the intensity of reflexion from a face, the integrated reflexion^ 
p, is used, which is t^qual to Ew/I, where E is the total energy reflected by the 
crystal as it rotates with uniform angular velocity w through the small angular 
range over which it reflects, and I is the total energy incident in 1 second on 
the crystal face. In the experiments, I and o> are the same for the aluminium 
crystal and for the standard, so that it is only necessary to compare E for the 
spectrum whose intensity is required with that for the standard spectrum. This 
is in all cases the spectrum (400) of rock-salt, and the value of p for it is 
98'4.10”® for molybdenum It should be noticed that, since the (400) 

spectrum from rock-salt shows an appreciable amount of extinction, the 
values of p for it differ somewhat from crystal to crystal, so that the value given 
here refers only to the particular crystal used as the standard. 

The method of determining the integrated reflexion has often been described, 
and it is not necessary to enter into details here. It consists in taking alternate 
readings of E for the spectrum to be measured, and for the standard. Twelve 
or 15 readings for each spectrum are usually taken in a comparison, together 
with an independejit determination of the fraction of general radiation, so 
that a comparison may take nearly an hour to make. Care is taken to keep the 
filament current in the Coolidge bulb, and the applitsd voltage, as constant as 
possible, but variations still occur, w^hich can only be smoothed out by taking 
a large number of readings. We give below, in Table I, the values of the 
integrated reflexions obtained in determining F. Each number represents a 
comparison made in the way just desOTbed. The cut faces are not exactly 
parallel to the crystal planes, so that a different value of the integrated reflexion 
is in general obtained if the crystal is turned through The difference 

is only appreciable if the glancing angle of reflexion is small. For the spectra 
(111), (200), (222) and (400), observations have been taken in the two positions, 
the letters R and L against the numbers in Table I denoting whether the 
ciystal faced right or left when mounted on the spectrometer. It can be shown 


♦ James and Firth, loc. cit, 
t W. H. Bragg, ‘ Phil Mag,,’ vol. 27, p. 881 (1914). 
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that the true integrated reflexion is the mean of the values obtained in the left 
and right positiocus. 

Table I.—Integrated reflexions from A1 at 290° abs., in terms of NaCl (400) 

as 100. 

Crystal A. 


Spectrum, 


( 111 ). 

( 222 ). 

1 (333). 

(444). 

(555). 

466-4 (L) 

m*8(L) 

26-1„ 

4*95 

1*41 

466-4 (L) 

132-9 (L) 

20-4, 

4-94 

1*45 

697-0 (R) 

164-1 (B) 

— 

— 

1-42 

692-0(R) 

156-6(R) 

— 

— 

— 

Means 580*0 

144-i 

26-2, 

4*94„ 

l*43a 


Crystal B, 


Siiectrum. 


( 200 ). 

(400). 

1 (600), 

(800). 

428-6(R) 

85-2 (R) 

12*24 

2*07« 

4271(R) ’ 

86-2 (R) 

12*28 1 

2*14, 

440-2 (I.) 

86 -3 (R) 

12*20 


446-6 (L) 

88-1 (L) 

— 

— 

440-9 (L) 

87-0(1.) 

— 

— 

450-2 (L) 

— 

— 


Means 438 0 

80*4 

12*24 

2 IO 4 


The comparative measurements at the temperature of liquid air and at room 
temperature were made exactly as described in the paper on rock-salt.* The 
crystal was supported inside a thin walled Dewar flask, through the walls of 
which the incident and reflected X-ray beams passed. A comparison with the 
.standard was first of all made, with the crystal in the flask, at room temperature. 
Liquid air was then poured in, until its level was just below that of tie lower 
edge of the crystal-face. The crystal was supported in a metal holder which 
dipped well into the liquid air, so that the temperature of the crystal was kept 
uniform throughout by conduction. The comparison was repeated at the low 
iemperature, and the crystal was finally allowed to regain the temperature of 
• ^ James and Firth, loc, cit. 
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the room, another comparison being made later to ensure that no change 
either in the condition or in the setting of the crystal had occurred* The 
results of the measurements are given in Table II, and show the type of agree* 
ment obtained. The lower values of the intensities at room temperatiire aa 
compared with those given in Table I are due to absorption in the walls of the 
flask. 

Table II.—Comparative measurements at 290^ abs. and 86° abs. Crystal 
in Dewar flask. Reflexions and p 2 in terms of NaCl (400) as 100. 


Ti 290° 


Ti 290° 


T, 


Crystal A. 

(222). 

(333). 

(444). 

(565). 

80*8 

16-84 

3-20 

0-91j 

87-1 

16-95 

3-25 

0-90, 

— 

16*96 

3-26 

— 

p, 86-9 

16 92 

3-23 

0-90, 

99*7 

24-23 

6*17 

2-47 

100-9 

24*70 

6-46 

2-63 


24-64 

0-32 

2-47 

— 

— 

6-23 


P, 100-3 

24-52 

6-2», 

2*49i 

Crystal B, 

(400). 

(600). 

(800). 


00*7 

8-21 

1-46, 


57-0 

8-19 

l*43o 


— 

8-31 

1-42, 


P, 06-Sc 

8-23 

1-43, 


07*8 

13-55 

3-48 


08-9 

13-40 

3-54 


Pt 08'Sj 

13-47 

3 51 



3. IHsamion of the Results. 

The atoms in the crystal of aluminium lie on a face-centred cubic lattice, 
and the contributions of all of them to all the spectra are in phase. The 
integrated reflexion p for X-rays of wave-length X, reflected at a glancing 
angle 6, is given by the formula 

^ JL CF ^ 1 +008^26 

^ I 2a . 2Bm2e ' 


( 1 ) 
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N is the aumber o£ difEracting imite per cubic centimetre of the crystal, and 
is the linear absorption coefficient. Fq is the atomic scattering factor for 
the atom at rest. It is a function of the angle of scattering, and may be defined 
as the ratio of the amplitude scattered by the atom in any direction to that 
scattered in the same direction by a single classically-scattering electron under 
the same conditions, and it tends to a value equal to the number of electrons 
in the scattering atom for very small values of 0. The factor takes account 
of the heat motions of the atoms, and was first introduced by Debye. It can 
be shown that 

M 0)/X^ {2) 

where is the mean-sqiuire displacement of an atom from the average position 
*of the atomic plane to which it l)elongs, and is a function of the temperature. 
The quantity is the scattering power for the average atom at the 

temperature under consideration ; it will be denoted in what follows by F. 

Using the known values of the atomic constants, and the observed values of 
f and 6, and putting (x = 14*35, the values of F for a series of spectra have 
been calculated from equation (1). The values of F for aluminium at room 
temperature, dettirmined in this way, are given in Table III, column 5. 


Table III.—Values of F„e at 2W abs. >s 0*710 A. 


iSpootnim. 

A 


i 81 tl 0. 

i 

(«in $)IX. 


1 

111 

(• 

8 

43 

1 

j 0’\m 

1 

0-214.10‘ 

7-08 

200 

10 

S 

! 01754 

0’247 

6-6.3 

222 

17 

40 

; 0-303(! 

0-428 

5-25 

400 

20 

32 

0-350g 

0-404 

4-46 

233 

27 

H 

1 0-4554 

0-632 

2-96 

tm 

31 

45 

1 0-52S2 

0-742 

2-24 

444 

37 

23 

! O-0O72 

0-855 

1-57 

800 

44 

33 

1 0-70JK 

0-988 

1-08 

505 

49 

2S 

0-7590 

1-069 

0-87 


4. Calculation of the Temperature Fadof, 

Let quantities measured at the room temperature and at the temperature of 
liquid air be denoted by the suffixes 1 and 2 respectively. Then,*^if we neglect 
the small changes in 6, N and (x due to the change in the lattice spacing with 
temperature, we have from equation (1), 

^8. WPi)==2(Mi- M,). (3) 
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The values of for the different spectra may therefore be calculated 

at once from the munbers in. Table 11. Now from equation (2), we have 

Ml — Mji = 8ir* {(«/)i - {«,*)*}, 


which, since (8in*(J)/X® = (h^ -f- P -f- P)/4a®, where A, I are the indices of 
the spectrum, and a the lattice constant, can be written 


M, -Ma 
A* + A-* + /* 


271 * 


{{«**), 


- K*)*}- 


(4) 


Thus (M, — M2)/(A2 4“ + /*) should be constant, for a given pair of tempera- 

titres, for all spectra. 

Table I V. 



1 

I PtiPv 


j P). 

222 

; 12 1 

i 1-154 

0-1433 

00U04 

400 

i 1 

1-202 

0-183!* 

0-01150 

333 

27 i 

1-450 

0-3710 

0-01370 

000 i 

30 1 

' 1*035 

0-4018 

0 01305 

444 ! 

48 i 

1*044 1 

0-8047 

0-01385 

800 i 

04 1 

2-430 1 

0-891O 

0-01395 

555 

75 1 

2-741 

1-0084 i 

0 01345 

..i 



Mean . 

(>■01373 


In Table IV, the results of the measurements at the two temperatures 
Tj 290*^ abs, and Tg — 86° abs. are summarised. The last column gives 
the values of (Mj — M 2 )/(AX+A® +/^), which are seen to be very nearly 
constant, except for the spectra (222) and (400). For thest^ spectra the ratio 
P 2 /P 1 nearly unity, and the percentage change in its logarithm Ls large for a 
small change in its value ; and also, as will be seen later, there is evidence that 
these spectra are affected to some extent by extinction. In obtaining the 
mean value in the last column of the table these spectra have therefore been 
neglected. 

Calculation of M. —By comparing the intensities of the same spectrum at 
two different temperatures it is only possible to calculate the difference in M 
ior the two temperatures. Undier certain conditions, however, it is possible 
to determine M itself. Since this question has been dealt with at some length 
in a previous paper>* it is only necessary to give a brief outline here. 


* Wftlbr and James* he. 
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If T > 0/2ir, where 0 is the “ characteristic temperature ” of the cr 3 r 8 tal, 
we may write 

= « + pT + y/T + S/T» (6) 


In this expression 


1 (h\^ 

Umkvzj ' 


where m is the mass of an atom of the lattice, k is Boltzmann’s gas-constant, 
and h is Planck’s constant, y depends only on known constants, and 
can be evaluated at once, and S depend on the forces between the atoms 
of the lattice, but S can be estimated with sufficient accuracy from an approxi¬ 
mate formula, since the term containing it is small, a contains a factor (L,.—*^Av), 
where L„ is the energy associated with the degree of freedom of frequency v 
at the absolute zero of temperature. If this is half a quantum, as Planck 
suggested, and as the wave-mechanics requires, the term a vanishes. Under 
these conditions therefore, if p can be determined experimentally, M can be 
calculated. A knowledge of M will enable us to calculate the scattering power 
of the atom in a state of rest from the measured values of the scattering power 
at any temperature. It is therefore M which we wish to deduce from the 
experiments. 

Now from ecjuations (4) and (5), 


h^ + k^ + 






( 6 ) 


For aluminium, m = 4-47.10"® gm., y — 1’474.10"”, S = — 2-3.10"”,* 
a — 4-05,10"® cm. (M, — Mj)/(A® ii* -f f*) has already been determined 
for the range from T, = 290° to T, = 86° ; its value is 6*87.10"®. Sub¬ 
stituting these values in equation (6), we find p = 3*218.10"“. 

Assuming the existence of zero-point energy, so that a = 0, we have finally, 
from equations (2) and (5), 

M r.:r (A® + F -f i») {3*87 . 10"® T -f 0• 177/T — 277/T®}, 


which gives for T, = 290° 


and for T, =» 86° 


Ml = 0*01182 (A® -f i*-i-1»), 
Mj = 0*00496 (A®-f Jfc®-f Z®), 


from which the value of M for any spectrum can be calculated. 

* Calculated from an approximation due to Waller: ft =x-- - J?_ . lo-i*, wbei« 

. , , , . , 36 8Tf*A 

A IS the atomic weight. 
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6* Amplitude of the Heat Modom. 


Still aaaummg the existence of zero*point energy, it is now possible to calculate 
the Toot-mean-square displacements of the atoms at any temperature from 
equation (5), This gives 


2 == 3 - 2 ] 8.10 


- 21 . 10 - 1 ^ 


2-3.10“»* 

T® 


Substituting the values of T in this formula, and remembering that w*, the mean- 
square-displacement withoixt reference to direction, is equal to 3w^*,we find 

at Tj ^ 290“ abs., (m? )i == 9-83.10'»* cm.*, -= 0-171 A. 

at Tj == 86“ abs., (u*)^ = 4-13.10-^®cm.» O-lll A. 


0 . Comparison untJi the Theoretical Value of M. 

The (juantity p depends on the forex^s between the atoms in the lattice, and 
it: is possible to give an expression for it in terms of the elastic^ constants of the 
crystal, as was done in the cases of rock-salt and sylvine. The necessary 
experimental values of the elastic constant's are, however, not available for 
aluminium, and it is not possible to make the comparison in this way, 

Debye {loc. dt,)^ in 1914, gave a theoretical expression for M, for the case of 
a cubic lattice consisting of one kind of atom. Waller (he. rd.) later showed 
that Debye’s value for M should be multiplied by two. In its amended form, 
Debye’s formula is 

in which A, m and h have the same significance as above, t) is the character¬ 
istic temperature ” of specific heat theory, and x = 0/T. ^ (a:) is a certain 

function evaluated in Debye’s paper. The fraction 1 /4 is added if zero-point 
energy is assumed to exist. Expression (7) may be put in the fonn 

M „ 3>' 4(») I IS, 

where {hU) on the left-hand side of the equation are the indices of the spectrum, 
and a is the lattice constant. From the figures given by Debye, the values 
of ^ (*) jx are found to be 0 • 520 for T, =s 290“, and 0-075 for T, = 86°. Taking 
for © the value 396°, as determined by Debye* from the specific heat, we find 
from (8) 

(Mj - Ma)/(A» -f it* P) = 7-16. lO**. 

* ‘ Aim. Physik,’ vol. 89, p, 789 (1912); see ako Schrddinger, ‘ Phys. Z.,’ vol. 20, p. 474 
(1919). 

von. 0XXV.“A. 2 F 
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The value determined from the experiments was 6-87,10"*, and the agree- 
moiit, which is within a little over 4 per cent., is probably as close as can be 
expected. 

We may put the matter in another way by assuming the experimental values 
to be correct and using them to calculate the characteristic temperature for 
aluminium. We find in this way 0 403"^. 

Determining the constants in Debye’s expression for M in this way from the 
experimental numbers, we have 

M = 0*0165 (/t* + ^ + P) {x)lx + i}. (9) 

The value of M, assuming the existence of ;5ero-point energy, was calculated 
above in § 4. We may use Debye’s formula to obtain the value of M for the 
case where the atoms are assumed to be at rest at the absolute zero of tempera¬ 
ture. This is done simply by omitting the term J in equation (9), which gives 
the following values 

for Ti 290^ Ml = 0*00804 (A* + P + 1% 
for T« =- 86°, Mjj == 0-00116 + fc* + P). 

The corresponding root-mean square displacements are 0-141 A. and 0*064 A. 

Calculation of the Theoretical F Cume^ for Aluminium, 

It has been shown by Waller* that the coherent scattering by an atom, of 
X-rays of the order of wave-length used here, may be calculated from its 
Schrodinger charge-density distribution by supposing every element of the 
charge to scatter classically, and taking into account the interference between 
the radiation scattered from different parts of the atom. This is discussed 
in more detail in the paper on rock-salt,f to which reference may be made for 
details. To calculate the F curve for aluminium, it is necessary to know its 
charge distribution, and we have calculated this by the method of self-consistent 
fields, devised by Hartree. 

Since aluminium is a good conductor of electricity, we must assume the atoms 
in the lattice to be ionised, but we cannot say whether they are singly, doubly, 
ur Ixiply ionised. The charge distribution has therefore been calculated for all 
three cases. consists of a nucleus with a charge of -f 13, and 10 core 
electrons, made up of two 1^, two 2^, and six 22 electrons ; in the first 

♦ * Phil. Mag./ vol. 4, p. 1228 (1927); see also Wentzel, * Z. Physik/ vol. 43, pp. 1, 
\779 (1927), and Waller and Hartroe, ‘ Roy. Soo. Proo., A, vol. 124, p. 119 (1929). 

t James, Waller and Hartree, he, cU, 
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3i electron of the M group is also present, and in a second 3| electron has 
been added. For the ions and the fields corresponding to the dis¬ 
tributions we have used ore not strictly self-consistent. It has been assumed 
that the charge distribution due to the core electrons, as calculated for Al"^*, 
is not altered by the addition of the outer electrons. This assumption saves a 
very large amount of numerical work, and although not strictly tnxe, must be 
very nearly so, since a very small fraction of the charge-distribution of the 
outer electrons lies within the region of the core, and it is certainly nearly 
enough true for the calculation of the P curves. 

In fig. 1 the distributions for two Al‘‘'* ions are shown. The centres of the 
atoms are at the points A and B, their distance apart being the distance of 



Fia. 1.—Charge Distribution for AD * and AD* placed at a distance apart equal to the 
<li$tanoe of closest approach in aluminium lattice. 


closest approach of two atoms in the aluminium lattice, 2 • 86 A. The ordinates 
give the values of U(r), where U(r)dr is the amount of charge, expressed in terms 
of the electronic charge as unit, lying between distances r and r + dr from 
the centre of the atom. The full cxirves give the distributions for Al^*, the 
dotted ones, which only differ from the others at the larger values of r, are the 
distributions for Al^*. It will be seen tliat the distributions for the two Al"^* 
ions do not overlap in the regions for which the charge-density is appreciable. 
If a corresponding diagram is drawn to show the relationship between neigh¬ 
bouring ions in the rock-salt lattice, it will be found that there is a considerable 
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overlap between the charge distributions for the ions Na"*" and Cl"", and the same 
is true for the ions K*^ and Cl"’ in sylvine. It must be remembered that the 
distributions are calculated for the free ions in all these cases. When the ion 
is in a lattice, the field for the outer electrons must differ considerably from that 
for the same electrons when the ion is free, so that the corresponding charge 
distributions must be modified, and we can probably safely assume that 
whenever atoms are closely packed in a crystal lattice, there will be some 
overlap of the density distributions calculated for the corresponding free atoms. 
With this in mind, we see that if a charge-distribution corresponding to the 
ion Al'*'* is placed at each point of the aluminium lattice, there will be a con¬ 
siderable amount of space available between them, into which the remaining 
three electrons belonging to each atom must go, although whether as valency 
electrons, attached to the atoms, or as free conductivity electrons, it is not 
possible to say without further knowledge. It is of interest to consider whether 
we can get any evidence on this point from X-ray measurements, and we shall 
return to this later. 

The Fq curves for the atoms attest are calculated from the charge distributions 
by means of the formula 

p = ru(r)!i^ .rfr 

Jo 9 

where ^ .= inr (sin 0)/X the integral being evaluated numerically for a series 
of values of 0. 

In fig. 2, the F^ curves for the ions Al"^*, and Al*^® are given, together 
with the contributions of the different electron groups. It will be seen that 
the F(, curves for the three ions differ appreciably only for values of (sin 0)/X 
smaller than about 0*2, the difference being due to the electrons. Now 
the Fo curve for the 3^ group falls off extremely rapidly with increasing angle 
of scattering, owing to the fact that the greater part of its chaxge-distribution 
lies at distances from the centre of the atom greater than the wave-length of 
the X-rays. From fig. 2, it will be seen that, for the 3^ electrons of Al'^b the 
value of Fo falls to zero for a value of (sin 0)/X equal to about 0*22, and that it 
then becomes negative, becoming positive again at about (sin 6)/X = 0*44, 
and thereafter decreasing slowly towards zero, but never again becoming 
negative. After the value of F^ has once fallen to zero, it never again becomes 
numerically greater than about 0*05 for the two electrons together. The only 
appreciable contributions of the 3^ electron to the F curve for the whole atom 
are for values of (sin 6)/X less than about 0*2. The negative contributions 
between 0 • 2 and 0 * 4 cause the F curve for Al’^^ and, in a lesser degree, that for 
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Al'*'* to lie below the F curve for Al'*'* in that region, even although the latter 
ion contains fewer electrons. The F curve for 3j is, of course, calculated for 
the free ion ; some distortion must be introduced when the ion is packed into 
the lattice, but it cannot be such as to alter materially the conclusion just 
reached, that the efiective contributions of the 3] electrons are confined to 
quite small valhes of (sin 6)/X. 

For moderate values of (sin 6)/X, the greatest contributions to F are from 
the ^2 electrons, but for still larger values these become very small, 

and, for values greater than about unity, F is almost entirely due to the 1^ 
electrons, which, being concentrated within a region small compared with the 
wave-length of the X-rays, give an F crurve falling away very slowly for 
increasing angle of scattering. At the largest angle at which observationB 
have been made in the present series of experiments, corresponding to scatter- 
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ing through about 100°, the contribution of the two Ij electrons to F is still 
1 ■ 7. At angles of scattering of this order of magnitude tiie coherent scattering 
of molybdenum K radiation by aluminium is due almost entirely to the K 
electrons. 

The values of for the three ions A1+*, A1+* and A1+* calculated frtan the 
charge distributions are given in Table V. 

Table V. -Theoretical Values of for the different A1 ions at rest. 


(tizii 6)1 X . 


Al +». 

Al +». 


0 000 

10-00 

11*00 

12-00 

0 038 

9*93 

10*87 

11*76 

0*066 

9*88 

10*74 

11*51 

0*076 

0-83 

10*60 

11*27 

0*094 

9*76 

10*41 

10*96 

0*118 

9*02 

9*17 

9-22 

0*282 

i 8*01 

7-97 

7*93 

0*376 

1 6*93 

6*92 

6*91 

0*470 

i 5*82 

5*83 

5*84 

0*564 

4*80 

4*83 

4*85 

0*658 

3*98 

4*01 

4*03 

0*752 

3*33 , 

8*35 

3*37 

0*940 

2*48 

2*49 

2*50 

M 28 

1*93 

1*93 

1*94 

1*316 

1*61 

1*61 

1*61 

1*504 

1*50 

1*50 

1*50 

1*880 

1*28 

1*28 

1*28 


Comparison of the Theoretical F curves wUh Eapermmt. 

The experimental curves deduced in § S may now be compared with the 
theoretical values discussed in the last paragraph. We must first reduce the 
theoretical F curves, which are, of course, calculated for the atom at rest, to 
correspond to the temperature 290° abs. at which the measurements of F were 
made. For this purpose, we use the temperature factors deduced in $§ 4 
and 6 from the experimental results. The Fg value for a spectrum (hkl) must 
be multiplied by a factor e~“, where M s= 0‘01182 (A* + A* +1*) or 0*00804 
(A* -)- A* + ^*). according to whether zero>point energy is assumed to exist or 
not. 

In fig. 3 the group of curves A consists of the theoretical F curves for the 
three ions Al"^^, Al"*"*, Al"*"® when at rest. It is not possible on the scale of the 
diagram, to separate the curves, except for small values of (sin 6)/X. Curves 
B and C show one of these F curves, that for Al'^®, reduced to a temperature of 
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290° abs., B on the assiimption that zero-point energy exists, C on the assump¬ 
tion that it does not. The observed values of F at 290° are shown in fig. 8 
by means of circles ; the plain circles indicate values from the (111) face on 
crystal A, the circles with a cross inside them, those from the (100) face on 
crystal B. In some oases there are two circles for the same value of (sin 6)/X; 
the lower one is then the observed value of F, the upper ones will be considered 
later. 

It will be seen that the points obtained from the two crystals lie on the same 
curve, except perhaps for very small angles, and also that, for large values of 
(sin 0)/X, this curve agrees very closely indeed with the theoretical curve 
corrected to 290° abs. on the assumption that zero-point energy exists. The 
exactness of the agreement at large angles may be partly accidental, since it is 
scarcely to be hoped that all sources of error, whether in the measurement of 
F, or in the determination of the temperature factor, have been eliminated; 
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but it is satisfactory to find that, as in the cases of rock-salt and sylvine, the 
experimental results seem to decide definitely in favotix of zero-point energy. 
The difference between the curves deduced with and without this energy should 
be considerably greater than experimental error. It will bo noticed that the 
good agreement between the observed and calculated curves is confined to the 
larger values of (sin 6)/X ; for the smaller values there is a large discrepancy 
between them, the observed points being, in all cases, much too low, but for the 
moment we will confine the discussion to the large angles of scattering. As we 
have seen already, the F (curves at such angles are due almost entirely to the 
innermost electrons. Now although there may be some unijertainty about the 
fields, and so about tlie distributions, for the outer electron groups, there is 
much less for the inner ones, and the theoretical F curves can probably be 
taken as correct for the large angles of scattering. We are therefore justified 
in using them to decide whether the experiments indicate zero-point energy 
or not. This was pointed out in the papers on rock-salt and sylvine, but a 
detailed analysis of the contributions of the different parts of the atom to the 
F curve was not actually given. 

The Extinction Correction. 

The low values of the observed F’s at small angles are due to the fact that 
single crystals were used which were sufficiently perfect to make formula (1), 
whi(*h is only true for the/ ideal mosaic crystal, inapplicable to the strong 
reflexions. The question of extinction in single crystals has been dealt with 
by a number of writers,* and it is sufficient to state here that the existence in 
the crystal of fragments, large enough to produce appreciable absorption, 
which are at the same time nearly perfei^t in their lattice arrangement, has the 
effect of increasing the effective absorption coefficient at the reflecting angle 
by an amount proportional to the intensity of the reflexion. It is only for the 
strong reflexions that the effect is at all important; for the weaker ones theire 
is a very small correction, an estimate of which can be obtained by asBumiitg 
the F value for a strong spectrum, and calculating from it the extinction 
coefficient in the way which has frequently been desoribed. In the present 
case it is the strong (111) and (200) spectra which are chiefly affected by 
extinction. Ihe corrections are different for the spectra from the two faces, 
which are cut from different crystals. We have used the calculated values of 
F for these two spectra, and have worked out the extinction oorreotions for the 

* Of, Bragg, Darwin and Jamea, * Phil. Mag,,’ voL 1, p, 807 (1026), 
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higher orders from them. The corrected values are plotted in fig. 3, and are 
denoted by the upper of the two circles shown for the stronger spectra. It 
will l)e seen that the extinction correction brings the points for (222) and (400) 
on to the curves. The agreement between observed and calculated points is 
closer for A1 than it was for K ^ , Na^ and Cl“. This may be partly accidental, 
but it is perhaps worth noticing that, as we have seen above, the packing of 
the atoms in the aluminium crystal is such that the core electrons upon whicjh 
the scattering at large angles depends, should not be greatly disturbed; so 
far as these electrons are concerned, the state of affairs approaches the con¬ 
dition in the free ion much more closely in the aluminium crystal than in rock- 
salt or sylvine. In Table VI are given the observed values of F corrected in 
tliis way for extinction, together with the calculated values corrected for 
temperature, with and without zero-point energy. 


Table VI.' -Values of ^ at 290® abs. 



Calculated values. 






Observed values. 

Bearden*» 

values. 

Spectrum, 


With zero ‘ point 

corrected for 


No zero-jxmit i 

extinction. 


energy. i 

1 

energy. 

. 


111 

■.. .. : 

8-57 

8-40* 

8-46 

8-81 

200 

8-08 

7-OH* 

7-90 

7-81 

222 

5-79 

5*63 

6 62 

I 6*17 

400 

4-91 

4-82 

4-06 

! 4-34 

333 

3*42 

3 09 1 

2-99 1 

2*86 

000 

2-66 

2-24 

2‘24 j 

2-16 

444 

1-03 

101 

1-57 1 

1-48 

800 

1 1-38 

1-08 

1-08 i 

— 

656 ! 

1 M6 

1 

0-87 

0-87 1 

— 

♦ Thoee values of F were used in calculating the extinction ; the corrected observed values 


and the thporotioal values aro then^fore made to agree. 

It is interesting to compare tlxeset of values of F obtained in tliis investigation 
with an entirely independent set, obtained by Bearden.* His values were 
also absolute values, but they were determined usmg powdered crystals, so 
that the errors due to extinction do not arise, although there are other difficulties 
inherent in the use of powdered crystals. It is not easy to be sure of the exact 
F values which he obtains, since he gives no table of numbers in his paper, but 
only a rather small-scale graph ; measuring from the graph as accurately as 
possible, however, we obtain the set of values given in the last coluinn of Table 
VI, Bearden measured more spectra than those we have tabulated, but we 
* ‘ Phy». Rev,; TOI. 29, p. 20 (1927), 
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liave confined oui attention to tlie ones measured in the two sets of experiments* 
The corresponding points are plotted in fig. 3, and are denoted by triangles, 
At the smaUer angles, Bearden’s points, which are not affected by extinction, 
lie much above ours, but at higher angles where the values are comparable, 
the agreement on the whole is satisfactory, especially in view of the fact that 
an entirely different method was used, and that the determination was absolute. 
Our own points, in all cases in which extinction is negligible, lie above Bearden’^s, 
» and this appears to be a systematic deviation. When the extinction correction 
is applied to our values, the difference between our curve and Bearden’s between 
(sin 0)/X — 0*2 and 0-6 is accentuated. Bearden’s curve falls more rapidly, 
and lies definitely below the theoretical curve, although at large angles the 
agreement between the two sets of numbers is quite close. 

The State of Ionisation of the Aluminium Atom. 

We may now return to the question raised above as to whether it is possible 
to get any evidence from our measurements concerning the state of ionisation 
of the atoms in the aluminium lattice. The answer to this question appears 
to be quite definite. It is not possible to do so. Fig. 3 shows that the differ¬ 
ence between the F curves for the three ions is quite inappreciable at aU angles 
greater than those at which the (111) and (200) spectra appear, and the 
aluminium lattice gives no spectra at smaller angles. Even at these angles, 
the differences between the three F curves are smaller than the errors of experi¬ 
ment, For single crystals, in which extinction occurs, it is obviously quite 
out of the question to attempt to distinguish between the different cases, and 
the same would seem to be true for measurements with powdered crystals. 
The state of affairs may be summed up as follows. The intensities of reflexion 
to be expected theoretically from all three ions axe identical, within very small 
limits, at all angles greater than those at which the (111) and (200) spectra 
occur; for these spectra, the differences in F for the different states of ionisa¬ 
tion are not greater than about 0 * 05, and it cannot be claimed that any measure¬ 
ments yet made are accurate enough to decide between the possibiUties with 
certainty. 

In the above discussion, the outer electrons have been supposed to form part 
of the atoms, so that their charge distributions can be taken as spherically 
symmetrical about the atomic centre. In the actual crystal, however, some 
of the outer electrons are probably free conductivity electrons. Wo have 
nothing on which to base a calculation of the F’s for such electrons, but we 
are probably safe in saying that a “ free ’* electron of this kind wiU produce a 
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smaller effect at all but very small angles than a 3^ electron belonging to a 
definite atomic system. If the free electrons formed on the average anything 
in the nature of an electron lattice, we might perhaps expect that the spectra 
from different types of plane would not lie on the same curve, since the scatter¬ 
ing from the electron lattice might help that from the atomic lattice in some 
cases and oppose it in others. This effect, if it exists, will however almost 
certainly be too small for measurement, and as we have seen, the F's from the 
different planes do, as a matter of fact, lie on one curve. It would appear to 
be impossible to get any direct evidence from exj)eriment8 of this type concern¬ 
ing the existence of an electron lattice. 

In conclusion we wish to express our thanks to Prof. G. J. Taylor, F.R.S., 
for his kindness in supplying us with the aluminium crystals used in this work, 
and to Dr. 1). R. Hartree, who gave us the initial estimates of the Helds for the 
calculation of the charge-distributions and also helped us with much advice 
during the calculations. We should also like to acknowledge our indebtedness 
to Prof. W. L. Bragg, F.R.S., who has helped us with his advice and criticism 
at all stages of the work. One of us (R.G.W.) is in receipt of a grant from the 
Department of Scientific and Industrial Research. 

Summary^ 

The intensity of reflexion of X-ra)^ by single crystals of ahuninium has 
been studied at ordinary temperatures and at the temperature of liquid air, 
and the temperature-factor deduced from the results is found to agree well 
with the Debye-Waller theory. 

From the temperature-factor, an estimate of the amplitude of the heat 
motions of the atoms in the aluminium lattice is obtained. 

Absolute values of the atomic scattering power, F, for the aluminium atom 
are obtained at a number of angles of scattering, and these, when corrected 
by means of the measured temperature factor, are foimd to agree closely with 
the theoretical F curves for the atom at rest, obtained from the Schrodinger 
charge-distribution for A1 calculated by Hartree’s method. To. obtain agree¬ 
ment, it is necessary to assume the existence of zero-point energy. 

Curves are given showing the contributions of the different electron groups 
to the F curves, and it is found that, at all angles of scattering at which spectra 
can be obtained from the aluminium crystal, the values of F for the different 
possible states of ionisation of the almninium atom differ by less than the errors 
of the experimental determination of F. 
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When a beam of electric particles is passed through a sheet of matter the 
energy of the individual particles is reduced. The loss of energy is not the same 
for all the particles so that particles incident on the foil with the same energy 
emerge with different energies. This dispersion of the energy caused by tlie 
foil is known as the “ stragglingof the particles. The straggling of 
a-partioles has been the subject of several experimental investigations, and the 
theory in this case was adequately developed by Bohr* in 1915. In the case of 
^particles, however, the straggling was not experimentally investigated until 
quite recently and no theoretical treatment of the phenomenon has been 
^iven, the calculations of Bohr being, as he showed, applicable only to 
a-particles. The purpose of the work described in this paper is to develop a 
theory of the straggling of fi-particles by thin foils and by means of it to inter¬ 
pret the results of experiment. The paper is arranged as follows. 

In § 2 an account is given of the state of the experimental work on the 
subject, and in particular the effect of the complications introduced by 
scattering are considered. The formula derived by Bohr for the straggling 
of electric particles is given in § 8 and its inapplicability to ^-particles demon¬ 
strated. The present calculations of the straggling of ^-particles are given in 
§ 4. The theory of the straggling of electric particles resolves itself into two 
parts. The first deals with the dynamics of collisions between electric particles 
and atoms, and is the same whether we are concerned with the straggling or 
some other phenomena such as ionisation or ‘‘ stopping power/* This may be 
called the fundamental theory and its requirements may be sununariEed in 
the function ^ (Q) which expresses the frequency of collisions in which the 
electric particle loses energy of amount Q. The second part of the theory is 
the process of calculating the straggling by means of probability theory from 
the function This may be regarded as the straggling theory proper and it 
is the main subject of § 4. When the present calculations were started it was 
intended to calculate the straggling on the basis of classical theory only, the 

* Phil. Mag.,’ voL 30, p. 581 (1915). 
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value of the function ^ on this theory being definitely known. However, 
after some practice with the type of calculation involved it was decided to 
calculate the straggling for other forrns of From the results obtained it is 
possible to deduce the straggling corresponding to any form which <f> may 
reasonably have, and if a new theory leads to a value of <f> different from the 
classical value, the straggling on the new theory may readily be deteimined. 
Alternatively this fuller treatment may be used for the reverse process of 
calculating from the observed straggling the value of <f> to which it corresponds. 
This is considered to be the most convenient procedure and in § 5 the form of 

which explains the experimental results is deduced. This is compared in 
§ 6 with the value of ^ on classical theory. A brief outline is given in § 7 of 
certain new ideas concerning the natm*e of collisions of electric particles with 
electrons and atoms. 

§ 2. Experimental Data,, 

A large amount of experimental work has been done on the loss of energy 
by fast electrons in traversing matter, but unfortunately the results of most 
investigations are so complicated by the scattering suffered by the electrons 
that they are of little quantitative use. The usual experimental procedure is 
to place a mati^rial foil of known thickness in the path of a beam of electrons 
and observe the extent to which it reduces their number or velocity. Now 
unless the thickness of the intercepting foil is small compared with the total 
range of the incident electrons the electrons are so considerably scattered in 
traversing the foil that they describe tortuous and very unequal paths. As a 
result they lose varying amoxmts of energy corresponding to the different 
lengths of path in the foil. In this way the scattering gives rise to a spurious 
straggling effect, which, in most experiments, is of considerable magnitude and 
must be allowed for before the results can be compared with theory. This 
allowance, however, involves the problem of plural and multiple scattering and 
offers little prospect of an accurate solution, especially, as the problem is further 
complicated by the true straggling. In consequence of this difficulty, whether 
we desire information about the mean loss of energy or the straggling, we cannot 
make much use of those experiments in which the scattering effects are large 
and in our choice of experiments for comparison with theory we are limited 
to those in which there is little scattering effect to allow for, Tlie scattering 
effect is leas the smaller the thickness of the intercepting foil and the faster the 
P'particle. The order of magnitude of the effect for thin foils has l>een 
estimated and for light substances such as aluminium or mica it is found that 
provided the thickness of the intercepting foil is less than about a fifth of the 
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total range of the particles the spurious straggling caused by scattering is 
small compared with the true straggling. A number of investigations liave 
fortunately been made with foils of this thickness, using as fast electrons the 
natural fi-particles from radioactive substancjes. In the recent experiments of 
P. White and G. Millington,* for instance, the foils used vary in thickness from 
a thirtieth to a sixth of the total range. The following is an outline of the kind 
of observations made in such experiments. 

The loss of energy by the electrons is obtained by a magnetic anal)^is of the 
velocities of the emergent electrons. With semicircular focussing electrons 
emitted with the same velocity from a line source are brought into a line focus, 
and the position of this line, which may be recorded on a photographic plate, 
gives the velocity of the electrons. When the beam of electrons is intercepted 
by a thin foil the line appears in a different position corresponding to a smaller 
velocity. In addition to shifting the line as a whole the foil causes a broadening 
of the line into a band showing that the electrons which have the same incident 
velocity emerge from the foil with different velocities. This is the phenomenon 
of straggling. The distance from the undisplaced line to the point of maximum 
density on the displaced line measures the most probable loss of energy! and 
this is usually called the peak displacement.’’ Until recently the peak 
displacement was the only quantity that had been measured. MadgwickJ 
(1926) appears to have been the first to make observations on the distribution 
of the velocities of the emergent electrons. Since then White and Millington 
have made extensive observations on the straggling and we are mainly dependent 
on their results for comparison with theory. White and Millington used a 
photographic method and measured the straggling by analysing with a photo¬ 
meter the intensity of the displaced line on their photographic plates. 

§ 3. The CalciUations of Bohr. 

Consider the passage of a beam of particles of initial energy T through 
a thin material foil of thickness t. Let <f> (Q) dQ represent the average 
number of collisions in which a particle loses energy between Q and Q + dQ 
as it traverses the foil. (<^ has already been referred to in the introduction.) 
<f> (Q) is proportional to t since the foil considered is assumed to be thin. 
Then according to the formula derived by Bohr for the straggling of the 
particles, the probability W (s) ds that a particle loses a total amount of 

♦ ‘Koy. Soo. Proc./ A, vol 120, p. 701 (1928). 

t For thin foils the loss of energy is proportional to the decrease in Hp.” 

t ‘ Proo. Camb. Phil. «oc.,’ vol. 23, p. 920 (1926). 
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fsixergy between (1 + »)A^T and (1 + s + where A^T is the mean 

lo»8 of energy, is given by 

W («) ds = \/( A,HT®/27rP)*exp — (A„iT2^/2P) ds, (1) 

where 

A„,T=^ PQ<^(Q)rfQ. (2) 

P ^ (3) 

Jq/ 


and Qi and are the limits of the range of values which Q may have, <f> being 
0 outside these limits. 

This formula depends on certain assumptions about the function ^(Q) 
and it is valid only if the collisions fi*om to Q^, can be divided into groups 
euoh that the number of collisions in each group is large at the same time as 
the difference between any two values of Q in the same group is small. To 
obtain a mathematical expression for this condition let Q and Q + 8Q define 
one of the groups into which the range of possible collisions is divided. Then 
the average number SA of collisions in this group is (Q) SQ, whilst the 
fractional variation S/ of Q for collisions in the group is of the order of SQ/Q. 
Now if the quotient SA/8/ is large, 8Q may be chosen so that both SA and 
1 /S/ are large, and the collisions for which the loss of energy is in the neighbour- 
hood of Q may then be divided into groups in such a way that the assumption 
underlying the formida (1) is satisfied. The quotient 8A/S/ is from the above 
expressions equal to Q X (Q), so that (1) is applicable provided 

Q^(Q)>i. (4) 


Bohr used classical mechanics according to which the expression for (f> (Q) 
for p-particles passing through free electrons initially at rest is 


where 


and 


<{> (Q)da„i«. = ( 27 te«N/m> 2 )</Q* Arf/Q», 

N as number of electrons per unit volume, 
m as mass of electrons, 
e as charge of electron, 


V as velocity of j3-particle. 

The corresponding value X of Q<^ (Q) is 

X SB (27re*N/ww)*)^/Q = fe/Q, 
aind the condition of applicability of (1) becomes 

X = {ktlQ) > 1, 


(R) 


( 6 ) 

(4 a) 
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X yaries inversely as 1 /Q which means that the lighter the collisio3aB the more 
accurate is their contribution to the total straggling repjpesented in (1). The 
rtraggling as represented by (1) is, however, mainly due to the violent 
collisions as may be seen by evaluating the factor F for different ranges of Q 
(equation (3)). Accordingly in order that (1) may remain valid the condi¬ 
tion (4a) must be satisfied for the largest values of Q. A p-partiole may lose 
the whole of its energy in a collision so that the maximum value of Q is the 
energy, T, of the particle and the validity of (1) therefore requires 

* HIT>\. (4 b ) 

For foils of thickness equal to about a fifth of the total average range of the 
particles—which is the thickest foil that is consistent with small scattering 
effect—the numerical value of klfT is about 0*01 and the applicability of the 
formula (1) to the straggling is therefore out of the question. The condition 
of appUoability would be far from being satisfied even if t were taken equal to 
the whole range. Since the condition {4a) is better satisfied the smaller the 
value of Q it is possible, as Bohr points out, to choose a value Q' of Q so that 
(1) is applicable to the collisions for which Q <[ Q', Bohr considered that the 
maximum value of Q' is given by X 1, /.e., 

M/Q' = 1, Q' kt - 8. (7) 

In applying formula (1) to these collisions all we have to do is to substitute 
S for Q„. The probability of a loss of energy between (I -f-^) and 
(1 + + dz) AgT due to collisions for which Q is less than 8 is then given by 

A iz) dz V( exp (- dz, (8> 

where 

AbT -- r Q^(Q)dQ, {9> 

Jq, 

r (i^<l>((i)dq. (i()> 

Jo* 

Using the classical expression for (Q) the probability of a collision for which 
Q > S is given by 

^{>8)- 

Jti 

The maximum loss is equal to the energy, T, of the ^-particle, and in all 
actual cases T is very large compared with S so that for all practical purposes 
the probability of a collisiou for which Q S is unity, Bohr considered that 
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the extra collision little affects the position of the maximum of the resultant 
distribution curve, in which case the peak~displacement is approximately equal 
to the loss of energy which corresponds to the maximum of the distribution A. 
This is given by (9) so that 

ApT = AsT-j“Q^(Q)rfQ. (9 a) 

For very small values of Q the value of if> (Q) is not given by (6) owing to the 
effects of atomic binding forces. In Bohr’s theory of collisions this is allowed 
for and an evaluation of the integral for ApT gives 

ApT = . log((l*3 tJ*N</47rv®) — log (I — — v*/c*} (9 b) 

which is a formula familiar to workers in this field. 

§ 4. Present Cahuhxtioris. 

(i) Gemral In the calculations described in the previous section the 

position of the maximum of the curve representing the distribution of the 
losses of energy by the ^-particle is roughly estimated. We shall now proceed 
to calculate accurately the complete straggling curve. In Bohr’s calculations 
the classical expression for <f> (Q) is used. We shall here consider the straggling 
for other forms of ^ (Q) and in the following discussion ^ (Q) does not necessarily 
stand for the classical value. 

A general expression for the straggling involving an infinite series of integrals 
may readily be deduced and is given in Appendix (1). This general formula 
is, however, not very heplful and the following analysis though less direct 
shows the nature of ^-ray straggling better, and the general formula it leads 
to represents the only way in which the straggling in particular cases may be 
calculated. 

Following Bohr let us divide the possible collisions into two groups, one for 
which the energy, Q, lost in a collision is less than S, and the other for which 
Q is greater than S. S is here defined so that a ^-particle traversing the foil 
suffers on the average one collision for which Q is greater than 8, that is, 

r ^(Q)dQ-l. (11) 

Js 

Consider first the distribution of losses due to the collisions in the second 
group. Let Eg represent the total energy lost by a particle due to these 
^Uiaions and let B (Eb) <{Eb represent the fraction of the particles for which 
Eb lies between £b and Eb + ^Eb* By definition of S the average number of 
you oxxv,— A, 2 G 
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these colliftions per particle is one. From the theory of probability a thing 
which happens once on the average, under given conditions, has a probability 
of happening n times tinder those conditions. A fraction of the 
p-particles therefore suffer no collisions for which Q ^ S, and a fraction 
! n such collisions. For the particles which suSer no such collisions 
Eb = 0 and their contribution, (Ea), to B (Ea) may be mathematically 
expressed by 

Ba (Ea) - 0, Ea 0; (Ea) dE^ ^ (12.0) 

A fraction of the particles suffer one collision each. This collision causes a 
loss of energy greater than S and the probability that the loss lies between Eb 
and Ea + dEg is equal to ^ (Eg) dEa* Therefore if Oj (Eb) represents the 
probability of a loss of energy Eg by particles which have suffered one collision 

6, (Eb) = 0, Eb < S; 0, (Eb) - <f> (Eg), Eb > S (13.1) 

and the contribution to B (Eb) is given by 

B,(EB)==:c'^e,(EB)* (12/1) 

A fraction e^^/2 ! of the particles suffer two collisions each. These collisions 
are statistically independent since the only way in wliich the first collision can 
systematically control the second is for it to reduce the energy of the ^-particle 
so appreciably that the value of ^ (Q) is affected, and as we are dealing with 
thin foils for which the average loss of energy is small this effect may be ignored. 
It follows that the probabilities that the two (collisions cause losses of energy 
Qj and Qg are 0i(Qi) and 6^ (Q^) respectively, so that the probability of such 
a combination of losses is 0^ (Q^) x (Q 2 )* If j is the energy lost in one, the 
probability that the sum of the losses due to the two is Eg is 6i(g). 0 |(Eb q) 
and the total probability of a loss of energy between Eb and Eb + dEB due to 
all combinations is 

0 , (Eb) (iEn = (iEn j 0i (Eb -q).% (?) dq, (13.2) 

and the contribution to B (Eb) is 

B2(EB)=={e”V2!)e2(EB). (12.2) 

Consider now particles which have made » — 1 collisions and let (Eb) dEg 
denote the probability that the n — 1 ooUisions cause a loss of energy between 
Eb and Eb + dEs. lict each of these particles suffer one more collision each. 
As the collisions are independent the probability that this collision causes a 
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loss of energy Q ig 0| (Q). The probability that n colligions cause a loss of 
energy between Eb and Eb + is then (by the same argument as used in 
deriving (13.2)) given by 

6 b (Eb) ^Eb = ^^Eb J Sfi-i (Eb — ?) 6 i ( 3 ) dg. (13.n) 

The fraction of particles which suffer n collisions is e~'^ln \ so that the con¬ 
tribution to B (|Ib) from these is 

B,(EB)-(e-V«I)e«(EB). (12.n) 

The value of B(Eb) is the arithmetical sum of the contributions from all 
particles and is therefore given by 

B (Eb) = Bo (Eb) + S B, (Eb) - B^ (Eb) + I (E^)ln !. (15) 

1 i 

Ijet us now consider the distribution of losses due to the collisions in the 
first group for which Q < S. Let be the total energy lost by a particle 
due to these collisions, and let A (E^) d!E^ be the fraction of the particles for 
which Ej^ is between E^ and E^ + dE^. Bohr assumed the applicability of 
his straggling formula to this group in which case the distribution is given by 
(8). Bohr’s formula is more applicable to the lighter collisions and the error 
in (8) may be estimated by dividing the collisions into two sub-groups one 
containing the more violent collisions, the other the lighter collisions. The 
distribution due to the more violent collisions, since they are few in number, 
may be obtained by a method similar to that used in deducing the distribution 
B (Eb) for the collisions in the group Q > S. For the lighter collisions we may 
again use Bohr’s formula. By combining those two distributions we obtain a 
distribution for the whole group which is more accurate than (8), since the new 
distribution involves the applicability of Bohr’s formula only to a fraction of 
the collisions, and to that fraction for which it is most applicable. In this way 
by correcting (9) for the bulk of its error the total error may be estimated and 
the distribution A (E^) of losses due to the whole group may be evaluated with 
greater accuracy. The results for special oases show that the error in (8) is 
in most cases surprisingly small and A (B^) in any particular case may in this 
way be readily evaluated with sufficient accuracy for all practical purposes. 

The next step is to combine the distribution of losses A (E^,) due to collisions 
for which Q < S with the distribution B (Eb) due to the collisions for which 
Q > S. The energy lost by a particle as a result of collisions in the first 
group is statistically independent of the energy, Ex, it loses due to those in the 

2 G 2 
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second group. The probability P (E) dE of a resultant loss of energy between 
E and E dE due to all collisions is therefore given by 

P (E) = j A (E - a) B (a) da, (16) 

and this is the final formula for the straggling. 

It might be pointed out here that in order to calculate the straggling in 
actual practice it is absolutely necessary to divide the collisions into two groups 
as has been done here. For the number of collisions of all kinds (including the 
lightest) is so large that it is impossible in practice to calculate the straggling 
without using a continuous calculus. On the other hand, owing to the fewness 
of the violent collisions—which nevertheless contribute much to the straggling 
—a continuous calculus cannot be applied to all collisions. The division into 
two groups is imperative, and the choice which underlies (15) is calculated to 
be the most convenient. It is fortunate that in most actual cases the two 
groups represented by (15) are fairly sharply defined, a continuous calculus 
being applicable to the first group with considerable accuracy whilst at the same 
time the second group contains so few collisions that the distribution for it may 
be evaluated arithmetically without undue labour. It might be pointed out 
that for a-particles the most violent collisions are sufficiently numerous to 
admit of a continuous calculus being applied to all the collisions ; this is the 
reason that Bohr’s theory of straggling is applicable to a-particles. 

(ii) Siragglifkg for (Q) = fe/Q*.—^The distributions A and B in (16) depend 
upon the function <f>{Q)t and we shall first consider the straggling which is 
required by the form of (Q) required by classical theory, viz., 

^(Q)-W. {5a) 


The corresponding value of S is given by 


kt dQ/Q^ = 1 BO that 


S->A:i(l-S/QJ:==to(l-S/T), 


Qm being equal to the energy T of the particles. For thin foils S/T is generally 
less than 0*01 and for all practical purposes 

B^kt (16) 

Let us take S as unit of energy so that Q = 8 X x. Then (6a) becomes 

^ (x) = 1/x* (6 b)* 

♦ <f){x)dx^ probability that x is between x and a: -f 
— where Q So?, 
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and the probability of a loss of energy between ^ and (y + dy) S due to the 
collisions in the second group (Q > 8 ) becomes 

B (y) ■= Bo (y) + s 0» (y)/« !■ (Hb) 

1 


The formulse for the terms in this series are given by (13) and their 
values for the classical form of ^ are represented by the curves in fig. 1a. 
Bo (y) corresponds to the particles which suffer no collisions for which Q > S, 
and it is represented by an infinite ordinate at y = 0 , its area of being 
represented by the adjacent broken lines. Bi [y) represents the particles 
which suffer one collision for which Q > S and is zero up to y — 1 , and from 
y = 1 to y = Q,„/S it is equal to being zero again for values of y greater 

than Qm/S. 

The contribution to B(y) from the particles which suffer two collisions for 
which Q > S given by ( 12 . 2 ) becomes for <f> (Q) == ktjQ^ 


Ba (y) 


€1 P“' 

2! J, 


1 


(y-x)* 


dx 


y* [y 


SLZ_?4-2 


+ - log (y 

1 y 


1)1. (13.2a) 


This is represented by the c>irve Bj in the figure. The curve starts at y = 2 
since 28 is the minimum loss of energy for this group. 

Bj (y) and subsequent terms in the series for B (y) were evaluated by experi¬ 
mental integration. Of these only B 3 is represented in the figure, the other 
terms being so small that they oould hardly be distinguished from the axis. 
The series converges so rapidly that the total area of the curves for the terms 
after the third is less than l/50th the area of those up to the 3rd, and for the 
terms after the 6 th less than 0-0001 of that area. 

The resultant distribution B(y) is represented by fig. 1 b. The upper limit 
Q„ only affects this curve for values of y greater than Q„/S. The height of the 
tail of the curve falls off very rapidly, being approximately proportional to 
Ilf* and is negligibly small after about y = 10 . In view of this it is im¬ 
material what the actual value of Q„ is, provided it is greater than about 10 8 . 
We can make the more general statement that the curve B is independent of 
the value of ^ (Q) for values of Q greater than about 10 8 provided it does not 
greatly exceed to/Q*. 

The distribution of losses, A, for collisions in the group Q < 8 is to a first 
approximation represented by ( 8 ) which for ^(Q) = lajQ* and using 8 as uOit 
of energy, becomes 

A (*) « v'{2ir (1 - Q,/S)}-* exp - {**/2 (1 - Q,/S)}, 

• Aotuslly for large values of y the curve is represented by (e* — l/«)/y*. 


(8a) 
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Fig, 1a. —Bj, Bj and B3 represent Classical Fig. 1b.— Classical Distribution of Losses due to 
Distribution of Losses due to 0> 1, 2 and 3 all Collisions for which Q > S. 

Collisions for which Q > 8. 



Fig. Ic,—A' represents Distribution of Losses due to Collisions for which Q < S. assuming 
Bohr's formula. A is the same, corrected for inapplif'.ability of Bohr's formula. 

z X S representing th(^ difference between the loss of energy and the mean 
loss AgT. If Qi is small compared with S this formula becomes 

A iz) - V(27r)“^ exp (z*/2), (8b) 

and no longer contains Q,. This result means that the distribution A is 
independent of the value of (Q) for values of Q much less than S.* 

(8b) is represented by the curve A' in fig. Ic. A correction.must be applied 
to this owing to the incomplete applicability of Bohr’s formula. This has been 
done in the manner already described, and the corrected distribution is repre¬ 
sented by curve A in fig. Ic. (The origin 2 ; = 0 corresponds to the mean loss 
of energy A^T which is given by (9),) 

* In Bohr's theory of collisions the classical expression for ^ (Q) is in fact not equal to 
Ja/Q* for very small values of Q, being less than owing to the effect of atomic binding 
forces. However in view of this result provided this effect is not appreciable for values of 
Q greater than Q/, whore Qi is small compared with 8, A (z) is independent of the effect 
and also of Q/' and is given by {8 b). If for instance Qj'/S — 1/4, and ^ (Q) ait 0 
for Q < —which is a gross exaggeration of the effect of atomic binding forces in actual 
oases—the corresponding half-maximum width of the distribution curve differs from that 
given by {8 b) by only 5 per cent. 
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Having obtained the distributions A and B the resultant distribution P may 
be calculated from (15), This has been done by experimental integration and 
the resulting distribution which represents the straggling required by classical 
mechanics, is represented by the curve in fig. 2 and a table of the values of P 
is given in Appendix (2). This distribution may be regarded as either the 
distribution of the energies of the emergent particles or as the distribution of 
the energy losses in the foil. The choice only affects the calibration of the 
abscissas. In the present paper we shall think of the straggling in terms of 
energy losses, and the abscisssB of fig. 2 are calibrated ai^cordingly. The 
origin y = 0 corresponds to a loss of energy equal to A^T which with S as 
unit of energy is, from (9), equal to log (S/Qj). 

Since the component distributions A and B are independent of the limits Q| 
and Q„, the same must apply to the resultant distribution P. This is a very 
important feature of ^-ray straggling. Tt means that the straggling is due to, 
and therefore represents, those collisions which cause losses of energy in the 
neighbourhood of S. Collisions for which Q is much greater than S only 
affect a distant part of the tail of the curve which is of no practical importance 
since such collisions are so rare. Collisions for which Q is much less than S 
on the other hand happen so frequently that for a given loss of energy, the 
statistical fluctuation is very small and there is no contribution to the straggling. 

Since by using S as unit of energy the distribxitions A and B may be expressed 
without involving the value of ifc, or any variable factor such as the velocity 
V of the particles or the thickness i of the foil, the straggling in terms of S (as 
represented in fig. 2) is characteristic only of the index ‘‘ —2 ” of Q in the 
expression kt/Q^ for (f> (Q). The dependence of the straggling expressed in 
ergs on the quantities k, v, etc., is represented by the effect of these factors 



Fig, 2,—Straggling Curve calculated from Classical Theory. ^ (Q) W/Q*. 

Unit of abscisa® — ki. 




482 


E. J. Williama 


on the unit S. This property introduces a great simplification into the treat¬ 
ment and expression of the results. 

The magnitude of the straggling is proportional to S. S is given by (16) so 
that denoting the straggling by g 

goo See kt. (17) 

As a measure of the magnitude of the straggling we may take the width 
KL of the curve at half-maximum or the distance FB between the feet of the 
tangents at the points of inflexion. These are respectively equal to 3*8 8 
and 6*7 8 (see fig. 2) so that 

KL==3*8if (ergs) 

FB:=^6*7fo. (17 a) 

The maximum of the distribution curve is situated at y == 0*16 so that as 
the origin corresponds to a loss of energy AgT which is equal to S X log (S/Q,) 
the peak-displacement is given by 

ApT == S X log (8/Q>) + 0* 16 S ilrf.. log (I • 2 fe/Q,). (18) 

If ApTj, ApTg corresponds to and fg respectively, then 

(ApTj/fj) (Aj»l 2/^2) ^ 1^8 (^ 1 /^ 2 )? (18a) 

which is of interest since Q, is eliminated and the value of k may be calculated 
from the variation of the peak displacement with 
Bohr estimated ApT to be equal to A^T (§ 3) and as the numerical value 
of log (S/Qd is about 12 we see that Bohr’s rough estimate is correct within 
about 1 per cent. The peak-displacement depends as much on Qj as on S, 
and the presence of Qi introduces issues which do not concern the straggling. 
In view of this and also the fact that the two phenomena are most conveniently 
discussed separately the peak-displacement will not be considered any further 
in the present paper except in connection with (18a). 

(iii) Straggling for ^ (Q) := I < n < 3.—Let us represent the general 

case by 

^(Q) = inW (19) 

and we shall assume that this represents ^(Q) for values of Q between and 
Q„. These limits have, of course, always to be introduced since if (19) weere 
true for all values of Q from 0 to 00 it would mean an infinite rate of loss of 
energy. 

The straggling curves required by 


and 




( 20 ) 

(21) 
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have been caloulated from the general formula (15) in the way already described 
for the case of ^ (Q) — The calculated distributions are represented 

graphically in figs. 3a and 3c respectively. 






Fig. 3.—Straggling calculatfHl from ^^(Q) — kt/Q'* for different valueH of n 


It was found in the case of <f> (Q) = kl/Q^ that provided Q/ < S < the 
straggling c\irve is independent of and Q,„, and that with S as unit of energy 
the curve is characteristic only of the index —2 of Q in (Q). The same theorem 
also holds for the more general case provided 1 < n < 3, and each of the 
curves in fig. 3 which are plotted with S as imit of energy are characteristic 
only of the value of n they correspond to. 

To prove this let S« be the value of S* Then 

= and = 

Js, 

wMoh if Sh Qn and n > 1 becomes 


(22) 
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Using this as unit of energy (19) beoomes 

and depends only on n. The distribution B (x) which represents collisions for 
which Q > depends on (x) and the limit Q„. affects B (a?) only for 
values of x greater than Q;n/S„ so that if Qw/S,| !> 1 the effect of is negligible 
and B (a;) is dependent only on n. 

The distribution A for collisions for which Q < S using S as unit of energy 
becomes 

A(s/) = V{(3-»)/27r{M-l){l-(Qi/S)*-*}exp{--(3-H){l-(Q,/S)=‘-"}y*/2(n-l)}, 

(8c) 

and if n < 3 and S this reduces to 

A (y) - “ ^)/2^ - 1)} exp {- (3 -- n) y^j2 (n ~ 1)}, (8i)> 

which depends only on n. Therefore provided 1 < « < 3 and Qi < S < 
the resultant straggling which is a combination of the distributions A and B 
is independent of Qj and Q„ and is characteristic of n only. 

The magnitude of the straggling (jf^) is proportional to the unit S„ so that 
from (22) 

g, X S„ X (23)- 

The constant of proportionality depends on n and may be obtained from the 
curves in fig. 3. The variation of the straggling with the thickness t of the 
foil is seen to depend on the value of n. This is a very useful property since 
it provides a very simple experimental method of determining the actual value 
of rt.f 

As regards the actual shape of the straggling cmves (fig. 3) we notice that the 

* If we assume to start with that the straggling is independent of the limits Qi and Q„i 
this relation may readily l)e deduued as follows. Let Q x X a. Then 

(x) dx knt 

BO that if a i) then (x) l/x\ This only involves n so that the straggling 

being independent of Qt and depends only on n if is used as unit. The 

straggling in ergs is therefore proportional to (ikt)l/<«“!). 

t This is not a result that one would expect a priori. The average number of collisions 
a particle suffers in traversing a foil is proportional to t and as the probable fiuctuation 
from the average is proportional to the square root of the average number one would 
expect the straggling to be proportional to Jt, and in fact this law holds for a-partioles 
whatever the value of n. For jS-particles, however, increasing the thickness t of the foil 
not only increases the number of collisions but by increasing S increases the range of the 
collisions that are effective in producing straggling, an5 this acoemnta for the more rapid 
variation of g with t 
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greater the value of n the more symmetrical the curves are, and in the limit 
n =5 3 it can be shown that the distribution is symmetrical and Gaussian (3d). 
These curves have been drawn so that on the 
scale of the graph the distance from the 
maximum to the foot of the tangent at 
the point of inflexion on the steep side is the 
same in each case, and the different slopes 
on the right side therefore indicate the 
different degrees of as)anmetry. For com¬ 
parison with experiment it is convenient to 
have numerical measures of the asymmetry. 

For this purpose the ratios PL/PK, PB/PF 
and PR/PF are taken where KL is the 
width at half-maximum, R is the abscissa 
of the curve at a point where the height 
is one-fifth the maximum, and F and B are 
the points where the tangents at the points of 
inflexion intersect the axis. The variation 
of these ratios with n is shown in fig. 4. 

(iv) Second Onier Effects due to Finite 
Thickness of. Foil,- Second order effects 

arising from the finite thickness of the foil have been neglecjted in the above 
calculations. They include (1) the variation of (Q) due to primary 
straggling, (2) the change in path accompanying losses of energy, (3) change 
in path due to nuclear scattering. It is desirable that an estimate of the 
magnitude of these effects in actual experiments be made. 

(a) Variation of (Q).—At any point within the foil the particles are straggled 
to some extent, and since <f> (Q) increases with decreasing velocity those that 
have lost most energy lose energy at a faster rate during the remainder of their 
path through the foil. The straggling is thereby enhanced. If 8v represents 
the heterogeneity of the particles half-way through the foil then the extra 
straggling 8g is roughly equal to 


Fio. 4.—P -- position of maxim uni 
of straggling curve. F “ foot of 
tangent to steep side. B -- foot 
of tangent to other side. 
LK - - width at half maximum. 


AT (v) — AT (v + 8v), 

where AT. is the average energy lost in traversing ^bhe foil by a ^-particle of 
Velocity v. AT varies roughly as 1 /«* so that Sjr = AT X 28t>/« and its ratio 
to the true primary straggling g is 2 AT jg . $o/o. In the experiments of White 
and Millington ATjg is nearly constant and equal to 1*5, and the m a x i m um 



436 


E. J. Williams. 


value of Sv/v is 0*6 per cenl. Therefore in an extreme case even* this kind of 
secondary straggling is only about 1 /70th of the primary straggling and can be 
neglected. 

(b) Electron Scattering, -A ^-particle in losing energy Q to an electron is 
deflected through an angle 6 of the order of V Q/T. If the deflection is away 
from the normal to the foil the average extra path travelled inside the foil 
due to this deflection is | (sec 0 — 1)< = JQ^/T, and the extra energy lost is 
about AT X Q/4T, so that the total effective loss becomes Q (1 + JAT/T), 
In all actual cases JAT/T is never greater than about per cent, and the 
eflfect is therefore negligible. Nuclear scattering greatly exceeds electron 
scattering so that the latter almost as often decreases the path of a particle as 
it increases it and the effect of electron scattering is actually much less than 
even the above estimate. 

(o) Nudear Scattering .—This is the most important of the second order 
effects. Let be the most probable angle of emergence from the foil of 
particles incident normally upon it. Then the most probable length of path 
in the foil is roughly equal tot+ \ (sec — 1) t. If ail the particles had paths 
of this length the straggling, being proportional to the distance travelled by 
the particles, would be increased by (1 f sec 6^)/2, and be given by 

X (1 + sec ej/2. 

Actually the parti(jles traverse different lengths of path and the variation in 
path is of the order of (sec 0^ — 1)<, and the straggling ^g caused by this 
effect alone is of the order of AT (sec 0,„ — 1). As this straggling is independent 
of the true straggling the resultant straggling gf^ is ^/g^ ^g^ (approximately) 

1 “t- sec 6 -;;- 

” 9 2-+ {^9/9a)^' As representative of White and Millington’s 

experiments we may take the case of Hp = 1677, t = 4 mgms. of mica pet 
square centimetre. For this case AT is about 8000 volts and the observed 
straggling gn is about 5000 volts. C. E. Eddy* has made observations on the 
scattering by thin foils in this region and according to his results for this 
case is about 20°, so that 

g (obs.) = X (1 + 1*06/2) x Vl -f 1/100, 

from which g (correotod)'*!* 0*96 y (obs.). The correction is thus small. It 
cannot, however, bo altogether neglected and a more accurate calculation of 
its magnitude has accordingly been made. The effect in a typical case is 

• ‘ Proc. Caittb. Phil. Soc.,’ vol, £4 (19*9), 
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shown in fig. 5. Curve A is the classical straggling curve, and curve B is 
the same curve after allowing for the effect of scattering. In calculating curve 



Fig. 5.—A — Ciaiisioal Theoretical Straggling Curve for Mica Foil. ( = 0-0067 mgm./cm.*, 
velocity of p-particle ~ 0*75c — without scattering. B — ClasHical Straggling 
Curve for same case, allowing for scattering, ar' ~ 0 corresponds to no loss of energy. 

B, the results obtained by Eddy for the scattering of ^-particles were used. 
White and Millington pointed out that scattering produces an effective 
broadening of the source which produces an additional straggling effect. 
The magnitude of this effect has been evaluated and found to be less than 0 * I 
per cent, of the total scattering and therefore negligible. 

§ 5. /nferprefofion of Expenmental Results, 

The straggling depends upon the function <l>(Q)B,nd by means of the theoretical 
results obtained in the preceding section it is possible to determine the form of 
(Q) which corresponds to the experimental straggling. This may then be 
compared with the theoretical expressions for ^ (Q). 

From (23) 

g a (23) 

80 that n in the expression ^(Q) = ht/Q'' may be determined unambiguously 
from the variation of the straggling with the thickness of the foil. As measures 
of the magnitude of the straggling we take the width at half-maximum of the 
sfemggltng curve (KL), and the distance between the feet of the tangents at the 
points of inflexion (FB). In their paper. White and Millington publish full 
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details of their experimental results from which the values of JLL and FB 

may be obtained. These are given in the following table. 


Table I. 


Rp. 


V«Iooity fi 

Thickness of foil, /. 

1 KL. 

i 

1 

FB. 



volts. 

r 

mgms,/»q. cm. 

volte. 

volte. 

1410 

m,ooo 

1 0-037 

2-25 

f 4460 

7850 




2*65 

5610 

9200 




3-95 

6500 

9900 

i«77 

206,000 

0-701 

2-26 

34&J 

5330 




2-65 

3450 

5600 




3-96 

5540 

8840 




5-72 

8400 

12000 

1938 

262,000 

0*751 

2-26 

2880 

4100 




2*66 

3m 

5620 




3-96 

6120 i 

9080 

i 



5-72 

7600 j 

11200 


Foxir different thicknesses of foil were used and three different velocities of the 
p-particles. To find the variation with the thickness of the foil the values of 
KL and FB may be averaged over the velocities and the mean values are given 
in the next table, together with their ratio to the thickness of foil.* 


Table II. 


(. 

KL. 

kl/l 

1 

FB. 

FB/L 

2-26 

360 

1-60 rfc 0-06 

576 

2-56 ± 015 

2-05 

I 420 

1 1-59 ±0*06 

681 

2-57 :i: 0*09 

3-96 

! 605 

1-63 i 0*09 

928 

2-36 i 0*20 

5-72 

1 900 

1 1-57 ±0*04 

1345 

2*35 X 0*03 


The probable errors given in this table are estimated from the fluctuations in 
the individual values. It is seen that both KL and FB are within experimental 
error proportional to the thickness of the foil. They are actually represented 
by 

KL X gj. ,o»o±oo»^ 

the mean result being 

g ac j0V4i:00« ^24) 

• In taking the mean value for the caee of Hf> — 1410 ailowanoe is made for the 
absence of observations for (= S-72. 
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It follows from (23) that 17 (n — 1 ) s=s0»94 ± 0*06 so that n = 2*06 db 0-06. 
When corrected for the effect of scattering this becomes 2*11 ± 0*07. 

The fact that g can be represented by a single term in t shows that <f> (Q) can 
be represented by a single term in Q. 

The shape of the theoretical straggling curves is dependent only upon the 
value of n so that a comparison of the observed curves with the theoretical 
curves affords another method of determining w. In § 4 the ratios PL/PK, 
PB/PF, and PR/PF are used as measures of the shape of the curves and their 
values for different values of n are represented in fig, 4. WTiite and Millington 
observed the straggling curves in 11 different cases and the values of the above 
ratios do not show any systematic variation with the thickness of the foils or 
velocity of the {i-particles. This shows that over the range of the values of 
Q concerned (Q) is represented by a single term in Q, in agreement with the 
above result. The mean values of PL/PK, PB/PF and PR/PF for these curves 
are l*9i, and 2 * 82 , respectively. The corrcs|)onding values of n which 
may be read off the curves in fig. 4 are 1 * 82 , 2*12 and J * 92 , respectively, the 
mean value being 1 * 9; i 0 • 1 . The scattering affects the shape of the observed 
curves to some extent and after correcting for this effect the mean value of 
n is l*9i ± 0 * 1 . This value agrees satisfactorily with the value deduced 
from the variation of the magnitude of the straggling with the thickness of 
the foil. The mean of the two values is 

=-2*0 ±0-1, (25) 

so that 

( 2 fiA) 

k depends on the velocity of the fi-particles and may be represented by 
where /c is a constant. The exptuiments of White and Millington cover only 
a small range of velocities (0 • 64c 0 • 75c) and the index ^ can only be roughly 

estimated. The actual value obtained, corrected for scattering, is 2'0 ± 0*5 
BO that 

<f> (Q)ob.. -= (26b) 

The value of k may be determined from the absolute magnitude of the 
straggling. For n = 2 the theoretical values of KL and FB are 3» 8kt and 6 • 7kt 
respectively (equation (17a) ) so that k — KL . p*/3*8/ = FB . p*/6-7«. The 
values of KL and FB for different thicknesses and velocities are given in Table 
I, and the mean values of « calculated from these by means of the above relations 
are (1*97 ± 0*08) X 10® and (I*74 ±0*10) x 10® respectively, the units 
being volts per gm. cm.® sec."*. When corrected for scattering these become 
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1*85 X 10^ and 1-67 x 10* respectively and the mean value is 1-77 ±0*07 
X 10®. Substituting in (26 b) we have 

^(QU.-=l-77 X (26) 

and this equation summarises the significance of the experimental results of 
White and Millington for straggling* 

It is shown in § 4 that the straggling depends chiefly on the values of <l> (Q) 
in the neighbourhood of Q = S. In the cases investigated by White and 
Millington S varies from about 700 to 2000 volts, and (26) accordingly applies 
to a region of values of Q between about 500 volts and 5000 volts, for p-rays 
of velocity about 0*7c traversing mica. 

From the observed straggling we arc thus able to make a complete deter* 
mination of the function <^,(Q) for a certain region of values of Q, This cannot 
be done for the case of a-rays so that the straggling of ^-rays gives much more 
information than the corresponding phenomenon for a-rays. 



Pig. 6,—Comparison of Hhape of Obaetrved Straggling Curve with Theoretical Classical 
Curve. Scale of observed curve = 2*3 X scale of theoretical curve. Ordinates 
adjusted ho that areas are the same. 


§ 6, Comparumi with Classical Theory, etc. 

The value of ^ (Q) according to the classical theory of Thomson is 

Substituting for e, etc., and expressing the distance t in grams of mica per 
square centimetre of superficial area, this becomes 

^ (Q)ciMrtcsi = 0*767 X 10* (27) 
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This expression for ^(Q) is of the same form (K^/^*)a8 the observed expression 
for tf>(Q) given by (26), but the observed value of the constant f< is about 2*3 
times greater than the classical value.* It is possible, by means of equation 
(18a), to determine the value of k from the extent to which the observed varia¬ 
tion of the peak-displacement ApT with the thickness of the foil departs from 
a linear law. White and Millington pointed out that this departure is greater 
than is given by Bohr’s formula for the peak-displacement—which assumes 
the classical value of k. The value of #c which corrcvsponds to their experi¬ 
mental results is actually 2-3 (db 0*3) times the classical value, and 1*7 (±0-6) 
times the classical value after allowing for the effect of scattering. The depar¬ 
ture from a linear law is of the nature of a second ordt^r effect so that the 
experimental error is large and the value of k obtained in this way agrees as 
well as might be expected with the value obtained from straggling. 

The fact that the classical theory gives the index of Q in ^(Q) equal to 2 
means that it explains within experimental error the shapt^ of the observed 
straggling <5urve, and also the variation of the straggling with the thickness of 
the foil. The agreement between the shape of the observed and theoretical 
curve is shown in fig. 6, where the mean ” observed (jurve, and the classical 
theoretical curve an^ given. (The scale of the observed curve is 2*3 times 
greater than that of the classical curve.) 

It is interesting to note that the index of Q on the classical theory depends 
directly on the law of force between the p-particle and the electrons. If we 
assume for instance that the law of force between two electrons is 

F == (28) 

it can be shown that 

^(Q) ( 28 a) 

so that =a m/(m — 1), which for the inverse squai'e law gives n = 2. The 
observed value of ^ holds for the range 500 < Q < 5000 volts and the corre¬ 
sponding distance of (jlosest approach is about 1 x 10“*^^ cms. (This is 
20 times less than the de Broglie wave-length for the fi-particles.) It should 
be mentioned that the interpretation of the value of n in terms of a law of 
force, whilst rigorous on classical ideas, is however not so on the new 
quantum theory. 

* If an atomic electron which receives energy Q is initialiy free and at rest, the 
3«partiole is deflected through an angle approximately equal to ^/(Q/T). On these 
assumptions the present result corresponds to a scattering 2*3 times the classical 
scattering, for angles of scattering of the order of 
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The observed value of ^ (Q) is 2*3 times the classical value so that 

(26c) 

where c . The classical expression (27) was deduced by J. J, 

I'honiKon on the assumption that the electrons in the matter traversed are at 
rest. If this is not the case and the electrons possess a mean kinetic! energy 
e the classical expression is 

<^(Q)-c{l + 4s/3Q)/paQ!^ (29) 

and is (1 + 4s/3Q) times greater than Thomson’s value.’*' If we assume the 
old quantum theory of electron orbits the value of this correcting factor for the 
range 500 < Q < 5000, for p-particles traversing mica, varies from 1 * 4 to 
1 ■ 1. It is therefore too small to increase the classical value apprcxnably and 
the bulk of the discrepancy remains. It is interesting t>o note in this con¬ 
nection that the width of the Compton modified line in the spectrum of scattered 
X-rays is on the old quantum theory attributed to the motion of the scattering 
electrons, and that the calculated width is much lei^ than the observed width. 
To explain the ac^tual width it is necessary to assume bigger velocities for the 
atomic electrons which would also increase the effect of the motion of the 
electrons on the straggling of p-particles. The factor in (29) which represent/S 
the effect of the motion of the electrons is, however, dependent on Q whilst 
the ratio of the observed <f> to the value of ^ given by Thomson’s formula is 
nearly constant {= 2*3) so that even if large velocities were postulated dis¬ 
crepancies would still remain. 

The classical theory thus fails to give a quantitative explanation of the 
straggling of ^-particles. It fails in a similar way to accoimt for the straggling 
of a-particles, and also other phenomena connected with the passage of electric 
particles through matter such as ionisation and stopping power. The new 
quantum theory has not been quantitatively applied to these problems. An 
outline of certain concepts regarding collisions which the writer has found 
helpful in understanding and classifying the various phenomena connected 
with the loss of energy by moving electric particles is given in the next section. 
It is hoped to give a fuller account elsewhere. 


* E. J. Williams, 'Manchoster Memoics/ vol 71, pp, 25-41 (1926); * Nature,’ vol. 
119, p. 489 (1927). This formula is also involved in an independent oaloulation by L. H. 
Thomas of the effect of the motion of the atomic electrons on the stopping power for 
«-partioles in ‘ Proo. Camb, Phil. Soo.,* vol. 28, p. 0 (19271, 
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§ 7. The Nature of the Collmom of a aod ^-parficles with Electrons. 

According to the theory which the writer proposes the collisions in which 
a moving electric particle loses energy to an atomic electron are of two distinct 
types. In the first type of collision only two bodies are essentially involved— 
tlie moving particle and the electron which acquires the energy. Any influence 
which the nucleus of the atom may have on the collision is incidental. This 
type of collision corresponds approximately to that conceived in classical 
theory. The second type of collision is one in which the whole atom is essentially 
iuv^olved. The nucleus plays an essential part and a collision of this tyjH^ 
cannot take place between an electric particle and a free electron. In this 
type of collision the momenta acquired by the nucleus and electron, respec¬ 
tively, are comparable in magnitude. This is so even though the energy 
ac(|uired by the electron is so large that the corresponding classical impact 
parameter is very much less than the electron-nucleus distance, under which 
conditions, on classical theory, the nucleus is too far away to be affected. The 
collision is thus not intelligible on classical theory. 

Owing to the part played by the nucleus the deflection of the moving particle 
in the second type of collision does not correspond to the momentum acquired 
by the electron. C. T. R. Wilson* made observations on the deflection of 
fi-particles caused by the production of ‘‘ branches and found that in 3(i 
per cent, of such collisions the deflection of the p-particle is less than a tenth 
of the deflection corresponding to the momentum of the branch. This is the 
most direct experimental evidence for the second type of collision. 

The two types of collision have a very close parallel in the processes of 
scattering and absorption of photons (radiation-quanta). Corresponding to 
the first type of collision is the Compton-effect which essentially is a two body 
collision between a photon and an electron. The second type of collision 
corresponds to the photoelectric absorption of a photon, which is a process 
that essentially involves the whole atom.f This correspondence between the 
effects of moving electric particles and photons is not inconsistent with the 
new quantum theory. In deriving on that theory the photoelectric and 
Compton effects of radiation no more is assumed about the radiation than its 
electromagnetic properties. The theory moreover makes no fundamental 

* ‘Hoy. Boo. Proc./ A, vol. 104, p. 203 (1923). 

t A photon poseeaaea no test mass and completely disappears in photoelectric 
absorption; this does not happen to an electric particle in the corresponding type 
of collision. 


2 H 2 
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(Iktinction between the perturbation of an atom by the electromagnetic field 
of radiation and the pfu-turbation produced by the electromagnetic field of a 
moving particle. The latter may therefore result in effects which funda¬ 
mentally are the same as the Compton and photoelectric effects of radiation, 

A preliminary consideration of the phenomena connected with the loss of 
energy by electric particles on the basis of the above ideas has lead to the follow¬ 
ing classification : - 

(1) The collisions chiefly concerned in the straggling, stopping power, and 
ionisation, for a- and p-particles, are of the Compton type. Their 
frequency and magnitude are roughly given by Thomson's classical 
theory, and more accurately by Bohr’s classical theory if we assume 
that all the energy loss given by Bohr’s formula is spent in ionising 
collisions.* 

(2) The photoelectric type of collision is responsible for some of the ‘ ‘ branch ’ ’ 

(jollisions which occur in the paths of p-part iclcs, and possibly for the 
excitation of the characteristic radiation of heavy elements by a- 
particles. 

Summary. 

The theoretical distribution of the losses of energy by ^-particles traversing 
thin foils is calculated. The classical theory gives the nhape of the observed 
distribution curves, but the absolute magnitude of the classical straggling is 
2«3 times less than the observed. This means that collisions in which a fast 
P-particIe loses energy of the order of a 1000 volts, are 2 • 3 times more frequent 
than is required by classical theory. A brief outline of certain new ideas 
concerning the nature of collisions is given. 

I wish to express my thanks to Sir Ernest Rutherford, Dr. C. D. Ellis and 
Mr. R. H. Fowler for the interest they have taken in this work. 

Appendix (1). —General Formula for Straggling. 

The average number of collisions of all kinds suffered by a p-partiole in 

traversing a foil is | ^ (Q) dQ. If this be denoted by m then the probability 

hi 

that a particle suffers n collisions is L The probability (E) dE 

that the energy lost in n collisions is between E and E -f dE is given by 

(E) = j (E^q) (q) dq, 

*** See Gatint, ‘ Proo. Camb. Phil, Soc„* vol 23, p. 732 (1927). 
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This is a reduction formula which determines ^„(E) in terms of (E). = ^). 

Therefore if P(E) dE is the total probability of a loss of enerf^y between E and 
E + dE 

P (E) = i (m" «-“/■«!) X ^..(E) + P,„ 

M I 

where Pq is zero for E 0 and is equal to for E = 0. This represents 
the straggling. In actual cases m is of the order of 1000 and an evaluation of 
the expression for P from this general formula is not practicable. 


Appendix {2). - Table of Valms of P on Classical The^>ry 
[^(Q) =: (27WJ*N«/wr2)/Q*J. 

X (loss of energy — A.T) -r (27CC*N</mt^); maximum at a; = 0 • 3; maximum 

ordinate = 1*25. 


X. i 

V{x) X \/ 2 tre . 

X, 

P(;r) X v/2trt:. 

--so 

i 

0-00 

2-6 

0-70 

- 2-5 

i 0-01 

3*0 

0-59 

*- 2-0 

008 

40 

0-42 


0-22 

5-0 

0-32 

- 1-2 

1 0-47 

6-0 

0-23 

- 0-8 

; 0-70 

7-0 

0-18 

- 0-4 

0-90 

1 8-0 

0-14 

0*0 

MS 

1 9-0 

0-11 

0*4 i 

1-24 

10-0 

0-093 

0-S i 

M 9 

20 

0-022 

1-0 ! 

M 5 

30 

0-0095 

1-4 

1-04 

40 

0-0060 

1*8 1 

0-92 

50 

0 0032 

2-2 i 

0-79 

100 

0-0008 
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The^ Amotint of Hydrogen and Oxygen, f resent on the Surface of a 

Metallic Electrode. 

By F. P. Bowben, International Research Fellow, Laboratory of Physical 

Chemistry, Cambridge. 

(Communicated by T. M. Lowry, F.R.8.—Received June 24, 1929.) 

In a previous communication* a study has been made of the potential changes 
which o6cur during the discharge of small quantities of electricity at metallic 
cathodes in an acid electrolyte. The electrode potential was, in general, more 
negative than the reversible hydrogen electrode, and it was found that over 
this range the potential change was a linear function of the quantity of elec¬ 
tricity passed. This quantity was very small, 6 x coulombs per square 
centimetre causing a change of 100 millivolts in the electrode potential at a 
mercury surface. This linear relation was found on all the metals investigated, 
but the quantity varied with the nature and condition of the surface, being 
greater the rougher the surface. Experiments with amalgams, and platinised 
mercury surfaces showed that this quantity was, to a first approximation, 
independent of the nature of the underlying metal and depended simply on the 
accessible area of its surface. It was suggested that this change in potential 
maybe regarded as due to the deposition of more hydrogen dipoles to the surface, 
or alternatively to a flux of electricity across the interface causing a further 
deformation of the hydrogen dipoles already present on the surface. 

Although the potential changes accompanying these additions to the surface 
have been studied, few measurements were made of the quantity of hydrogen 
initially present on the surface at the reversible hydrogen potential It was 
considered probable that this was approximately a monatomic layerf but it 
was of some interest to investigate this point. 

With most metals the problem is complicated by the passage of the metal 
ions into solution, the electrode potential at relatively positive potentials being 
controlled by this factor. It seemed possible that with a platimun electrode 
tliis would not occur ; the metal should act merely as an inert electrode erabling 
the gas to come into electrical equilibrium with the electroIji«. In this case 
the electrode potential should be controlled by the nature and quantity of the 
gas present on its surface. 

• Bowebn and Kideal, ‘ Roy. 8oc. Proc.,* A, vol. 120, p. 59 (192B). 
t Bowden, ‘ Nature,’ vol. 122, p. 647 (1926). 
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If a platinum electrode free from adsorbed hydrogen be immersed in a 
solution containing hydrogen ions, there should be a spontaneous deposition 
on the electrode, until the thermodynamic potential of the hydrogen is the 
same on the surface as in the electrolyte. This is of course true for all the com- 
ponents of the system. The quantity of hydrogen deposited is very small, and 
it is apparent that its measurement in this way is a matter of some difficulty. 
However, by removing the hydrogen olectrolytically from the surface and 
studying the electrode potential as it changes from that of hydrogen to that of 
oxygen, it is possible to measure the quantities Jissociated with the change. 
Similarly the quantity necessary to change the potential from that oT oxygen 
to that of hydrogen can be measured. It is apparent that during the time 
required for the potential change, gas can be lost from the suilace by evapora¬ 
tion or solution in the electrode or electrolyte. By controlling the experimental 
conditions and making the changes sufficiently rapid, these factors can be 
eliminated and a measure obtained of the quantity on the surface associated 
with this ]f>otential change. This paper is concerned with this measurement 
of quantity ; the rate of loss from the surface will be considered later. 

Affaralus. 

The apparatus for measuring the rapidly changing pottmtial of a single 
electrode as a small quantity of tdectricify is passed, has previously been 
described. It consists essentially of an Einthoven string galvanometer (period 
1/300 second), with a moving film camera to photograph the movement of the 
fibre. The current for polarising the electrode was supplied by a 100 volt 
battery of small accumulators and the small currents used were measured 
by a milliammeter and a unipivot micro-ammet<u\ The test electrode was a 
square centimetre of bright platinum foil. This was carefully cleaned in acids 
and flamed, and one aide coated with a thin layer of molten soda glass. On 
annealing and slowly cooling, this formed a protective insulating film over the 
back of the electrode. The cell used for the majority of the experiments is 
shown in fig. 1. 

The test electrode A was sealed into the bottom of a small glass cylinder B, 
the other electrode of the cell being a platinum wire sealed into the tube C. 
The current from this electrode was led into the top of the cylinder by two 
83ncxim6trical glass tubes D, the electrical resistance of which were equal so as 
to obtain uniform current density at the test electrode. The geometry of the 
apparatus prevented gas from the electrode at C diffusing into the cylinder. 
The potential of the test electrode was measured against the saturated calomel 
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electrode E or against a hydrogen electrode ; the latter consisted simply of a 
platinised platinum wire sealed into the side arm at F* 



The cell was filled with air-free electrolyte by means of the tube G. In the 
case of a hydrogen saturated electrolyte the solution was boiled out under 
reduced pressure and cooled in a hydrogen atmosphere. By means of a two- 
way tap on the storage flask, hydrogen was blown in through the tube G and 
out by H to displace air from the cell, and the electrolyte then admitted. An 
auxiliary anode I enabled the test electrode to be made cathodic as soon as it 
was wetted by the electrolyte. When the cell was filled and connection made 
with the main anode in C, this auxiliary electrode was disconnected. The 
electrolyte used throughout was N/5 sulphuric acid prepared from water 
redistilled in a silica still, and the sulphuric acid was purified by redistillation 
in pyrex glass. 

ExpetinmUal. 

It is apparent that in the time Interval during which hydrogen and oxygen 
are being electrochemically removed or deposited at the electrode, a spontaneous 
loss of both may occur from the surface. The most probable methods of removal 
are : solution in the electrode or electrolyte ; evaporation from the surface, 
probable as neutral molecules; and combination with one another to form 
water. The amount of this natural loss is a function of time, so that the total 
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quantity of electricity which must be passed to change the electrode potential 
from that of hydrogen to that of oxygen should be greater when this time 
interval is long. A number of preliminary experiments were carried out to 
investigate this. At low current densities when the tim(^ for the change was 
long the quantity passed was dependent on the current density, being greater 
the lower the current density. At high current densities, however, when the 
change occurred in a fraction of a second, the total quantity of electricity to 
cause the change reached a limiting minimum value which was then independent 
of further increases in the current density. This indicates that at this point 
there is no longer time for the natural loss from the surface by solution and 
evaporation to be appreciable. The measurements described below were made 
under these conditions of high current density. 

The experiments fall into two series : the first in solutions saturated with 
hydrogen, the second in solutions saturated with oxygen. 

Electrolyte Saturated with Hydrogen, 

The electrolyt(i was N /5 sulphuric acid freed from dissolved air and saturated 
with hydrogen. Several cases must be distinguished here and these are illus¬ 
trated in fig. 2. For the sake of brevity only one example of each case is plotted, 
but several determinations of each have been made imder widely varying con¬ 
ditions of current density and time of electrolysis. Provided the rate of 
deposition was sufficiently rapid, all these determinations w<u*e in substantial 
agreement. 

(1) Virgin Cathde. From Hydrogen to Oxygen. This is the case of an 
electrode which has been serving continuously as a i^athodt? in a solution 
saturated with hydrogen. Hence no oxygen is present. The polarising current 
is then suddenly reversed and the potential forced rapidly from that of hydrogen 
to that of oxygen. The rapid change in the electrode potential is followed by 
photographing the rapid movement of the galvanometer fibre. The behaviour 
is illustrated by Curve I, fig. 2. The abscissa represents the coulombs passed, 
and the ordinate the potential of the electrode against a saturated calomel 
electrode. The current in this case was 2 - 5 X 10^* amps, and the time required 
for the change about 0*1 seconds. The potential of the reversible hydrogen 
electrode on this scale is 0 • 3 volts. 

There is a rapid drop in the hydrogen overpotential (from — 0 * 6 to — 0 * 3 
volts). This requires 6 x 10*® coulombs or 2 X 10“® coulombs per 1(H) milli¬ 
volts, which agrees with the quantity found in previous work and which gives 
the area of the platinum as 3 * 3 times its apparent area. A considerabiy greater 
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quantity of electricity must then be passed to cause any: alteration, the 
potential changing linearly from — 0-3 volts to 4- 1'4 volts with a slight 


UJ 



Viu. 2. 


pause at the potential of + 0*37 volts. Actually the potential rises above 
+ 1*6 volts to+ 1*8 volts, but since the natural loss at this high 
overvoltage is comparable with the rate of deposition the graph is 
no longer linear over this latter portion. It is not plotted in fig. 2. 
The total quantity passed to cause this potential change from — 0*3 to + 1*6 
volts was 3 X lO'*® coulombs. 

(2) From Oxygen to Hydrogen .—^After holding the electrode anodic for a few 
seconds the current was then reversed, making the test electrode again the 
cathode. The behaviour is shown in Curve II. During the time taken for 
throwing over the switch the potential fell rapidly from + 1*9 volts to + 1*2 
volts ; at this point the current was reversed. The potential fell fairly rapidly 
to + 0*37 volts at which it remained constant while 7 x 10“* coulcmibs Were 
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pasetnL It then began to fall again linearly and after 2 * 4 x 10"® coulombs 
were passed bad reached the reversible hydrogen potential, at which it remained. 
Excluding the arrest at + 0 • 37 volts the number of coulombs passed to change 
the j)otential from oxygen to hydrogen w^as 3*2 x 10”®. 

Further experiments showed that the length of the arrest at + 0 * 37 volts 
depended on the time for which the electrode had )>een held anodic. If this 
were short then the arrest was also very short, whilst if the electrode were made 
anodic for several seconds the arrest was even longer than that shown in the 
figure. The quantities causing the change in the potential were, however, 
independent of this factor and of the current density. . 

(3) lifted Cathode, From Hydrogen to Oxygen. The behaviour of a (cathode 
which has been treated in this way, by being made alternately anodic and 
cathodic, differs in one or two interesting respects from a cathode which has 
never been made anodic. In the first place its activity for hydrogen deposition 
is greatly increased, high current densities causing very little overpotential. 
Secondly, on making it anodic the potential does not change immediately 
toward that of oxygen but remains at the iM^versible hydrogen potential for a 
considerable time and then changes in the normal way to that of oxygen. 
This behaviour is shown in Curve III. The length of this pause is dependent 
on the time for which the electrode has been made anodic and (jathwlic, but 
once the change has commenced, the quantity required to cause the change from 
hydrogen to oxygen is independent of these factors. The quantity found is 
3 X 10”® coulombs, which agrees with that found for a virgin cathode. 

The explanation of this pause at the reversible hydrogen potential probably 
lies in the increased activity of the cathode. With a normal cathode the rate 
of supply of electromotively active hydrogen from gas bubbles adhering to the 
surface is small, so that if the potential change is rapid the potential can be 
forced from that of hydrogen to that of oxygen even when large hydrogen 
bubbles are still adhering to the surface. With a very active surface which 
rapidly catalyses the formation of active hydrogen froui gaseous hydrogen, 
all the excess molecular hydrogen adhering to the surface must be 
used up before the potential can change. The experimental behaviour 
supports this view, a longer pause at the hydrogen potential occurring when the 
electrode has been made cathodic for a longer period. The reason for the 
increased activity of the cathode will be discussed later, 

(4) On Open CimiiY.*—When the test electrode is made cathodic and the 
circuit then opened, the potential changes to that of the reversible hydrogen 
electrode and remains there indefinitely. The behaviour when it has been made 
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anodic for a short interval and the circuit opened is shown in Curve IV, fig. 2, 
the numbers at the top of the graph denoting the time in seconds. The potential 
falls from +1-7 volts to that of the reversible hydrogen potential with a 
marked pause at -|-0-37 volts. The length of the arrest at 4-O'37 volts 
depends upon the time for which the electrode is made anodic. 


Table 1. 


Time tor which electivUe 
was made aiUKlic. 


Time for wluch witential 
pHUoed at 4" • 37 voUh. 


seconds. 

1 

2 

4 . 
10 


«ecotidfi. 

n 

15 

54) 


If the electrode is made anodic for i^everal minutes and the circuit then opened* 
the potential falls only slowly from the oxygen value and the general behaviour 
more nearly resembles that of an electrode in solutions saturated with oxygen. 


El'Cctrolyfe Saturated mth Ojnjgeiu 

(1) Virgin A t(Me, From Oxygen to Hydrogen ,—The electrode is made the 
anode in a solution saturated with oxygen, no hydrogen being present. Even 
at low current densities the oxygen overpotential on platinum is high. If the 
decomposition potential of water is taken as 1*02 volts, the potential of the 
reversible oxygen electrode in this electrolyte should be -f 0*92 volts on the 
saturated calomel scale. With a current of lO'"* amps, there is an overpotential 
of nearly 1 volt. The behaviour on reversing t}je current is shown in Curve I, 
fig. 3. The potential falls linearly and fairly rapidly to -f 0*9 volts and then 
more slowly to +0*37 volts. Here there is a long pause, after which the 
potential drops to that of the reversible hydrogen electrode. The initial 
portion of this curve + 1*8 to + 0-9 volts gives the quantity of electricity 
to establish the oxygen overpoteutial. This quantity is comparatively small 
and will be considered in more detail in a later section. 

The length of the pause at +0*37 volts depends upon the previous history 
of the electrode, being greater when it has been made anodic for long periods. 
Once the potential change begins, it drops comparatively rapidly to that of the 
hydrogen electrode. Excluding the arrest at +0*37 volts, 2*5 x 10'"* 
coulombs were passed to change the potential from oxygen to hydrogen. 
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Open Cirmf.~“For an anode in oxygen-satnrated solntions, the decay of 
potential on open circuit is very slow, taking many hours to fall from + 1*8 



to f 0*62 volt«. This is illustrated by Curve II, fig. 3. For convenience in 
comparing it with the other curves this is plotted on fig. 3, the ordinate again 
representing time. The period plotted corresponds to ca. 4 hours. The 
potential remains constant at +0*62 volts. If the anode has been subject to 
very prolonged electrolysis the decay is even slower, taking several days to fall, 
but in each case the equilibrium value reached is + 0*62 volts. 

In Curve 111, fig. 3, is shown the behaviour when the anode in this oxygen- 
saturated solution is made cathodic for a few seconds and the circuit then 
opened. The ordinate again represents time, the period in this case being 
30 seconds. It pauses for a few seconds at the reversible hydrogen potential 
and then rises to +0*62 volts, at which it remains constant. The length of 
the pause at the hydrogen potential depends upon the time for which the 
eleettFOde is made cathodic, and, as suggested in the previous section, probably 
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repreisentB the time required for the excess hydrogen on the surface to become 
exhausted and allow the potential to change toward that of oxygen. 

Curve IV, fig. 3, shows the behaviour when this electrode is again made 
anodic and the potential forced from + 0*62 to +1-8. The potential rises 
linearly and 2*1 x 10”^® coulombs are required for the change. 

IHscmsion of Results. 

It is seen that the potential of the platinum electrode changes from that of 
hydrogen to that of oxygen or vice versa on the passage of ca. 3 X 10“® 
coulombs per apparent square centimetre except for two arrests which occur 
at the potentials of + 0 • 62 and -f- 0 * 37 volts respectively. This quantity of 
3 X lO’’* coulombs is to a first approximation independent of the previous 
history of the electrode, and, provided the rate of deposition is sufficiently 
rapid, is inde|)endent of the current density. 

The length of the arrests, however, is dependent on the previous history of 
the electrode and becomes very long when the electrode has been made anodic 
for long periods. It is suggested that these arrests are due to the formation and 
solution of an oxide of platinum. The potential of +0*62 volts is the equili¬ 
brium potential of this oxide in solutions saturated with oxygen. The potential 
of 4' 0 * 37 volts is the potential of this oxide in solutions saturated with hydrogen 
and probably corresponds to the reduction potential of the oxide to give 
platinum and water. 

This would explain the behaviour of the potential in both oxygen and 
hydrogeii solutions. For example in Curve I, fig. 2, the electrode has been 
cathodic in solutions saturated with hydrogen and there is no oxygen nor 
oxide present. On making it anodic, hydrogen is removed from the surface 
and the potential rises rapidly toward that of oxygen. There is a slight arrest 
at the potential of 4* 0 • 37 volts which would on the above hypothesis corre¬ 
spond to the commencement of oxide formation. The formation of platinum 
oxide from adsorbed oxygen is, however, a comparatively slow process compared 
with the rate at which oxygen is being deposited, and the potential rises rapidly 
as the deposited oxygen accumulates on the surface. It is of interest to note 
that on making the cathode anodic the potential slightly overshoots the value 
of 4-0*37, returns to it and then rises rapidly to the oxygen potential. The 
arrest at this point is only short if the rate of deposition is rapid ; at low current 
densities when there is time for the oxide to form, the arrest is much more 
prolonged. 

The behaviour when the electrode has been made anodic for long periods is 
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ahown by Curves 11 and IV, fig, 2. In this case there has been time for the 
formation of a complete oxide film so that there is a long arrest while this is 
being removed before the potential can change toward that of hydrogen. As 
shown in Table I, the length of this pause depends on the time for which the 
electrode has been made anodic. In oxygen-saturated solutions the behaviour 
is similar, the equilibrium potential being 4- 0*62 volts except in the case 
where the potential is being forced toward that of hydrogen and the oxide 
removed, when it is again +0-37 volts. 

Expet iments with Oxidised Platinum. 

Further evidence for the existence of an oxide at these potentials was 
obtained l)y experiments with oxidised platinum foil. A piece of bright 
platinum was dipped into strong nitric acid and heated white hot, the process 
being repeated several times. On immersion in oxygen saturated electrolyte, 
the potential was constant at +0*62 volts. On immersion in hydrogen satu¬ 
rated electrolytic the potential was ca. + 0*38 volts and fell rapidly to — 0*3 
volts, the potential of the reversible hydrogen electrode. Measurements 
were also made with a platinum wire coated with a brown layer of oxide. 
This had been formed by burning platinum in oxygen at high temperatures 
and allowing the oxide to deposit on the wire. It had been found by chemical 
analysis to be PtO^.* In oxygen-saturated electrolyte the potential remained 
constant at +0*67 volts. In hydrogen-saturated electrolyte the potential 
remained steady for a long period at + 0*38 volts. 

These experiments indi(rate that the arrests observed are due to platinum 
dioxide PtOg which is formed when the electrode is made the anode. When the 
electrode was made anodic for several days and the cxirrent then reversed, the 
potential paused at + 0*37 volts while 20 X 10"*® coulombs were passed. 
This shows that after conditions of prolonged electrolysis there is sufficient 
oxide on the surface to form several molecular layers. 

It is to be expected that the alternate formation and reduction of this oxide 
would increase the activity of the electrode. This is foimd to be the case for 
both hydrogen and oxygen, the overpotential for a given current density being 
eonsiderably decreased by this treatment. This increased activity slowly 
diminishes with time. It is possible that the low rate at which platinum 
oatalyses the evolution of oxygen is in part due to this film of oxide, which 
under normal conditions is present on the surface. It suggests the possibility 

* Eideai and Wazubrough*Jon«M, * Roy* Soc, Pioc.,’ A, voL 123, p. 202 (1920). 
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of making an ac^tivo electrode by alternate oxidation and reduction which would 
function as a reversible oxygen electrode. 

At first thought it would appear that the reduction of an oxide film should 
cause a marked increase in the accessible area of the metal surface, but under 
the experimental conditions plotted in figs. 2 and 3 this is not the case. The 
time for which the electrode is made anodic is comparatively short so that the 
oxide layer is very thin, in many cases less than unimolecular; accordingly, 
the reduction of this to the metallic state can cause little change in the accessible 
area. It is only when the reduced metal atoms can form a loose network to 
a depth of many atoms that a marked increase in the accessible area can occur. 
The agreement between the quantity to change the potential from hydrogen 
to oxygen, when there is no oxide film to be reduced, with that required to 
change it from oxygen to hytirogen when oxide is reduced, indicates that the 
change in area is a second order effect. The catal)rtic activity can, however, 
be markedly increased by the oxidation and reduction of even a unimolecular 
layer. 

Qmntiiy of Ekxtr icily to Change Potential from Hydrogen to Oxygen. 

The photographs of the movement of the galvanometer fibre show that, 
excluding the arrest due to oxide formation, the change of potential from 
hydrogen to oxygen ot vke versa is practically linear with the quantity of 
electricity passed. The measured quantities associated with this change 
(exclusive of that due to oxide formation) are summarised in Table II. 


Table IL 


EJeotrodti. 

Direotiun. 

Holution. 

Current 

ump8. 

X 10“^. 

Quantity 

in 

coulombe. 

Virgin cathode 

Hydmgim to oxygen 

Saturated with hydi»gen 

27 

4 0 X 10-* 

y* 

»» M 

♦♦ ft 

120 

30 




308 

3-2 



>> 1 

303 

2-9 

j t 

Used oathode 

Oxygen to hydrogen 

* r 

2520 

420 

3-2 

2*7 

U»od anode 

j 

rs «f 

930 

2-5 

Virgin anode .... 
Uaed anode 

Hydrogen to oxygen 

Saturated with oxygen .. 

500 

500 

3’8 

3^0 

Used cathode 

ff «, ....1 

380 

2*5 




Mean 

3^0 


In spite of the varied experimental conditions the agreement is reasonably 
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good atid gives a mean value of 3 x 10““^ coulombs per apparent square centi¬ 
metre. 

By comparing the quantity of electricity necessary to cause a given change 
in the hydrogen overpotential with that required to cause the same change at 
a mercury surface the accessible area of the platinum electrode is estimated as 
3*3 times its apparent area. If, as indicated by experiment, the accessible 
area of the electrode is not greatly changed by being made anodic, the coulombs 
passed to cause the potential to change from that of hydrogen to that of 
oxygen is 9 X ID"** coulombs per square centimetre of accessible area. 

The various interpretations which can be placed on this change may be 
considered. In the first place it might be regarded as due to the charging of a 
simple condenser formed by the double layer between the electrode and the 
electrolyte, without reference to any particular mechanism. It is found that 
9 X 10“^ coulombs per square centimetre of accessible surface change the 
potential from *—0*3 volts to + 1*7 volts, i.c., a change of 2 volts. Since the 
capacity of the condenser r=s y/t? =3 kjiTtd the thickness d of the double Jayei 
can be calculated. Taking the dielectric capacity k of the double layer as 
unity the thickness required to give the observed capacity is ;= 1 *9 X 
cm. This value is improbable, since most considerations indicate that th(j 
thickness of the double layer is of atomic dimensions. If the dielectric medium 
were water having the same dielectric constant as water in bulk {k — 80), 
then d =5s 1 *6 X 10“*®. This is of the right order, but it is improbable that a 
unimoleoular layer of orientated water molecules would have the same di¬ 
electric constant as water in bulk. In view of the uncertainty on this point 
little reliance can be placed on this value for d. A more serious objection to 
this very simple view is that it disregards the chemical changes which are 
obviously occurring on the electrode surface. The exact mechanism of the 
gas electrode is still obscure, but it is almost certain that at a cathode where 
hydrogen ions are being discharged to form molecular hydrogen, there is 
hydrogen in some form adsorbed on the metal siirfaoe. Similarly at an anode 
where oxygen is being discharged, oxygen (or hydroxyll in some form is ad¬ 
sorbed on the surface. A simple assumption to make as to the quantity is 
that it is a monatomic layer in each case. This could bo packed on the metal 
in two ways, either as a complete envelope of gas atoms covering the surface 
and mutually touching one another, or alternatively as one gas atom adsorbed 
on each accessible metal atom. It was considered* that the latter method 
was the more probable. To change the potential from hydrogen to oxygen 

* * Nature,* loc, ciu 


2 I 


VOPk exxv,—A. 
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would necessitate the removal of this adsorbed hydrogen and its replacement 
by oxygen. If it is assumed that the adsorbed gas follows the metal packings 
this quantity can be calculated. Taking the diameter of a platinum atom as 
2*5 X lO"*® cms. (from the density), the number of hydrogens required to 
cover the metal surface is 1*6 X 10^®. To remove this number from the 
surface as hydrogen ions requires 2*7 X 10"* coulombs* To deposit an equi¬ 
valent number of oxygens requires 2 X 2-7 X 10“* coulombs, since oxygen is 
divalent; so that the total quantity required to change the potential on this 
view would be 8*1 X 10"* coulombs. If the gas were packed to form a 
complete envelope the quantity would be 16 X 10"* coulombs. The quantity 
found experimentally is 9 X 10"* coulombs, which is not sufficient for gas 
packing, but which is in good agreement with the quantity calculated on the 
asstimption that a gas atom* is adsorbed on or between each metal atom and 
that the potential change involves the displacement of the hydrogen by oxygen 
or vice verm. The linear form of the curves indicates that the transformation 
between these two processes is a gradual one, and at intermediate potentials 
it is probable that both are present on the surface. The rapidity with which 
the change is forced to take place makes this possible. 

There is some evidence from other sources that gas atoms adsorbed on a 
surface do not form a complete gas envelope but form a regular pattern on the 
lattice of the underlying surface. The work of Davisson and Germer on the 
diffraction of electrons indicated that gas adsorbed on a nickel surface followed 
the spacing of the nickel atoms.* Also Johusouf in a recent paper concludes 
that the adsorption of atomic hydrogen on glass reaches a saturation maximum 
when a complete surface layer is formed with a spacing between each hydrogen 
atom of ca. 1*6 X 10"® cms. 

Quantity of Electricity to Establish Oxygm OverpotentiaL 

The last section is concerned with the quantity of electricity to change the 
potential from hydrogen to oxygen. The quantity to establish the hydrogen 
overpotential at a metallic cathode in solutions saturated with hydrogen has 
been considered in a previous communication ; it is very small, ca. 6 X 10"^ 
coulombs per 100 millivolts. It is of some interest to measure the quantity 
necessary to establish the oxygen overpotential in solutions saturated with 
oxygen, and a number of measurements of this were made in a similar manner 

* Davisson and Germer, * Phya. Rev./ vol. 30, p, 705 (1027); see also Germer, * Z. 
Physik./ vol. 54, p. 408 (1929). 

■f Johnson, ‘ Roy. Soo. Proc./ A, vol, 23, p. <i03 (1929). 



Hydrogen and Oxygen on Barf ace of Metallic Electrode. 459 

to that uaed for hydrogen. Provided that the potential is not made more 
negative than the reversible oxygen potential, the amount found is the same 
both for the growth and forced decay of the overpotential, and the potential 
change is a linear function of the amoimt passed. 

The results of a number of experiments are summarised in the following 
table. 


Current. 

Method. 

Quantity o£ electrioity to oauae 
change of 100 miUivoitB. 

18 X 10-* 

1 

Growth 

4*6 X 10^* coulombs 

18 X 10-0 

Decay 

40 

3 X 10-* 

*» ' 

3B 

3 X 10-» 

»» 

3*0 

3 X 10-' 

Growth 

3*8 



Mean .... 3*8 x 10~* coulombs 


To cause the same change in the hydrogen overpotential on this same platinum 
electrode required 2 X 10“^^ coulombs; this gives a value for the accessible 
area of the platinum of 3*3 times its apparent area. If the accessible area of 
the electrode is not greatly changed on being made anodic, then in the case of 
of oxygen, 11 X lO"® coulombs per square centimetre of accessible surface are 
required to cause a change of 100 millivolts in the overpotential. If the 
potential change is due to the formation of orientated oxygen dipoles in a 
similar manner to that suggested for hydrogen, the moment of the oxygen dipole 
can be calculated. 11 X coulombs can deposit 6 X 10^® X 11 X 10“®/ 
2 X 96450 = 3-4 X lO^^ doublets. 

Since AE = 47cAn|x, J X 0-1 x 10“* 4 X t: X 3-4 x 10^3 X p., 

or p =! 7*8 X 10“^® e.s.u. 


Mechdnimi of the Potential Change. 

In this investigation of the potential changes which occur at an inert metal 
electrode in an acid electrolyte measurement is made of three quantities. The 
greatest of them is that required to change the potential from that of hydrogen 
to that of oxygen or vice versa. Provided the rate of deposition is sufficiently 
rapid this quantity is independent of the current density and of whether the 
electrolyte is saturated with hydrogen or oxygen. The magnitude of this 
quantity (9 X 10“^ coulombs per square centimetre of accessible area) and the 
general behaviour are consistent with the view that it involves the removal of 

2 I 2 
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a surface layer of one gas adsorbed on or between the metal atoms and its 
replacement by the other gas. 

The second quantity is that associated with the change in the potential of a 
platinum cathode in an electrolyte saturated with hydrogen, as it is made more 
negative than the reversible hydrogen electrode. This has been studied in 
some detail for a number of metallic cathodes. We are here dealing with a 
hydrogen overpotential, and, provided the potential is never made greatly 
more positive than the reversible hydrogen electrode, the potential changes 
linearly with the quantity of electricity passed whether the electrode is being 
charged or discharged. The quantity of electricity associated with this change 
is small; 6 X 10"^ coulombs per square centimetre of accessible area causing 
a change of 100 millivolts in the overpotential. 

The third quantity is that associated with the change in the potential of a 
platinum cathode in an electrolyte saturated with oxygen as it is made more 
positive than the reversible oxygen electrode. This corresponds to an oxygen 
overpotential, and it is again found that, provided the potential is not made 
greatly more negative than the reversible oxygen electrode, the potential 
changes linearly with the quantity of electricity passed whether the electrode 
is being charged or discharged. The quantity in this case is 11 X lO""® 
coulombs per square centimetre of accessible surface for a change of 100 milli¬ 
volts in the electrode potential. 

The suggestion is that the change of potential from hydrogen to oxygen 
involves the removal and the deposition of a layer of gas adsorbed on the 
acc^essible metal atoms in the electrode surface. In the forces existing at the 
metal surfaces this adsorbed gas is deformed, forming dipoles orientated on the 
surface, the potential difierence across the interface being controlled by the 
number and electric moment of these orientated dipoles. In the case of oxygen 
the orientation is with the positive end of the dipole towards the electrode, 
with hydrogen the orientation is reversed. Further changes in the potential, 
with the establishment of hydrogen or oxygen overpotential, are due to an 
increased deformation of these adsorbed dipoles with consequent increase in 
electric moment. Since the thickness of the double layer is of atomic dimen¬ 
sions a change of the potential difference between the electrode and the electro¬ 
lyte of 100 millivolts means a change in the electric field in the double layer of 
10^ to lO’^ volts cm,, and such a field is capable of producing the required 
deformation. 

The exact nature of the adsorbed gas and the structure of the diipoles is not 
known with certainty. In the case of hydrogen the hydrogen ion, whiGh is 
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almost certainly hydrated, gains an electron from the metal surface and is 
finally evolved as molecular hydrogen gas. The detailed mechanism is not 
certain and the dipoles on the surface could be hydrogen ions, atomic hydrogen 
or molecular hydrogen. A suggestion has been made for hydrogen that it 
consists of a doublet of positive and negative ions orientated at the surface, 
a change in the potential on passage of electricity being due to the deposition 
of more dipoles or to a further distortion of those already present. For oxygen 
a similar mechanism may hold, the positive end of the doublet in this case 
being orientated toward the electrode. The doublet can be formed by oxygen 
or hydroxyl ions or more simply by a deformed oxygen atom. 

It is of interest to note that when the test electrode has been made cathodic 
so that no oxygen is present on the surface and it is then made anodic, the 
potential rises linearly to a value considerably more positive than the reversible 
oxygen potential. This suggests that when deposition is very rapid many of 
the discharged ions are deformed, so that when the complete layer is established 
the potential corresponds to a considerable oxygen overpotential. 

Sumrmry arid Conclusion. 

A study has been made of the potential changes occurring at metallic 
electrodes in a dilute acid electrolyte as definite quantities of electricity are 
passed. Using a bright platinum electrode it is found that the quantity of 
electricity required to change the potential from that of hydrogen to that of 
oxygen or vice versa is 9 X 10“* coulombs per square centimetre of accessible 
surface, t.e., 9 X 10“^ gm. ions per square centimetre. Provided that the rate 
of deposition is rapid so that the loss by natural decay is inappreciable, this 
quantity is independent of the current density and the direction of the change. 
The quantity is in agreement with that calculated on the assumption that the 
potential change from that of oxygen to hydrogen involves the removal of an 
oxygen adsorbed on or between each accessible metal atom in the surface and 
its replacement by hydrogen. It is not sufficient to form a complete layer of 
gas atoms mutually in contact. 

The quantities necessary to cause further changes in the electrode potential 
and establish the hydrogen and oxygen overpotentials respectively have also 
been measured and are considerably smaller. For hydrogen overpotential 
it is 6 X 10“^ coulombs, for oxygen overpotential 11 X 10"*® coulombs per 
100 millivolts. 

it is considered that the adsorbed oxygens and hydrogens are distorted 
by the forces existing at the metal surface with the formation of orientated 
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dipoles, the potential difference across the interface being controlled by the 
number and electric moment of these dipoles. The further change which 
occur in the electrode potential with the establishment of oxygen or hydrogen 
overpotential are due to an increased deformation of these adsorbed dipoles 
with consequent increase in the electric moment. 

There is considerable evidence for the formation of a layer of platinum oxide 
on the surface of a platinum anode on which oxygen is being deposited. 

The formation and reduction of a unimolecular layer of platinum oxide on 
a platinum surface produces little change in its accessible area but causes a 
marked increase in its catalytic activity. 

It is with very great pleasure that I express my appreciation of the interest 
taken by Prof. T. M. Lowry, and my great indebtedness to Dr. E. K. Rideal 
for his valuable suggestions and stimulating encouragement, throughout the 
progress of this work. 


Infra-BM Imestigatiom of Molecular Structure. Part III .—The 
Molecule of Carbon Monoxide. 

By C. P. Snow (Keddy Fletcher-Warr Student) and E. K. Rideal. 

(Communicated by T. M. Lowry, F.R.8.—Received June 25, 1929.) 
h/Ufodmlion. 

Although the infra-red bands of carbon monoxide have been known for years, 
they have not yet been resolved. In 1913 Burmeister found, among the many 
doublets which he measured, one due to CO with its centre at 4*66 (Jt, and 
from the Rayleigh-Bjerrum separation an approximation to the moment of 
inertia was made. The harmonic at 2-35 (jl was observed by Brinsmade and 
Kemble in 1917 ; Schaefer and Thomas added a second harmonic, at 1*2 fx, 
to the known bands ; E. F. Ijowry in 1924 tried to analyse Burmeister’s doublet 
into the rotational fine structure which it must be supposed to have, but had 
no success.* 

* BuimmtJter, * Verb. d. D. Phys. Geg.,’ vol. 15, p. 589 (1913); Brinsmade and Kemble, 
* Proc. Nat. Aoad. Soi.,* vol. 3, p. 420 (1917); Schaefer and Thomag, ‘ Z. Physik/ vol. 12, 
p. 330 (1923); Lowry, ‘ J. Opt. Soc. Amer.,* vol. 8, p. 647 (1924). 
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There hae been some theoretical speculation based upon the scanty data of 
the vibration bands, Hettner* in 1920 showed the frequency relationships 
of the bands found by Burmeister and by Brinsmade and Kemble could be 
explained by the assumption that the 2 * 35 fx band was an overtone of the 
4*06 (X band (in the paper published later in the same year which is the 
foundation of om theoretical knowledge of vibration-rotation spectra, Krataserf 
did not include these frequencies as an example of the anharraony which ho was 
able to prove for other molecules). DennisonJ compared the observed 
intensity ratios with a ratio calculated from a very rough approximation. 
The molecule has generally been assumed HCl-like, but for confirmation theory 
had to wait upon experiment. 

In sharp contrast to the vibration-rotation bands, the electronic bands are 
known in much detail. The absence of multiplicity in some of the systems made 
their unravelling easier than in most molecules; hence there are now four 
band systems analysed and fitting into a consistent 8chemo§ 

2 sp—1 IS 
2iP—1 ^S 
1 8S--2 »P 
2iS^-^2iP. 

All the evidence shows that the ground state of the CO molecule is a 
completely normal state. 

This normality itself made the study of the vibration-rotation bands worth 
while, for clearly, on grounds of stability alone, almost all “ chemical mole¬ 
cules exist when unexcited in a state, A complete knowledge of the 
state in the simplest possible case of a diatomic molecule is therefore a step 
tow'ords the analysis of polyatomic “ chemical molecules. The one diatomic 
“ chemical ” molecule (NO) which is not normally in a ^8 state had already 
been worked on,ll and the fine structure of its band found to differ from that 
of the HCl bands, as was expected from the ®P (or odd electron) character of 
the ground state of NO, After this, the study of an HCl-like diatomic molecule 
was desirable as a test of theory. 

The fundamental at 4*663 |x has now been resolved ; the first overtone at 

♦ Hettner, ‘ Z. Phy«ik,Vol 1, p. 345 (1920). 

t Krataer, ‘ Z, Phyeik/ vol 3, p, 289 (1920). 

t Denuiscm, ‘ Phil Mag.,’ vol 1, p. 195 (1926). 

5 Birge, ‘ Phyg, Hev./ vol 28, p. 1157 (1926); Mulliken. * Phya. Rev.,’ vol 32, p, l86 
(1928); see also R. C. Johnson and Asundi, * Roy. Soo, Free,,’ A, vol 123, p. 660 (1929). 

il Snow, Rawlins and Rideal, * Roy. Soo. Proc,,’ A, vol 124, p. 463 (1929). 
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2*346 (X has been plotted and the P branch partly resolved, althoiigh the low 
dispersion of the grating (946 lines per centimetre) made complete analysis 
impossible. The second overtone was in such an unfavourable place for our 
instrument that it was considered that nothing would be gained by measuring 
it. 

Almost all the results obtained agree with those calculated for the vibration- 
rotation bands of a molecule in a state, acting os an anharmonic oscillator, 
and with the actual experimental values for the vibration frequency and 
constant of anharmony obtained from the electronic bands. And fiu*ther, 
the inferences from the vibration-rotation bands are self-consistent; it is 
possible to describe the positions of the lines in the R and P branches of the 
fundamental by an expression which involves other, and independent, measure¬ 
ments. 

It was mentioned in Part II that E. F. Lowry’s faihu*e to analyse the 
fundamental was probably caused by his working at one atmosphere pressure. 
Only indications of the fine structure were fomd upon our instrument at half 
an atmosphere, and those in the P branch, for the R branch is convergent. 
This convergence would have increased the improbability of Lowry’s success, 
made imlikely enough by the high pressure. As his work shows care and a well- 
made instrument, we have not made any readings upon the band at one 
atmosphere pressure. 

Experimmt^L 

Instrument .—One slight modification has been made in the spectrometer 
described in Part I* of this series. It became frequently necessary for the 
apparatus to be manipulated by a single observer, and so a method for rocking 
the observation tubes into position from a distance has been used. One of 
the slotted discs which carry the tubes is connected to a sprocket wheel by an 
endless chain which binds the disc firmly ; the wheel is mounted at one end 
of a stiff rod, 2 metres long, at the other end of which is a small rubber-tyred 
wheel. The rubber-tyred wheel is turned in order to rock the tubes. We are 
indebted to Mr. P. S. IL Henry, of this laboratory, for suggesting the device. 

It is now possible to control the tubes and shutter from the galvanometer 
stool, and it requires only two or three steps to set the grating. There are 
disadvantages in solitary experiments where so many visual readings have to 
be made, but, as all the work had to be done at night, and most of it after 
midnight, there was no alternative. 

Preparation of the Gas .—^The gas was made from a mixture of formic acid 
* Snow and Taylor, ‘ Roy. Soo. Prop.,’ A vol. 124, p. 442 (1929). 
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and concentrated sulphuric acid. It was washed through sodium hydroxide 
solution several times, and was kept over water. It was rim into the apparatus 
through drying tubes of phosphoric oxide in the way already described. 

Observcdiom ,—The method of reading the galvanometer used in Part II 
was again made necessary by the smallness of the deflections, although for 
the fundamental these were of the order of 25 mm. and for the overtone con¬ 
siderably larger (70 mm.). Unless deflections are 100 mm. or more, there 
seems no justification for an averaging process, and accordingly many readings 
were taken at each point until the observer was satisfied that all irrelevant 
effects had V>een excluded. Late on calm nights three undisturbed readings 
often gave identical deflections and these were taken as establishing a point; 
usually, however, at least eight readings were needed, and the work was slow 
and tiring. 

Before any readings were taken, the rock-salt end plates were taken out and 
polished, replaced, and the tubes tested for equality of transmission. Between 
4 ’ 4 (X and 4 • 8 (j, they transmitted equally to within 1 per cent, (actually no 
difference could be detected); but at 2*4 fx, the region of the overtone, the 
tube which throughout the experiment held the gas transmitted 4 per cent, 
more energy than the other. All the points where readings were to be taken 
were tested, and the 4 per cent, was found to be a constant difference throughout 
the region of the overtone. Accordingly, a linear correction was applie<l to 
the observed percentage in order to obtain the actual percentage absorption. 
The subsequent work then included :— 

(i) A detailed study of the fimdamental at 4*663 fx, with readings every 10 
seconds of arc over the whole extent of the band, except in the further members 
of the R branch, where convergence makes fine structure disappear. During 
this work the carbon monoxide w>is at a pressure of 11 cm. 

(ii) A similar study of the first overtone at 2*345 fi. In order that the 
absorption might be of reasonable intensity (10 to 20 per cent.), the pressure 
of the gas was increased to half an atmosphere. 

(iii) The intensity of the fundamental at half an atmosphere's pressure of 
the gas was measured for purposes of comparison. This could have been 
calculated from the result of (i) upon the assumption of Beer's law ; but it 
seemed preferable to do the experiment, as the margin of error in these intensity 
comparisons is small (see later). 

Results, 

Graphs: —Figs. 1 to 4 illustrate the sections of the experimental work. 
Fig. 1 is a representation of the fundamental of CO. Fig. 2 consists of straight 
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lines drawn through experimental points taken in the neighbourhood of the 
centre of the band, and is included in order to show the nature of the results 
when finally decided on ; both of these are derived from the readings of (i). 
The first harmonic, with its centre at 2*345 is drawn in fig. 3, again by 



IflT' 




WAVE NUMEEfli 

Fro. 1. 



Straight lines through experimental points, and fig. 4 is a rough sketch, upon a 
reduced scale, of the fundamental at half on atmosphere pressure. The 
observations (ii) and (iii) provided the material for these curves, 
/twdawentoi,—The fundamental (n" = 0 1, or w" === | ^ |) 

consists of R and P branches, and no Q branch. The centre of the band ia 
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at 2144*0 ±0*4 cni.“^ {4*663 p,). There are at least 30 members of the 

P branch, which shows definite divergence; convergence in the R branch is 
such that after the sixteenth member the separation is below the effective 
resolution of the instrument. 

Like NO and HCl fundamentals, the band has a higher maximum of intensity 
^ in the R branch than in the P, an ordinary Boltzmann distribution effect. 




Overtom .—The overtone (n" — 0 — 2, or h" — | — ^) has the 

same arrangement of the R and P branches, but without a Q branch. The 
centre of the band is at 4266 cm.“^ ± 1 cm."^ (2*346 ji). The P branch has 
been resolved, partially at least, but the low dispersion of the grating at 2*3 
has made it impossible to do more than to get indications of the fine structure 
of the convergent R branch. 

The intensity relationship of the R to P branch in the overtone is the same 
as in the fundamental. 
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hiterpretdtion of the Results* 

General Character of the Bands.—The vibration-rotation bands of CO may 
be regarded as a transition, and the character of the curves agrees 

perfectly with this. As the molecule is a typical diatomic molecule with all 
its outer electrons paired (i.c*, oj — 0) we should expect no Q branch ; and, 
as in the case of HCl, no sign of a Q branch was found in the fundamental or ^ 
in the overtone. We should also expect that there would be no missing lines ; 
and, in fact, no irregularity of any kind was observed near the centre of the 
band. Further, the energy of the rotator should l)e described by 

Er “ Bm {w + 1) 


to a first approximation,* where B has its usual spectroscopic significance of 
or in h/SizHc, and m is any integer. 

As will be shown later, this term enters into the complete expression for the 
anharmonic vibrator-rotator, and integral values of m describe the position 
of many of the rotation bands with exactness. 

An interesting comparison can be made with the NO fundamental (and with 
the NO overtone, lately found). In NO we are dealing with atransition, 
and accordingly, with Cf — If, a Q branch is probable ; it has been found experi¬ 
mentally that a Q branch is certainly present. For this molecule we have the 
same energy formula 

E,. = Bm (m + 1), 

♦ It is porhapH useful here to make clear the use of the formuUe for the energy of a 
rotator. The first important suggestion was Schwarzschild’s, 

Er Bm* where m had integral values. 

This formula was reconciled to the Selection Principle by Lenz and Heurlinger. The 
diffioulty of the missing line (1^0, not to be confused with the missing Q branch) in HCl 
led to the adoption of half integral values for m in the formula. 

With the help of the new mechanios Dennison found the expression for a rotator 

E,, Bm (m -f 1) 

whore for S molecules m has integral values and for P moieoules half integral vaJaes. 
Now Bm (m -f 1), where m is integral, difiers only from Bm* where m is half mtogral, by 
the negligible constant B/4; the representation of the ^8 HCl rotator as Bm* with half 
quantum numbers is therefore a very close approximation to the formula deduced with 
the help of quantum mechanics, (See Schwarzsohild, * Sitzb* preuss, Akad. voL I, 

p. 548 (1916); Unz, ‘ Verh. deut. physik, Oes./ vol. 21, p. 632 (1919); Heurlinger, ‘ Phys., 
Z.,; vol 20, p. 188 (1919); Dennison, * Phys. Kev./ vol 28, p, 318 (1926), ), 
t 0-1 i« the orbital angular momentum parallel to the axis of figure. The notation is 
fully described in MuUiken (toe. cff.), and referred to by Snow, Bawlins and Rideal (toe, cU.). 
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but m sbould have half integral values. The separations on each side of the 
Q branch are so small that with the present technique it would be unwarranted 
to make a pronouncement on the subject of the missing lines in NO, which 
would be expected theoretically ; but curious irregularities in intensity have 
been observed around the Q branch. Until the centre of the band has been 
re-examined with greater dispersion and high intensity of incident radiation, 
this point will have to remain doubtful. 

There is one result which also illustrates this difference between S—S and 
P—P transitions in vibration-rotation spectra. Working upon the comparatively 
large separations in the bands of methane, Cooley* found in each of the two 
fimdamentals a Q branch which apparently obliterated the two lines on either 
side of it (the first lines of the P and E branches). This beautiful observation 
suggests at once a P—P traaasition with the ordinary selection rules and 
cj = a, + ®nd seems to be the first recorded case of a missing line, as 

opposed to a missing branch, in vibration-rotation spectra. It must not be 
thought that the suggestion is made that CH 4 is a P molecule ; the molecule as 
a whole has such a marked resemblance to an inert gas that it must be thought 
of as in a state. What is suggested is the probability that particular vibra¬ 
tions may be looked upon as similar to P—P transitions in diatomic molecules. 
Even from these data it is not possible to give a positive answer to the question 
of the half integral formula, which remains nevertheless a theoretical 
necessity. 

The Molecular ComtarUs .—The convergence and divergence in the R and P 
branches of the fundamental make it necessary to use only the separations 
near the centre of the band for the calculation of the average moment of 
inertia of the unexcited molecule. The wave-number differences are :— 


1^-2 3-68 cm. 

1—r .. 7-32 „ 

. 3-68 „ 


The agreement flatters the technique. Actually, each reading on the band 
is separated from the next by 0*47 cm.-^, and therefore the separations are 
really only equal to the first place at best. The average 8 v »= 3*68 cm.“^. 
I and T are obtained in the usual way, and the agreement of the results with 

• ‘ Astrophys, J.,’ vol. 62, p. 78 (1925). See also Dennison, * Astrophys. J.,* vol. 62, 
p. 84 (1925). 
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those previously calculated from the unresolved doublets is brought out in 
the following table ;— 



Infra-red ' 

Burmeister's 

Lowry^s 

Olassioal separation 


fundamental 

doublet olassioal 

doublet classical 

of the overtone, 
Schaefer and Phillips.$ 


fine structure. 

separation. 

sejmratiou. 

I 

1-60 X 10-^ 

] -47 X 10-*» 

1-49 X 10-** 

1-48 X 10-** 

r 

■ M6 X 10*» 

1 ■ 147 X 10-* 

116x10-* 

1-149 X 10-* 


§ * Z. Phyuik,’ vol. 36, p. 390 (1926). 


The value 1*48 X 10has been generally accepted, and can be reconciled 
with most of the electronic data. Recent work by Asimdi*** suggests a smaller 
value, of the order of 1 *38 X 10“*®. In spite of the uncertainty of separations 
in bands as fine as these, it is most unlikely that the vibration-rotation bands 
can give this value ; the small separations, which make the fine structure so 
difficult to study, make the envelope a fair approach to the classical. This is 
shown by the results in the above table. The agreement of classical and 
quantum values when 8v is small is also shown very clearly in the work of 
Levin and Meyer on the vibration-rotation bands of hydrocarbons. As 
Asundi remarks, other criteria do not support the smaller value. The product 
of Iq and Wq, and the series relationships of intemuclear distances,'both require 
u value not smaller than 1-45 x 10“*® for and the same is true of all infra¬ 
red measurements so far made. Approximate values of Sv, and consequently 
of I and r, can also be deduced from the data upon the fine structure of the 
overtone, although the accuracy is probably not better than a wave-number. 
The actual figures are 

P(7)-^P(6) 

P(6)-*.p(5) 

P{5)-P(4) 

The average 8v is equal to the value for the fundamental within the limits of 
error. There is an observed, if slight, difference between the Sv’s of the HCl 
fundamental and overtone, caused by the more rapid coming into play of 
convergence in the overtone (see the energy expression later). The point has 
not yet been studied in detail, and is beyond verification at present for these 
small separations of CO. 

Further molecular constants follow directly fxom the positions of the centre 
♦ ‘ Roy. Soo. Proo.,’ A, vol. 124, p. 277 (1929). 


3*6 cm.“^ 
8*6 „ 
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of the fundamental and of the centre of the overtone. The vibration frequency 
of the fundamental is given by 

= 6)o(l — x), 

and that of the overtone by 

6)2 = 26 )q (1 — 2a;). 

If the experimental values of 6>i and c*> 2 , 2144 and 4266, are substituted, then 

U^qX = 11 , 

<Oo ^ 2165, 

The values deduced from the electronic bands are 

— 12*7, 

(Oo == 2166. 

Although the accuracy of these results from electronic bands is of a higher 
order than we can hope for, it is pleasing to find that the infra-red can make 
some attempt at a quantitative statement of the most important of the con¬ 
stants of the normal state of a molecule. Such assurance was needed if 
investigations of triatomic molecules were to be undertaken with any con¬ 
fidence, for in this field there is as yet no information from electronic bands 
to act as a standard. 

It should be noticed that, for the sake of consistency with the electronic 
figures, we assume the transitions n = 0 1 and r?, = 0 — 2 for 

fundamental and overtone. Half integral quantum numbers alter the value 
of o>o to Wo/(l “ ^)- There is no independent criterion to judge between the 
two values in the present inaccurate state of specific heat data. If the difficulty 
is borne in mind, there should be no confusion. 

The Potential Function of the Molecule ,—The constant a; is a measure of the 
anharmonic character of the vibrations, and from it we are led to a search for 
the potential function of the molecule considered as an anharmonic vibrator. 
Where the vibration is harmonic, E = wAtOg, and the potential function is 
V = Kir®.* We have E — wAcoq (1 — it is required to find the 

modification imposed upon the potential fimction. 

(1) In the most general case, the potential function is 

* This X (the finite displaoement of the nuclei) is not to be confused with the molecular 
oonstant. 
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when X is the variable describing the finite diaplaoememt of the nuclei, and baa 
no reference whatever to the x used above. For the hannonic vibration the 
corresponding expression is V = Ka:*. The constants K^, K j, Kj are character¬ 
istic of the particular potential function considered ; the numerical coefficients 
are merely for convenience of differentiation to the form 

'x = KiX 4- -j- Kjir®. 


By combining this function with the kinetic function T = Hettner was 
able to solve for x by the relations 

K.* , K,\A» 


— A cos 2T:cot + cos 47 tco< -{- 

6Ki 


(0 = |l 


24 


- IQK, 

. Ki 


9K 

K 


6Kja ^ 4K,/ 8 
^]} = «o(l — a^aah.) 


cos fiTCblf 


K»A« 

2Ki 


Kj = 47 i:®(xo>q® and A* = n/j/27r*{itOg, 


[to close approximations: A is the amplitude of vibration] and these two 
constants can be obtained without consideration of the positions of the band 
lines as convergence and divergence become effective, but for Kj and K 3 a 
complete knowledge of the fine structure is necessary. 

An interesting comparison can be made of the Kj of CO and of C — 0 in 
CO 2 . The figures are for these molecules:— 





Wo 


CO molecule .. 

C 

-0 

2155 

184 X 10* 

In COj . 

C 

-0 

2315 

161 X 10* 

In HCHO .... 

C 

-0 

1550 



calculated by Dennison 
(loe. cU.). 

from electronic bands, 
Henri and Schou."* 


El expresses the binding forces between the atoms, and is seen to vary from 
molecule to molecule. The modification of the force fields is a hitherto un¬ 
touched problem which must become of importance as soon as the theory of 
the polyatomic molecule is developed. HCHO is added to the list in the hope 
that information upon the K may soon be to hand from the work which has 
been reported from New York.t It clearly is a favourable case for the beginning 
of theoretical attack. 

(2) With a knowledge of the fine structure, the potential function can be 
completely expressed. The most convenient way is that due to Eratzer {loo. 


• Henri and Sohou, ‘ Z. Physik,’ vol. 49, p. 774 (1928). 
t Salant and Wert, ‘ Piiye, Rev.,’ vol. 88, p. 640 (1929). 
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who altered the form of the general function in such a way as to show the 
inter-ionic attractive (Coulomb) forces and repulsive forces of the kind shown 
below. 

For an anharmonic vibrator 


= - - (1 + ^ + + 
r \ r n 



where r is the distance between the nuclei. In the equilibrium position r 
Kratxer's transformation is effected by putting r/rQ = p, and ^ = p —1. Then 






We know that 

and also 



and because infinitely small amplitude of vibration corresponds to the frequency 


o)o, then 

(27rtOo)* -- 

That is, 


I 



1 im\ _ l_ 

(tfo* Up* “ fiV ■ fo 




and the constants oc, Cg, can be derived from the experimental data when the 
positions of many of the lines of the fine structure are known. This applica¬ 
tion was first carried out by Kratzer, using Imes’* results for HCH, and is now 
used upon the CO fundamental (see next section). 

It is easy to pass from the Kratzer function to the more general one, and to 
substitute K^, Kg from the constants Cg, Cg. It is necessary to put == r — r^, 
and we have 

V === JK^a^ + J + JKga;, ... 

* iKi (r - ro)* + iK* (f - r,)> + iK,(r - r„)«... 

Bince 

p = ro/r = iKiro*(p - 1)* + iK8ro»(p - 1)» + iKgf^Vp - 1)« 

Hence 

JK2»'o® = C. 

iKaV-C4. 

* ' Astrophy*. J.,| vol. fiO. p. 261 (1919). 

VOIi. OXXV.—A. 2 K 
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From the fine structiire it is thus possible to find Kj and Kj; from these 
constants the theoretical intensity, according to the oorrespondenoe principle, 
of fundamental and overtone can be calculated in a manner which was originally 
due to Dennison. This is done later. 

(3) A logical extension of foatzer’s type of potential function has recently 
become popular, and has the merits of simplicity and an obvious physical 
significance. It consists of writing the potential ftmction as two terms only, 
one of which represents the attractive forces and the other the repulsive. 
That is, 

V = + Ca/r"), 

p may usually be assumed to be equal to 1, and it is then easy from our value 
of (OyX to find q, for ** 

26)0^; ==== i (p - y)* + p + ? + 1) 

from which 

q 4, 

a very reasonable result for a quasi-polar molecule like CO. 

Knowing p and q, we can make an 
estimate of D,,, the dissociation energy 
per molecule, for 

27C6>o — VDopg/i 

l^or the same result may be obtained in 
the more xisual way froiji 

(0 ^ 

dti- JiC “ r® - ^ 

, 4«o» 

Found in tluB way D, the dissooiation 
energy per gm. moL, is equal to 11*2 
Tolts, in lair agreement with the 
eleotronic spectral quantity of 11 ± 0*5 
volt, or the chemical value of 11 volts. 
The possibility arises of expressing the 
potential function of the molecule 
graphically. In fig. 5 this is carried out; 
the upper curve is the potential function 
e^/r, representing the attractive forces, 
the Ipwer curve is the function 



Fm. a. 




Infra-Red Investigations of Molecular Structure. 475 


of the lepulsive forces, and their sum (the heavy curve) is the complete 
potential ftinotion of the CO molecule. The minimum is, of courae, the 
position of stability of the molecule, with = 1 • 16 A. The form of the 
curve gives a picture of the anharmonic nature of the vibrations. 


The Formula for the Band Idnes. 

(1) As soon as Imes had established the convergence in the R branch of 
hydrogen halides the simple Schwarzschild formula, with its equidistant lines, 
was not adequate for the vibration-rotation band of a diatomic molecule. 
From his potential function, already discussed, and the kinetic function 

where is a cyclic co-ordinate describing the rotational azimuth. 

Kratzer obtained the Hamilton Jacobi equation 


_1 

21 , 


where 




r, = loP. n == IqpV- 
We have the quantum conditionB 
= mA/27T = p 

nA = (j) ppdp 2IoE - 2IoV - ^ dp. 


If the value of the potential function is substituted in this, 

'/ 2 I.E. + ,, t+ ? - i [ 1 + + 2 ,^ 5 .+...) 4 . 

From this Kratzer obtained a general formula for the stationary states of a 
vibrator-rotator. The expression is 

EJJ, = Eo — »»*o„A -f KBq (f»* — m*u*), 

where 

ES = nAwo [1 -(l-l-K)ntt] 


a„ = I nw. 2Bo (1 -f 2c,). 

h _2B, 
2n V'loe*x/'‘o “0 ’ 
K = '/ca + K -f Vca** 


From the term and the term in m*, the convergence and divergence of 
the lines is expected; the terms were explained as caused by “ coupling ” 
between vibration and rotation. The Unes are defined by the difiterence 

2x2 
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between two such stationary states, and when, for the fundamental, 
«' 1 , n” = 0, and for the overtone, n' 2, n" = 0 , and when Am ± 1 

(for molecules, probably the only class for which the expression is strictly 
valid). Kratzer himself found the constants Oi and ag and from these a, Cg, 
C 4 , by using Imes’s values for two corresponding lines in the R and P branches, 
say M-n where 

<Vi - (E:. - + 

and 

c^m. ««•! — ES — (m — l)^a„ — {m i)Bo + — {m 1)*} Boii\ 

Then 

2 ES/A ^ [m« + (m ^ 

Thus from the positions of the two chosen corresponding lines, R ( wi) and P (m), 
a,j follows at once. If it is substituted in the formula for other liiiea R ( wi), 
P (m^), etc., it is possible to test the accuracy with which so obtained tita 
the general case. This was done with considerable success for the fundamental 
and overtone of HCl, and for the fundamentals of HBr and HF. When half 
integral quantum numbers were introduced in order to remove the difficulty 
of the missing line 1 > 0 , the data, theoretical and experimental, for the HCl 
bands were made consistent and complete ; and, as has been already mentioned, 
the replacement of m (m + 1 ) for mhas caused only the slightest readjustment. 

A similar method has been used upon the CO fundamental. In order to 
find by substitution, R (4) and P (4) were chosen, as the first lines where 
deviations from the unmodified Sr of 3-08 cm.'"^ are to be seen. The positions 
of these lines are :— 

R (4) ==2158-79 cm 


ie., 

where 


P (4) = 2129-14 cm.-i, 

S 4 - 2ES/A = 0-50 

= [m* — (m — 1)*] ai 

m = I 

ai = 0-016. 


The table below shows the wave-numbers of the remaining lines of the 
band and the comparison of so found with calculated by the use of 
= 0-016. 

When it is remembered that the interval between successive readings is 
0-46 to 0-48 cm^^ it will be seen that the agreement is usually within experi¬ 
mental error, except for the far members of the bands. Here there is increasing 
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MIe 

K. 

P. 

S«tp- 

Scale* 

3 ■ ! 

2 

1 

2U7-89 1 

2140-53 

4288-42 

4288-38 

5 : 

2 

2151-58 

2136-88 

4288-46 

4288-30 

1 

a 

2166-30 ! 

2133-21 

4288-51 

4288-13 

0 

2 

2158-79 

2129-14 

4287-93 

4287-93 

11 

2 

2162*25 

2126-30 

4287-56 

4287*62 

18 

2 

2166-64 

2121*50 

4287-14 

4287-20 

15 ' 

2 

2169-13 

2117-80 

4286-93 

4286-82 

17 

2' 

2172-69 

2113-86 

4286-64 

4286-33 

19 

2 ! 

2175-98 

2109-80 

4285-78 

4285-91 

21 j 

2 1 

1 

2179-27 

2106-75 

4285-02 

4286-22 

23 

2 

2182-50 

2101-75 

4284-25 

4284-10 

25 

2 

2185-70 

2097-65 

4283-35 

4283-81 

27 

2 

2188-79 

2093-50 

4282-20 

4282-91 

29 

2 

2191-59 

2089*46 

4281*04 

4282-04 

31 

2 

2194-41 

2086-40 

4279*81 

4281-20 

33 

2 

2196-76 

2080-96 

4277-71 

4280-10 


N(M ,—^The limit of accuracy of the exporiroontal ftgaree above ie, at the beat, confined to 
the firat place. 

difficulty in deciding on the position of the heads of bands, and the probable 
inaccuracy is higher. 

From other constants are at once available. Thus:— 

ai = ^«2B(l+2ca) 
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And 

and, since 


(I + K) M = = 11/2156, 80 that K » 1-84, 

K = Vcs + f Cj + Yos*. <5* = -0-77. 


The constant a cannot be obtained without a detailed knowledge of the fine 
structure of the overtone ; however, we can assume it to be of the order of 
O-OOl. Then the Kratzer potential function will be 


V = (27t(Oo)* (xro“(a + 1/p - l/2p* + 0-29- 0-77 + ...), 


where Wq, [i, Tq are known and a is very small. 
Since 

( 27 to)o)“ (ifo® Cs = iKj r„* 
= (2'n:wo)* 

and similarly 

JKg = (27 cwo)* p. Ct/r„K 


From the niunerical values of and Kg there is formd an expansion of the 
usual kind; 

V = - 92 X 10*r* -1- 15-6 X 10“a;8 - 30-5 x 10“ a:* + ... 


where ® = r — fg. 

(2) If the terms in powers of r higher than the first of the Kratzer function 
are added, then the coefficient of the sum may be taken as the Cg of the 
expression 

V = e* (Cj/r*’ + Cg/*^). 

A fairly close numerical approach to the representation of the 00 molecule is 

V- -g* 0 - 60 »-o \ 

(2rtG)o)® (jtrg* \r r* / ’ 

It is from these values of Cj. and c, that the graph of the components of the 
potential function included in the last section were obtained. 

But without any knowledge of and Cg it is now practicable to describe 
the positions of the band lines, from the molecular constants Og, x and B 
simply. This advance depends upon the formula for the energy states of a 
vibrator rotator 

E = (Og (1 — n») + B,»» (m + 1) [1 — (»» + !)]• 

When 

B, = Bg (1 — an) 

a ~ 2Bg (p + jl/cog. 
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The expression is a quantum mechanical modification of the Kratzer formula ; 
the resemblance in form will be revealed on examination. 

Because of its quantum mechanical basis, the expression needs whole munber 
values of m for a molecule. For convenience n is also regarded as integral, 
as the choice of the vibration quantum number does not affect the fine structure. 
Prom differences between two such states, where n' 1 in the upper and 
w" = 0 in the lower, and where m has integral values and changes only by 
± 1, positions of the lines in the E and P branches of the fundamental of CO 
can be found. These are tabulated below, and compared with experiment. 



B branoh. 

V branch. 


Calculated. 

Observed. 

Calculated. 

Obeerved. 

<*) 

2147-86 

2147-BO 

2140-53 

2140-53 

(-’) 

2151 46 

2151-58 

2136-82 

2136-88 

(3) 

2154-93 

2156-30 

2133-01 

2133-21 

(4) 

2158-49 

2158-79 

2129-22 

2129-14 

(6) 

2162>00 

2162-26 

2126-42 

2125-30 

(6) 

2166-47 

2165-64 

2121-59 

2121-50 

(7) 

2168-93 

2169-13 

2117-68 

2117-81 

(8) 

2172-33 

2172-69 

2113-76 

2113-85 

(») 

2175-70 

2175-98 

2109-82 

2109-80 

(10) 

2179-04 

2179-27 

2106-83 

2106-75 

(11) 

i 2182-31 

2182-50 

2101-81 

2101-75 

(12) 

2186-66 1 

2186-70 

2097-79 

2097-65 

(18) 

2188-87 ! 

2188-70 

2093-72 

2093-50 

(U) 

2191-97 

2191-69 

2089-57 

2089-45 

(1«) 

2194-93 

2194-41 

2085-42 

2085-40 

(16) 

2196-89 

2196-76 

2081-17 

2080*96 

(17) 

2199-12 

2198-74 

2070-87 

2076-45 


Apart from E (14) and P (17) when the bands have flat topped heads and 
Sv is accordingly difl&cult to measure, the correspondence of theory and 
experiment is remarkable. [See, however, note on page 477.] 

It would be interesting to test the expressions on an overtone (where n' = 2, 
3, . . .) for which quantitative wave-number positions could be determined, 
e.jr., HBr, where the size of the separations would make accurate work easy. 
There is no doubt that for CO the energy function, obtained as it is from inde¬ 
pendent data, gives a satisfactory aocoimt of experimental fact. 

There is the possibility of beginning from the experimentally-found lines, 
substituting in the expression, and either of fitting the constants (x, B,^, etc., 
or by a laborious algebraic transformation of arriving at the constants of the 
potential function. As the Kratzer method was available and had the merit 
of greater ease, this process was considered redundant. 
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Intmdty of Fundamental and Overtone. 

A method has been devised by Dennison {loc. cit.) for the theoretical com-* 
parison of the intensities of fundamental and overtone. He begins from the 
weD-known relation between the absorption coefficient a*, of a band o)*, and 
the Einstein probability coefficient Af from to the normal state 



where and gi are the a priori probabilities of the normal state and where K 
is independent of co^. Then, if is adopted as a measure of intensity, 

gi Jo 

It is necessary to approximate for | a^doi. When absorption bands of the 

same molecule (and due to a vibration of the electric moment in the same 
direction for the bands compared, as must be the case in a diatomic molecule) 
are compared, the integral may be replaced by the absorption coefficient at 
corresponding points, e.g,, the maxima of the bands, (a„)max or for P (m) or 
R (w) in each band, (a„) P (w) or {aj R (m). 

Dennison’s theoretical estimate of p^® depends upon the assumption of central 
forces acting upon the nuclei and defining their behaviour, an assumption 
which is only strictly true for diatomic molecules. If each nucleus is regarded 
as a centre of effective change, then the change in electric moment is directly 
proportional to the displacement of the nuclei. Thus, if is the amplitude 
of change of the electric moment, the following relation is given by the corre¬ 
spondence principle (and will only be completely valid for large quantum 
numbers) 

Af{h<o,)^gE,W 

and 

p.a ™ AoV<*> 4® “ (constant). 

The amplitude of the change of electric mmnent is taken in the upper state 
rather than in average value of the CO state in the transition. This, of course, 
introduces the usual kind of correspondence principle ambiguity. 
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where 


Using the constants of Hottner’s approximate solution of the energy equations 
we have, from the foregoing, 

Pi* “ A-o* o>0, 

(K2/6K1)* (iAf){ 2 c^,) === I {KJKd^Af coo, 

Ao* — A/27t*fxo>o, 

P.* nK,/Kx)*Ae^* 

For CO, K 2 and Ki have already been calculated, and follows from the mole¬ 
cular constants. Substitution gives 


%.e, 


p,VPi*-0-032. 

The measured ratio with which this is to be compared cornea from tht^ ratio 
of the absorption coefficients at corresponding points on the two bands. The 
choice of the corresponding points is not easy. Dennison took the maxima of 
the bands, but this may introduce a serious practical inaccuracy. Since 
= log (lo/It), and since Ij (for the fundamental) is in most of these com¬ 
parisons of the order of 5 to 10 per cent,, it is clear that a small error in will 
considerably influence the ratio Iq/T^, Even the most careful of intensity 
measurements could contain an error of 1 per cent, in an absorption of 95 per 
cent., and hence the for the maximum of the fundamental cannot be relied 
upon. In the table below the maxima of the P branches and also P (4), (5) 
(6) for each band are compared. 



Fundftinenta.1 
log lo/l(. 

Overtone 

log I,/I,. 

8 

(measured), 
Pi* 

p ! 

100/5*5 

100/86 

0*05 

P(3) 

100/10 

100/92 

0 037 

P(8) 

100/9 

100/92 

0*034 

P(«) 

100/10 

100/92*5 

0*035 


There is a marked improvement of the correspondence between theory and 
practice for the lower values of 

The measurements of absorption on which the above figures depend were 
made upon the same pressure of CO (i atmosphere) for both fundamental and 

Heoently a method has become available for the theorotioal comparison of intensities, 
based upon the quantum mechanical solution of a perturbed oscillator. For CO the 
ratio so obtained is rather smaller than that by the older method. 
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overtone. At this pressure the positions of the intensity maxima for the 
individual bands of the fine structure are very difficult to fix and the values 
are given only in an attempt to improve the practice of an interesting theoretical 
point. No greater faith can be put in the figures than to say that they are of 
the right order. It can be said that the values of the intensity of the fine 
structure bands, calculated from the fundamental at 11 cm. pressure by assum¬ 
ing Beer’s law, are in fair agreement with the observations. 

AUf^rmting IntensitieH, 

There are (iertain irregularities in the fine structure of the fundamental, 
notably R (4), R (5), R (6) and P (5) and P (6). Although at some points the 
variations in intensity suggest alternation, they are not part of a regular 
alternating S 3 ^tem, because, for example, P (5) is weak and P (7) is strong. 
Probably, as the variations are small (not more than 4 per cezit.) the effect is 
due merely to the occasional missing of a maximum in the breadth of the 
difference between observations. 

It is now certain that there cannot be regular alternating intensities in any 
bands save those due to a completely symmetrical molecule X 2 . The slight 
indications of alternation noticed in high numbers of the P and R branches of 
the NO fundamental must be caused by some similar instrumental reason; 
they were said at tlie time to be irregular and to be at the most of the order of 
4 per cent. The only definite case of marked alternation in vibration-rotation 
bands is given in Levin and Meyer’s* observation on acetylene and ethylene, 
when the symmetrical systems of CH-CH and are concerned. 


Smmmry. 

(1) The vibration-rotation band (n" ==: J n' “ of CO has been resolved 
completely. Its centre is at 2144 ±0*4 cmr\ it has no Q branch and the 
separations of lines converge on the side of higher frequency and diverge on the 
lower side. The overtone (w" = J n' = f) has been plotted, and partially 
resolved. 

(2) The general character of vibration-rotation bands carried by molecules 
is discussed, and the CO bands are shown to be consistent with the scheme. 

(3) The molecular constants deduced from the vibration-rotation bands are 
compared with those from the electronic bands. The values are :— 


* Levin and Meyer, J. Opt. Soi. Amer.,* voL 16, p. 137 (1928). 
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I 


Vibration-rotation. 

2165 

11 

1-50 X 10“3o 
M6 X 10“« 


Electronic. 
2166 
12-7 
No definite 
values as yet. 


(4) From the positions of the band lines, the constants of potential functions 
have been determined, and the data are found to give excellent concordance 
when the method first applied by £[ratz6r is used. Later, the constants of the 
general potential functions are included in a theoretical method for the deter¬ 
mination of the ratio of the intensities of overtone and fundamental; the value 
obtained is found to be quite near the ratio experimentally determined. 

(5) The potential function can also be expressed as 

V - (Cj/r + 

This result is represented graphically. Prom this basis it is possible to describe 
the band lines by an expression which contains only I, coq, and r, constants 
external to the convergence or divergence within the bands. The method 
successfully acrcounts for most of the experimental results upon the position 
of the band lines. 

(6) The question of alternating intensities is mentioned, and it is suggtjsted 
that the only vibration-rotation bands showing this effect are those of the 
symmetrical molecules of acetylene and ethylene. 

(7) The detailed character of the bands agrees so well with the theory of the 

diatomic molecule as to make it theoretically possible completely to describe 

the vibration-rotation bands of this type of molecule. 
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The Stnidtiire of the Band Spectrum of Helium ,—VL 

By Prof. W. E. Curtis, D.Sc., and A. Harvey, B.Sc., Armstrong College, 

Newcastle-upon-Tyne, 

(Communicated by T. H. Havelock, FTR.S,—Received July 10, 1929.) 

1, Introdtictory, 

Much progress in the analysis and interpretation of the helium band spectr\im 
has been made since the publication of Part V of this series about a year ago.* 
Nearly a hundred new branches have been identified, many of them relatively 
weak and arising from vibrational states of the molecule, and all derived from 
electronic levels belonging to known sequences. The most important develop¬ 
ment has been in cormection with the interpretation of these levels. It was 
pointed out by one of usf that the He 2 spectrum affords the first clear evidence 
of the existence of electronic levels additional to those characteristic of atoms, 
and suggestions as to a possible correlation of these with the predictions of 
Hund were put forward in V, Weizel independently arrived at the same con¬ 
clusion at about the same time, and has succeeded in accounting for all the known 
types of Hcg term on the basis of Hund^s theory.^ He has also given an ex¬ 
planation of certain peculiarities of the rotation term differences by postulating 
a change of coupling of the electronic orbital angular momentum. Dieke,§ 
working on similar lines, has accounted for the anomalous appearance and 
intensities of the branches of some of the bands. There have been several 
other publications, to which reference will be made later, giving details of a 
number of new bands and remeasurements of some already known. A brief 
resximc^ of the above results may help to make what follows more intelligible. 

2. The Eketrome Levels, 

The feature of Hand's theory which is of fundamental importance in the 
interpretation of the He^ spectrum is his deduction that the non-central field 
due to the two separated nuclei should give rise to term sequences additional 

* The proviouH papers of this series have appeared in these * Proceedings ’ as follows : 
I. vol. 101. p. 38 (1922); II, vol. 103, p. 315 (1923); III, vol. 108, p. 513 (1925): IV, vol. 
118, p. 157 (1928); V, vol. 121, p. 381 (1928). 

t ‘ Nature.* vol. 121, p. 907 (1928). 

t ‘ Z. Physik,’ vol. 51, p. 328 (1928); vol. 62, p. 176 (1928); vol 64, p. 321 (1929). 

§ ‘ Nature,* vol 123, p. 716 (1929). 
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to those familiar in atoms under the names S, P, D, etc. He concludes that 
the electronic orbital angular momentum (quantum number /) may be coupled 
to the inter-nuclear axis, so that a new quantum number (od appears which 
may have any integral value between 0 and Thus we should expect the 
three atomic levels S, P, D, to be resolved in the molecule into six, namely, 
[I = 0, a, =- 0); ttS [I 1. -= 0) and Ttll (/ == 1, a* -- 1); 8E (Z === 2, 

cT| 0); Sn {I == 2, (T; == 1) and 8A (I -- 2, == 2). The no^tion employed 

here is that of Dieke. A comparison with those of Mulliken and Weizel is 
given in Table I, the empirical system previously in use being also included. 
Weizel’s is too elaborate to be generally useful, but has the advantage of 
specifying the state of each of the four electrons of the molecule. The letters 
s, p, d represent the I values and o, tc, 8 the ci values of the individual electrons, 
whilst 2, n, A correspond to the resultant values of the whole electron system. 


Table I.—Comparison of Notations. 


Kmpiriool . 


S. .He, 

flL ,>He 


}\ .Ho, 

Mulliken . 

iSa 


•8** 

»pp 

Weizel . 


(l«o)*po. ^0* 2 


po®2 

(\so)^ pa, pn* Tl 

ibeko . 

o'2 

i 

1 


o»2 

1 I.*! i 

7T*n 

Empirical . 

z, ..Hc, 


/>Hc, j 

i 

I), „He, 

Mulliken . 

a^l> 

8pl> 


Weizel . 

(Ua)»p<r.c!a*a 

(l«o)*p< 

7 . d7r*n 


Dieko . 

B>S 

i 

8*n 

a 

8»a 


The X and Y levels have been shown by Weizel to be the b and a levels* 
of Sn, and are therefore bracketed together. The terms ortho and par which 
have previously been used to denote the two systems of helium bands may now 
be replocedf by the customary notation for triplet and singlet levels. All the 

* Lovek having j odd are here labelled a and those liaving j even 6, in accoidanoe with 
present usage. It should be noted that these designations differ in some oases fiom those 
employed in the previous papers of this series, 
t See Monk and Mulliken, * Nature,* vol. 124, p. 91 (1929). 
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S-type levels have only one set of rotation states (A, j odd). The rest have two 
distinct seta (A, j odd, and B, j even). 

One of the predicted levels, tiS, to which the empirical designation U has 
been attached, has not hitherto been observed. We believe that we have now 
identified this, and shall describe below a number of new bands having 2U as 
final level. This probably completes the electronic term scheme so far as the 
visible spectrum is concerned. But there are many striking peculiarities of 
the rotation terms which call for comment. 

In the earlier stages of this work, which concerned the S, P, and D levels, it 
was found that the rotation terms could be well represented by a formula of 
tlie typo F ( j) = Bj2 — j being half-integral. This os a rule held so 
accurately that it was possible to calculate a trustworthy value for the vibration 
frequency co from the constants B and p (to = 2\/B*/p). The levels which 
were subsequently discovered, and in particular the Z type, showed very pro- 
noimced deviations from this formula, especially for low j values, so that it 
was not found possible to calculate the terms. Moreover, the intensity dis¬ 
tribution between the branches was frequently very peculiar, and their inter¬ 
pretation diflBcult. Thus for example, Dieke, Takamine and Suga* denoted 
the three branches of the bands 3Y 2P by Q, R and S (S representing the 
transition + but purely on account of their appearance. The 

combination differences provided no justification for this, and it is now clear 
that they are actually P, Q and R of a somewhat exceptional type. Again, 
the same workers labelled the two branches which they found in Z P bands 
as P and Q, also on account of their appearance. In one case, however, 
3 “> 2 ^P, we had found traces of a third (P) branch which if genuine would 

point to Q and R as the true designations, and there is now no doubt, in view 
of the developments described below, that this is the correct view. 

The explanation of these and other anomalies was first given by Weizel. 
He showed that they result from a loosening of the coupling between the 
electronic orbital angular momentum and the inter-nuclear axis as the rotational 
angular momentum increases, whereby the former ceases to be strictly quantised 
with respect to the latter, and develops a mean component p (X hj2%) along the 
axis of rotation. The first term in the expression for the rotational energy 
then becomes B (Vj (j + 1) — a,® — as in the well-known Eramers-PauU 
formula, except that in this case p varies with^. This uncoupling effect should 
become more marked as j increases and also as n (the principal electronic 
quantum number) increases. The former factor accounts for the anomalous 
♦ ‘ Z. Fhysik,’ voL 49, p. 637 (1938). 
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course of some of the branches and the latter for the marked difference in 
appearance of certain bands belonging to the same electronic sequence. Weizel 
succeeded in obtaining on this basis a semi>quantitative explanation of the 
more striking peculiarities of the rotation terms, in particular of the behaviour 
of their second differences, and established the identification of empirical 
with theoretical terms sot out in Table I. 

Dieke has traced the uncoupling process somewhat further, to the stage at 
which / is coupled to the axis of rotation and there is a corresponding quantum 
number (p, an integer). He pointed out that the peculiar distribution of 
intensity between the branches of some of the bands could be accounted for, 
and assigned values of p which would be attained for complete uncoupling 
from the nuclear axis. He gave the following table showing the correlation of 
the terms in the two extreme cases. 


Table 11.—Classification of He^ Terms (Dieke). 



i 



) 

C^Be I . 

1 

« 


irll# 



8n„ 

8a. 


a 

0 

0 

1 

1 

0 

i 

1 

2 

2 

Case 11 . 

<^0 


Wo 


a. 

8. 

8. 


8_, 

s . 

0 

1 

0 

-1 

2 

1 

0 

-.1 

...-,2 

Empirical . 

s. 

.... 

p. 


Z 

X 

Y 

0 . 



The process of transition from Case I to Case II is particularly well exhibited 
in the group of terms for which I = 2, which Dieke calls a 8 complex. Thus 
forn — 3 Case I applies, at any rate when j is small, forn = 4 the transition 
has commenced, for n = 5 it is well advanced, and for w =: 6 practically 
completed, although in the last case data for the Y and D terms are lacking. 
The transition process is very clearly seen, and the p values are at once obvious, 
from an inspection of the rotation term differences for all the states of the He 2 
molecule. These are tabulated in Table III and discussed in the following 
section. 


3. The Sotation Term Differences. 

The helium bands consist of two distinct non-oombining systems, designated 
par and ortho by analogy with He, and probably also having singlet and triplet 
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fine structure. In each system the five tjrpes of electronic Jevel already men¬ 
tioned have been found, and the bands fall into two groups according to their 
final states. One of these terminates on the 2S level, with initial levels 3P, 
4.P, etc., and the other on the 2P level, with initial levels .38, 48, . . ., 3Z, 4Z, 

. . ., 3Xy, 4Xy.31), 4D, . . . The 28 and 2P levels arc thus common 

to a number of bands, and their rotation term differences are therefore well 
determined. The other differences tabulated are as a rule derived from one 
band only, but will usually be reliable to within a few tenths of a wave-number. 
The vibrational states have been left out of consideration entirely, since although 
a large number of the resulting bands have been observed they are compara¬ 
tively weak, and the data derived from them would consequently have been 
much less reliable and complete than that derived from the main (i.e. vibration¬ 
less) bands. 

The data have been drawn from so many sources, and such various methods 
have been applied to them for the extraction of the required differences, that 
it is impossible to give full details of their derivation. A few words of explana¬ 
tion may be useful, however. Whenever possible the differences have been 
obtained in the usual manner, by combining corresponding lines of the P and 
R branches. In an S -* P type band, for instance, 

P(i) = 8a0-1)-I‘»(;). and R(i) = S,0-t-l)-P,0), 

neglecting the electronic terms, which disappear in forming the differences. 

Hence A (j) for the S level = (j -f-1) — {j — 1) = R (y)— P (j) and 
A (j) for the Pj level = P^ (y -f- 1) — P» (y — 1) = R (y -|- 1) — P (y — 1). 
The Q branch is derived from the Pg level, thus :— 

Q0) = S,(y)-Pg(y), 

and to derive the Pg differences four lines must be combined, thus 
A (y) for Pg level = Q (y - 1) - Q (y + 1) + R (y) - P (y). 

Again, we may have only Q and R branches present, as in the Z -* P bands, 
where Q (y --1) = Z* (y - 1) — Pg (y — 1), and R (y) = Z, (y -f 1) — P»(y). In 
this case A (y) for the Zg level is given by R (y) — Q (y — 1) -f {P> (y)— Pg (J — 1)}, 
the difference in brackets being readily obtainable from the 8 -► P bands. 

Finally, there are several cases of single branches, as for example the R 
branch of 5 ’Z -*• 2 *P, where one set of differences involved is already known. 
The other can then be found exactly as described above for the Q branch of an 
S -»• P band. Differences derived in this way from one branch only are enclosed 
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in brackets in the table, and are naturally of somewhat less weight than those 
resulting from straightforward combination of two branches* Known blends 
and perturbations are denoted by *** and f respectively* The table contains 
all the term differences at present known, including those derived from the 
new bands described below. 

The chief conclusions which may be drawn from the data set out in the table 
below can be summarised as follows :— 

(1) In the same electronic sequence for a given value of ;/ the term differences 

tend towards a definite limiting value as n increases. This is reached fairly 
quickly in certain cases (e,g, S, Z) whilst in others the process is more 
gradual {e.g. D*,). In one case, D^, only two levels {n = 3 and 4) have been 

observed as yet, but the beginning of the same process is apparent. 

(2) So far as can be judged from the data at present available these limiting 
values are identical in all cases, although they are not in general associated 
with the same j values. They are os follows, the accuracy of estimation being 
probably a few tenths of a wave-number except for the last two - 

70-9 127-5 183*4 239-0 293-5 347*0 399*5 451 

(3) The jjHca and pHcj differences behave in exactly the same manner, 
although the data for the latter are much less complete. Both tend to stmsibly 
the same limiting values ; the initial values, however, are quite appreciably 
different, 

(4) The /s associated with the limiting values are not identical, but the 
ij p)’s »re, if the p's assigned by Dieke are used. For example, for the S 
levels the j's in question are 2, 4, 6, etc. This applies also to the and Y 
levels, and p 0 for all three. But for the X and Z levels the j's are 3, 5, 
7, . . . and 4, 6, 8, . . . respectively, and Dieke assigns p = 1 and 2 to these 
levels. The Df, and values are rather fragmentary but behave as they 
should if p — — T and —2 in agreement with Dieke. There is a discrepancy 
in the cose of P(>, for which he concludes p to be —L If this were so the 
differences should increase with n as in the case of the D^s, but actually they 
diminish, and the corresponding j values are one unit higher than thpse of the 
S levels. Both of these facts point to p = + 1, and this is supported by the 
behaviour of the new (U) level which we have found, and which behaves as 
though p “ — L - We have therefore interchanged Dieke’s p values for the 
P*, and U levels. 

The interpretation of these results is in the main quite simple. The general 
course of the differences is tp be attributed to the tendency mj and n increase 

VOL. CXXV.—A. 2 L 
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Table III.—Rotation Term Differences 


/ = 0 . 


p 

I'erui 

I ; -1 2 

8 i 

5 

0 

7 

8 

0 

10 n 

12 


2S 

75-80 

180*18 


190 ()H 


255-80 


818-60 

870-77 



72-20 

129-70 


186-79 


248-21 


298-78 

358-20 

0 

4B 

70-96 

128-19 


184*59 


240-71 


295-40 

340-24 


i 5S 

(70-98) 

127-98* 


188*70 


242-28 

t 

292-40 

347-97 


1 (JB 

70-88 

126-67 

t 

184-70 


289-69 


293-80 



i! = 1. 


t 

2Pfc 


101*08 


100*06 


217-55 


274-26 


329-98 





99*25 


156-68 


211-36 


266-44 


320-55 



4P^ 


97*35 


151-80 

t 

208*84 


261*66 


316-00 




t 

96-07 


150-29 


206*07 


258*84 


[312-541 


1 

ePh 


92-63 


146-19 


190-09 


1262-411 


305-09 



7Pt 


90-86 


143-07 


fl96-43l 


1250-181 


303-97 



8Pfc 


87-03 


189-83 


1108-051 






91»(, 


{84-80J 


{180-IB} 









lOPfr 


{85-89[ 











2P« 

73-34 


181-65 


180-54 


246-82 


303-24 


358-58 


8P. 

71-07 


128-69 


185 35 


241-32 


296-49 


350-57 


4P„ 

71-22 


127-99 


184-15 


l244-6t 

1288-10 

I t 

} 290-411 
1296-921 


348-80 

0 


70-77 


1120-021 
126‘481 

t 

1185-98 1 
1192-441 

1 

239-50 


204-14 


847-58 


ep. 

70-90 


127-91 


188-44 


239 * 11 


294-32 


346*93 


7P« 

70-92 


127-07 


188*66 


239-n 


293-58 


347*40 


8P„ 

70*70 


127*68 


183*49 


288-97 


293-67 


340*99 


9P. 

70-75 


127*86 


188*04 


238-85 






10P« 

71-12 


127-88 


183*95 


287-62 





.-1 

1 2(7 j 

41-11 

96-72 


150-04 


203-08 


256-72 


308-54 



i = 2. 



3/. 

(45-08) 

89-03 


188*49 


190-19 


242-44 


294-61 


4/.„ 

(26-64) 

77-42 


131-06 


185-27 


239-62 


298-41* 


5Z,. 


72-50* 


128*42 


180-77* 

t 

240-80* 


£03-48 



? 

71-40 


126-02 

t 

183-38 

238-90 


202-90 


3\\ 

92 U 


144-78 


197-26 


240-70 


801*69 


1 

4Xt. 

86-37* 


186-48* 


180-40 


242-62* 


296-86 



5X. 

75-32 


129-56 


184*48 


289-42 


298-65 



OXb 



126-96 


188-15 


288-85 


298-22 



iiW 

80-52? 

163-16 


210-42 


263-90 


315-20 


865-21 

0 

j 4Y, 

09-88 

162-41 


199-94 


248-54 


298-74 


860-i: 


1 5V. 

(78-69) 

(132-25) 


(184-88) 


(289-83) 


(293-55) 



-1 

30* 1 

105-42 


164-70 


2£8'01 


279-97 


335-69 


40* 

U2-69 


178-TO* 


281*89 


288-35 


342-93 



6in 

122-82 


180*87 


287*29 






-2 

30, 


135*63 


195-68 


264-78 


812-81 


869-44 


40„ 


149-87* 


216*85 


278*76 


886-76 


801-55 


The ineening o£ the symbols employed is as follows 

PlffereneM derived firom blends marked Valne* of ^ for which perturbations occur Indicated by f I th« two nclffhbour- 

Intt differences are equally displaced la opposite dlrcctkms. 

IHfft'tences derived from one branch only are enolosed In braokete or so described under *' derivation.'* 
i 1 from V branch only, {) from Q. { } from tt, 

1 I indicates that, the perturbed level Is apparently split Into two. 
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[F O’-f-D-FO'-l)] forces,. 


I = 0 


la u 15 la 17 18 Id 20 | 

BerW^ilon. 

420 00 481 05 534*03 

(40fl'38) 

(401'50) 

14UQ'031 

from " main aerlftn.*' 16^ 18 from tMro banda 

3 58-** 2 5? (Curttfl 1), [only— 

4 58-*. 2 5P<Curtl« I). 

6i8-*.2 5P (WBbfil), 

0 38-)^ 2 3U (Iinanliihi). 

l = 1 

884 rtl 487*98 489-02 540*13 

3T8*«3 425*41 473'81 

567*30 418*65 

f3$4*881 41602 402*75 

557 ■»! 408*50 

868*82 

Weighted meami from bands ending In 2 

*lMt, branches of ** main scries '* (Curtis III). 

412'74 406-59 516*98 ; 

408*40 466*33 | 

40106 462*10 

400*30 452*63 1 

300'85 1 

! 

i 

Weighted means from hands ending In 23pft. 

•Q branohes of *' main series ” (Curtis Ill). 

360*10 408*60 

Ideans from 58-> 2511. 18, if> from 4'38-> 25u only 
(Table IV). 

1 = 2 

346-23 806-85 446*25* 494 09* 

346*07* 403*40 t 480*41 

345*72 398*60? 449*70? 

340*40 809'39? 

1 R branches 1 
j Z-^iPbands'] 

r (Curtis). 

1 (Curtis). 

(Weiw,!). 

jWcixel). 

362*91 408*42 462*49 | 
348*44 399*80 450*07* 409*61 1 
347'10 

346*82 399*27 460*15 | 

3 5X->25P(Curti»). 

4 5X-** 2 5P means Bleke-Weiiel; 17,10 Welsel only 

5 5X-> 25P means from Q <fe R branches (Table V). 

63X'~*-23P „ „ „ (Dieke—see text). 

413*70 461*15 507*28 

. (401*21) (451*10) 

3iY-^2 3P<I)leke). 

4 SY-** 23P (Table V) ; 14 and 16 from Uleke, 

6 4Y~**2SP (Table V). 

380*60 441*06 

805*05 447*86 496-98 644*16* 

S31>*->23P (Curtis). 

4 31)4^ 2 5P (Bieke). 

63P4->a3p (Welael), 

424*07 

448*77 403-91 541*77 

8 5p*-a25P (Cnrtto). 

4 5Pfc-4.25P (pleke). 


2 I. 2 
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Table HI—(continued). Rotation term 


/ = 0 . 


t* 1 

Term 1 

1 


d 4 

5 

rt 7 

8 0 

10 

U 12 13 


as 

76*42 

137*64 


107*08 

258 ■ I i) 

316*97 

375*01 

' 0 

3K 

72*85 

(131*221 


187*42 

243*92 

299*84 

354*30 


48 

.I 

71*05 

127*45 


183-»H 

(239*75) 

(294*35) 







1. 





1 

2Vk 

Bi>h 

4P» 

5Pt 

6P* 

7Pfc 

SPb 

101*72 
99*06 
98*19 
96*46* 
95*03* 
92-37* 
91 im 


159*39 

156*01 

153*96 

152-05 

149*90* 

145*48** 

147*08 


216*46 
211*68 
208*95 
206*01 
208*12 
205-22* 
203 84 

273*10 
266*79 
263-92 
260*24 
257 * 57 
260*07* 
•{259* 87 j 

328*66 

320*45 

(317*201 

318*62 

311*21 


383-01 

1369*891 
366*68 
362*61 


2P<, 

73*06 

130*98 


188*70 


245*52 

301*66* 

356-84 



3P. 

71*24 

128*58 


184*82 


241*07 

296*02 

350-n 



4P« 

71*03 

127-93 


183*95 


230* mi 

294*36 

348*24 


0 

fiP. 


127*46 


183*92 


289*06* 

298*80* 

348*05 



6F. 

60*17* 

127*30 


188*66 


238*78 

204*05 

346-95 



7P« 

70*40* 

127*37 


183-66* 


239*80* 

298*29 

346*78 



«P. 

70*31 

127*65 


183*17 


239*19 

298*24 

346*37 


, 

'ZVi 





Not uls^ervfHi, 







“ i 

3 se.. 

6Z. j 

42*10 

86*60 

t 

186*80 

118*47 


189*10 

184*59 

247*95 

242*17 

289*09 


295 IS 
293*23 


• 1 

3Xh i 

90*80 


148*05 


195*44 


800*42* 


351*86 

9 i 

1 »Y* 1 

94-84 ? 

164*50 


2f)9*8l 


261*68 


.311 *68* 


361*27 



1 1 

107*16 


167*10 


226*86 


282*66 


388*58 


392*24 

-1 

4D». i 

(117*07) 


(177*61) 


(284*78) 


(200*98) 


(345*25) 


(89?*69) 


I 5D6 1 

(122*70) 


(182*04) 


(887*66) 


(202^56) 


(345*96) 


(398*15 

-2 

1 3D« j 


188*32 


199-50 


260 09 


319 *18 


376"^^ 


He, 

1 + 

7(1*0 

127-5 


183*4 


230*0 


293-6 


347*0 



The moAutng of the symltolw otiH>h)yetl ia as follows:— 

Dlffereuues derived from blends marked •. Values ol J for which pt‘rturbatlons orcur Indicated by t: the two neigh* 
bourlng dirtereuceB are equally displaced In opposite directions, 

Differences derived from one branch only arc enclosed In brackets or so described uuder " derivation.'* 

11 from T branch only, ( ) from Q, { } from T. 

) 1 Indicates that the perturbed level Is apparently split Into two. 
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Differences F (j + 1) - F (j - 1) for Jlt-g. 


I =0 


14 15 1ft 1 liftvivftUon. 

481 '8H Adoptod values^ “ main '* (Curtin lU), 12 atid U from 7 IT and ft 11*-> 218 (Welxel). 

[407‘4U1 ftlft->21P(I)iakc). 

1 4l8"^2tP(W«^^el). 


f- i 


4:m(K) 

Wclgliteii moiirut from bandtt ending In 2 (15,. 


1 i 

" (Curtis Ill). 

1 (Curtis iri). 

{4lO*ft3l 

1 l*H, bmiicheft o( 

i Wftiwsl). 


r “ aecond aerien " )1 

I (Welzel). 

(ImanUhl). 


J 1 

IfTinanlshl). 

410-ftft 

Weighted incHnn from bundn ondlng In 2115. 

*1 r (Curt!* 111). 

401 (11 

! 

1 (Curtis III). 

403>8] 

IQ branches of 

) (means, Curtis III and Weird). 

400*64 

( “ aeeond serle* ’’ 

1 j 

) (WeUel). 

1 (Imanlshl). 

898*45 1 

J ’ 

[ (Inmnishl). 

.Veit 0lmerV«Ml. j 




( = 2 

347*41 308*80 

846 398-fiO 

3lZ-> 2 IP. Means from Q and K branches (Curtis V and Dleke). 

61Z-^2iP(Dlckc). 

402*56 

3 XX2 ip means (Curtis V and IWoke). 

408*83* 1 

31Y*^21P (T)leke). 


3 iD(, *-► 2IP means (Ulekc and Weiael). 

4lDf, 21P (Curtis, Table V). 

.5 D* 21P (Dieke—see text). 


3iDrt*-> 2XP means (Dleke and Welsel); 1£, from 1 only. 


809 • 5 451 Mean eetimated limiting valuer. 
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t 

for the coupling of I to the nuclear axis to break down, and coupling to the 
rotation axis to be substituted. When this process is completed the effective 
value of is changed to j — p, and the differences will correspond to a lower 
or highery value according to whether p is positive or negative. The matter is 
to some extent complicated by a variation in the value of the moment of inertia 
with n to which part of the change in the differences is due. (Conversely, an 
increase in the differences is not necessarily due to a decrease in the moment of 
inertia, but may be due to the development of a negative p, and this is no doubt 
the explanation of tke apparently anomalous behaviour of the D terms which 
has been previously remarked (see IV^, p. 168, and V, p. 389). 

It is to be noted that the final (j — p) values for the terms themselves are 
odd (those given refer to the differences F (j + 1 ) — F (j — 1 )), corresponding 
to terms antisymmetric in the nuclei, which are the only ones theoretically 
possible. 

The limiting values of the term differences must evidently be those character¬ 
istic of the He 2 '^ ion, since they correspond to the complete removal of an 
electron ; they will naturally be identical for all sequences, and should be the 
same for and as observed, since the two systems differ only in the 
orientation of the spin of the optical electron. Weizel has foimd a similar 
approach to constancy in the vibration frequencies of the various sequences, 
so that we now have both vibrational and rotational constants for the 
ion. They are 

6 ) = 1628cm.““i, 7-105 cm.''!, I = 3-898 x 7 * 0 == 1-087A. 

Apart from the theoretical interest attaching to these regularities, they are 
of very great assistance in the further analysis of the spectrum. The majority 
of the lines still unallocated to bands are probably due either to higher levels 
of the known electronic sequences or to vibrational levels associated with known 
electronic levels. The latter type are readily identified from their similarity 
to the corresponding 0 0 bands, and from the existence of combination 

relationships. The former sometimes present difficulty because of the fading 
out of branches with increasing n. In the nZ-> 2 P bauds, for instance, the P 
branch is extremely weak for n 3 (^Heg) and has not been observed in any 
other case. For w = 4 the Q branch is much weaker than the R, and for 
n = 5 the former is only fragmentary. In yHeg only 3 Z 2 P has been identified. 
but Dieke, Imanishi and Takamine* give a single branch which fiiey designate 
6 2 ^P from its position and appearance. The identification cannot be 

* ‘ Z. Physik,’ vol. 54, p. 834 (1329)* 
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checked by combination differences, and they remark that the numeration is 
doubtful. We have derived a set of initial differences for this branch on the 
assumption that the final state is 2 and find that these fit into the table 
iq.v.) very well as 5 differences. Changing the numeration in either direction 
gives distinctly less satisfactory results. The designation and numeration of 
the branch may therefore be regarded as verified, and we have incorporated 
the 5 ^Z differences derived from it in Table III. 

In the same paper (p. 832) two associated branches apparently belonging to 
the 68 complex of ^Heg are tabulated, but not further identified. The^y are 
of P- and Q-form, and the combination differences show that the final states 
are 2P^ and 2?,^ respectively. The initial differences (see Table III under 
G ®X) are very close to the standard values and require that p should be either 
0 or + 1. In the former case the branches would be P and Q of the Y level, 
and in the latter Q and R of the X level. The question is easily settled by 
considering the intensity distribution in these two types of band. In the Y 
type the appearance of the branches is fairly normal, the P branch being the 
weakest; we have for example only been able to observe P(2) and P(4) in 
6 3Y 2 ®P. In the X type the P branch fades out as n increases, whilst the 
Q and R branches take on the appearance of P and Q branches, exactly as 
here. Further, the course of the branches corresponds closely with that to be 
expected for 6X, and not at all with the expected 6Y. We therefore identify 
the branches in question as the Q and R branches of 6 ®X 2 *P, 

Prom similar considerations we conclude that the branch designated 
5 2 T in the alK)ve paper is actually the Q branch of 5 2 ^P^. On 

the latter view, and on no other so far as we can see, a set of initial differences 
is obtained which full into place in the scheme. The second differences 
correspond well with those of 5 and the first line, Q (2) (not observed by 
I)., I., and T.) was predicted and found at 24044-95. It is a blend with Q(7) 
of the band labelled 5 > 2 ^P, where it is of abnormally high intensity. 

The absence of the P and R branches presents no difficulty, since the Q branch 
of 5 2 ^P sliould be the strongest, 

4 . Bawls having 2 *U as Final State. 

Merton and Pilley* gave the'first measurements of a band in the green (near 
X 6350) which is enhanced in the cathode glow of an uncondensed discharge 
as compared with the positive coluum of the condensed discharge. This. 


♦ * Roy. 8oc, Proc.,* A, voL 109, p. 267 (1926). 
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together with au associated baud at X 4960, was remeasured by Fujioka* 
and again by Imauishit using greater dispersion. Both workers agree 
that these two bands have a common final state ; the initial term differ¬ 
ences are also closely similar to one another, but Imanishi was able to show 
that they were not identical as Fujioka considered was possibly the case. None 
of the states involved were identified. 

The final term differences are quite unlike any previously observed, but the 
initial differences of X 6350 are evidently those of 5 The actual values 
are as follows 


AF from 

71<0 

127-74 

183-87 

242-38t 


292-60t 

360-06 

404-58 

457-56 

AF' from 5 2 

70 93 

127-98* 

183-76 

242-23t 


292•46t 

347-97 

400-93 

— 


The first five values are in good agreement, and the same perturbation ocews 
in both, so that the initial tf^rm of X 5350 must certainly be 5 *S. The last 
three do not agree, and the lines in question have probably been wrongly 
identified on account of the preceding perturbation. The obvioxw inference 
that the initial term of X 4950 may be 6 *S (which has not been observed) is 
confirmed by the agreement of the separation of corresponding lines of the two 
bands ( ^ 1486 cm.“^) with the calculated separation of 5 and 6 *S (1484 
From the known value (4713) of the electi’onic term 6 we obtain 
for the final term of the two bands 23396, corresponding to an effective quantum 
number 2 • 16. The principal quantum number of the final term is therefore 2, 
and since the missing term U would combine with S to give P and R branches 
as observed in these bands, it is natural to identify the final term with 20. 
This is confirmed by comparing the final differences with those of 2 It 
is found that the means of A{j+l) for 2 and A (y — 1) for 2 give 

practically the differences, as shown below 


j 2 4 6 8 10 12 

A(y + 1), 2P. 10098.160-00 217-55 274*26 329-98 384-61 

A(i™l), 2U. 41-10 95-65 149-96 203-65 266-79 308-66 

Means . 71-54 127-86 183-76 238-96 293-39 346-59 

A(i), He^'* . 70-9 127-6 183*4 239-0 294-6 347-0 


The theoretical significance of this relation is not obvious, but it is sufficiently 
striking to establish a close connection between 2 and 2 ’U and strongly 
* * Z. Physik,’ vol. 52. p. 667 (1928). 

t ‘ Sci. Pap. liwt. Phys. & Chem. Reei.,' Tokyo, No, 189, p. 237 (1020). 
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suggests that p is numerically equal iu the two cases but opposite in sign. 
That is to say, the new term 2 ®U may safely be identified with 27r®S for which 
p would be —1 for conipletfi uncoupling. 

The term 27r*II should also combine with the other S terms and with the X, 

Y, Z, and D ternis, and the resulting bands may in some cases be calculated 
from the lines of known bands. In the case of 4 > 2 ®U, for example, the 

bands 4 2 5 *8 2 and 5 ^8 > 2 are already known, so that for 

(jorresponding lines we have 

2 »U ™ 4 38 == (2 3U 6 »8) + (2 - 4 ^S) -- (2 »? --- 5 »S). 

We have found the following bauds by this method : 4 ^8 -> 2 (P and R 
branches), 4^2->2 311 (R branch, P not observed), 4 3X~^2 3U (Q branch) 
and 4 3Y ">2 3U (P branch, R not observed). The calculated and observed 
values are in good agreement, and the latter are set out in Table IV. 

Table IV. 

4 3S-^2»TJ. 4(T3S->2Tr3S. 


i- 


V branch. 


U branch. 

NoU^a. 

1. 

A(«ir)l.A, 

I'(vac.). 

T- 

A (air) I. A. 

p (VM*.). 

0 


' 


1 

6293-62 

16886-04 


2 

2 - 

0309-sa 

15843-89 

3* 

8I«> 

915-43 

* It (2) bland with 1*(W) 3 *Y 2 'P. 

4 

2 

19-68 

819-56 

i ^ i 


948-05 

a 

1 3- . 

28*20 

797-84 

3* 1 

65-10 

082 04 

• R (6) blend with P (2) 3 ‘Y 2 >P. 

8 

3 

35-86 

778-89 

' 2^- 

40-76 

18010-38 

10 

3 

42-33 

762*78 

3~* 

25-66 

058-16 

•11(10) blend with 11(15) 3>X -> 2‘P. 

12 

2 

47-6J 

749-67 

1 

09-94 

098-83 1 


]4 

IS 

1 

1 ! 

( 

1 

51-64 

64-51 

730-67 

732-69 

1- 

8193-64 

141-10 j 



4 3Z->23U. 


4S »S-^27r3I. 



I 

j P branch. 

1 B branch, | 

! . „ ... . _! 

i 

1. 

A (air) LA. 

v(vac.). ' 

1 

I. 

1 A (air) 1. A. 

v(viu'.). 1 

t 

^ 1 


i 



6126-88 

i 

10310-73 1 

2 


1 


’ 3- 1 

31-62 

304-47 { 

4 




3 

38-43 

286-64 1 

6 


Not 

obierveil 

3 

45-82 

267-34 j 

8 




■ 3-f 

62-67 

248-97 ' 

10 




: 2-^ 

58-98 

232-06 : 

12 

. 




14- 

64-70 

216-82 { 

1 . . 
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4»Y-*2»U. 


Table I V- (continued). 

4 3X->2 3U. 4S«n-*-2rt»£. 



P branch. i 

...._ ... ■ .i 

(J branch. j 

J' 

i 

A (air) I.A. 

p (vac.). 

i 

1 A (ftir) I.A. 

i/(va-c.). j 

2 

. 

6101*21 

16385*73 

2* 1 

1 6096*87 

.! 

16397-391 

4 ' 

2 ^ 

6099*70 1 

389*79 

2 

6100*72 

387*04 

6 

1 

98*83 

392*13 

1 2 

05*73 

373*61 

8 

2-- 

i 6100*27 

388*26 

i 2 

11*09 

359*24 

10 

I-- 

i 03*25 j 

380*25 

' 2 

16*28 

345*37 

12 

3^ 

i 06*49 

371*661 

i 1 

21*03 

332*69 

14 

2*~ 

j 10*13 ! 

f 

361*82 

i 1 

1 „. 

25*03 

322 03! 

1 


It 

branch. 


Not-OK. 


Q (2) blend with Q (9) 3 2 ^P. 


Not 

observed 


P (12) blond with Q (5) 3^ 1> 2 ^P. 

I P (14) blend with Q (2) 3‘ H -> 2 ^P. 


tbmbination Differences from above Bands, 2 ®U (j + 1) — 2 (j — 1)> 


Band. j 


3 j 

5 j 

7 

9 

11 

13 

1 

17 

Derivation, 

4*«->2*U 

41*15 

95*87 , 

150*21 ; 

203*76 

266*60 

308*49* 

.359-16 

408*60 


1 

K(; - 1) - ■ P(j -f 1). 

5 -i. 2 »U 

41*09 

96*69 

149*97 1 

203*73 

256*66 

308*52 

36M8 

412*42 

462*05 

H(f -- 1) - P(j + 1). 
R(f •*- 1).P(j -f 1). 

6»S~>2»U 

41*10 

95*60 

149*96 

203*67 

256-91 

308-60 

(301-61) 

412*47 

462*37 

4 2 HI 

41*90 

96*26 

160*36 

203*64 

256-53 

308-65 

— 

..... 

...... ^ 

Employing 4 ^ 'F# 

from tabic. 

4 2 »u 

— 

95*82 

150*07 

00 

c? 

o 

04 

256-55 

307-43* 

369-01** 


— 

Employing 4 *Y ^ ^F^ 
from taWe. 

4 2 3U 

— 1 

95*72** 

149*91* 

203*77 

258-49* 

308-64 

369-10 

— 

1 

Employing 4 *X ^Fa 
from table. 


fi »S -!^2 «U and i> *H - > 2 are from Imanishi'a measureraontg, and the differeneoa 13, 15, 17 are probably 
in error as noted in the text. 


We have calculated the bands 4 *D -> 2 ®U, 7 *S 2 *U and 6 *8 ->■ 2 *P, 
but only fragments of the first appear on our plates. With heavier exposures 
there should be no difiiculty in obtaining them. The band 3 ®S -* 2 ®U and 
the complex 3 -»■ 2 ®U will lie round about 10000 A.; we have observed some 

emission in this region, but the dispersion we used was not sufficient to deter¬ 
mine its nature, There should also be a series of bands » ®U -► 2 *S. These 
cannot be calculated, but a rough estimate of the position of 3 -► 2 *8 may 

be obtained from the effective quantvun number (2 • 16) of 2 *U and its probable 
change. That of 3®U may be taken as about 3*1, which would place 
3 *U-* 2 *8 round about X 4360. We have observed a band of structare rather 
like X 5350 in this region on an old plate the dispersion of which is too small 
to permit of analysis. 

As already remarked, the »S 2U series of bauds is enhanced in the cathode 
glow in comparison with the condensed discharge. The same is true of the 
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nS -*■ 2P series, so that it would appear that the conditions in the cathode 
glow favour the production of S states of the molecule. 

5. New Bards ha%in^ 2P as Fiml State. 

(a) ^P. This band consists of P, Q and R branches ; the Q behaves 

like that of 3 2 ®P in running to a head on the high frequency side, but 

reaches it earlier (about; = 9 instead of 13). Dieke, Imanishi and Takamine 
have recently published an analysis of this band with which we agree, except 
as regards the first P and Q lines. Our P (2) differs from theirs by 13*63 
but is supported by a Q (1) which gives the correct final combination difference, 
whereas they do not list a Q (1). Reference to the other knowji band with the 
same initial term, 4 2 ®U, would be expected to settle the question, but 

it happens that there are lines in positions corresponding to both interpretations. 
Theirs seems very unlikely, however, as it introduces a serious discontinuity 
into the P branch of this band whilst it is quite regular if our values are adopted. 

(h) 5 3Y“^>-2®P. The tendencies observed in the two preceding bands of 
tliis series have here progressed a stage further. Most of the strength is now 
in the Q branch, which turns still earlier, near^ == 5, so that one may expect 
that 6 ®Y • > 2 ®P will be virtually a single (Q) branch band degraded to the low 
frequency side. 

(c) 6 '"‘X 2 —Here the R branch is predominant but is practically of 

Q-form. The Q branch is of Pdorm and only a trace of the P branch remains. 
These features are seen to represent a further development of the charac¬ 
teristics of 3 2 ^P and 4 ^X 2 ^P, and are carried a stage further in 

6 ®X 2 ^P (see section 3). 

(d) 4 2 ^P.—The Q branch of this band is an obvious series just outside 

the R head of 3 ®P 2 (X 4660, first member of main series of doublets ”), 
but the P branch falls inside the latter and has only recently been identified. 
In comparison with 3 ->* 2 ^P the P branch is closing up (tending to Q type), 

the Q branch opening out (tending to R type) and the R branch beginning to 
fade out. These tendencies are exactly the reverse of those observed in the 
X ^ P series, as would be expected from the opposite sign of p in the two cases. 

We also analysed 3 -*► 2 ^P, but the results need not be given since they 

are in agreement with those of Weizel and Dieke subsequently published. 
We found that the Q branch, 3 “> 2 ^P^, tended towards a second head at 

the end of its course, and this led us to re-examine 3 ^D* 2 for which 

the existing data did not disclose this behaviour. We were able to extend 
this Q branch by three lines, and it then showed the same peculiarity. The new 
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lines are Q (14), (16) and (18), at the wave-numbers 17467'30 (blend), 17471*64 
and 17474-06 respectively. 


Table V. 

4»Y-*2®P. 48»n->2TC®n. 


j* 

V branch. 

Q bmiicii. 

R branch. 

1* 

A (l.A.) air 

V (vac.). 

1. 

A (I. A.) air. 

V (vac.). 


A (l.A.) air. 

V (vac.). 

1 




2 

4436-62 

22533-36 




2 

7* 

4442*32 

22504-44 




5 

4422-71 

22604*32 

a 




2-h 

31-36 

560-12 




4 

8 

42-78 

502*13 




S 

12-89 

664*55 

5 




8 

27-28 

580-92 




0 

6 

44*30 

494-45 




H 

05-14 

«94-41 

7 




10 

25-24 

691-32 




8 

2 

47-80 

476-77 




<t 

4399-14 

725-34 

9 




9 

24-93 

692-92 




10 

2-— 

52-84 

451 29 




4 

94*37 

750*03 

a 




8 

! 25*77 

688-63 




12 

0- 

59-06 

419-98 


1 


2 

90*49 

770*16 

13 




r> 

27*46 

679-98 




14 

0- 

65*70 

386*04 




1 

87*32 

786*59 

10 




5 

29*73 

668*43 




16 


(73-09] 

[349'<181 




0- 

84*76 

709*87 

17 




I 

32-57 

553*96 


1 



* P (2) blend with P(21) of 1 »1> -•* 2 •!’. 
[ ] from Woizfl, private eonmiunicatkm. 


5 8Y-2»r. 58»n^27t»n. 


j- 


P branch. 

Q branch. 


R branch. 

1, 

A (l.A.) air. 

p (va(!.). 

I, 

A (l.A.) air. 

p (vac.). 

1. 

A (1.A.) air. 

V (vac.). 

1 




2 

3981*92 

25100-46 




2 

1 

3986-55 

25077-26 




2 

3974-12 

25155*74 

3 




3 

81 *08 

m-71 




4 

0- 

90-34 

053-46 




2 

69-87 

185-62 

6 




4 

80*90 

112*31 




0 







If 

65*45 

210*72 

7 




4 

81*73 

107-65 




8 







1^ 

02-03 

232*49 

9 




i 34* 

82-02 

100-16 




10 







0*- 

58*98 

251*92 

11 




14* 

84*45 

090-47 
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Table V—(continued). 

5 3X-*2»P. 68*n->27c»n. 


i' 


P branch. 


Q branch. 

H brancli. 

I. ’ 

A (1. A.) air. 

1 V (vitc.). 

i 

I. 

1 

j A (l.A.) air. 

i 

»'(vac.). 

1. 

1 

A(l.A.)air.j 

y (vaq.). 

\ 

z 




0- 

i 1 

3Uh8-49 ! 

25005*10 

6 + » 

3983-84 

1 

25004-34 

3 

1 

3095*55 

25020-83 


i 


5 

83*51 

090*44 

5 i 

0 

4004-51 

i 

24064-82 

0 

02*75 j 

038-32 

5 + * 

83-84 ! 

004*34 

H 1 




1 

»7-«2 i 

007-81 


! j 


7 1 


14-17 

004-70 


1 

j 


4-|. 

84-05 1 

089*23 

8 




1 

4002-91 j 

24974-78 


i 


1) 







4 

85-83 [ 

081-83 

10 

i 

1 



1 

08*50 1 

930-94 


1 


U 

1 

1 ! 



i j 



87-33 I 

072*30 

12 


1 

t i 


0* 

14-37 ! 

003-40 


1 


13 


1 : 

i 


1 : 

1 1 


3-* 

80-13 ! 

001 *03 

14 


1 1 

L 

. 

i 0— 

1. 

20*45 i 

1. 1 

805-83 


. 

t 



* H (1) And H (5) coincide. 

K (13) blond with R (9) of 4 2 ^8. 

Q (12) blond with Q (5) of 5 */• > 2 


4iD-+2»P. 4S»A-»27tin. 


i* 

P branch. 


Q branch. 


R branch. 

I. 

A (l.A.) air. 

V (vac.). 

I. 

A(I.A.)»ir. 

V (va<-,). 

1. 

A (LA.) air. 

V (vac,). 

1 







2 

4615-18 

21661-66 

2 




2 

4G21-30 

21632-57 




3 







24- 

05-78 

705-86 

4 




4 

18-11 

647-92 




6 

2 

4633*78 

21574-74 




3 

4595-91 

752-46 

($ 




3 

14*25 

666-04 




7 

2 

36-U 

503-88 




4 

80*18 

798-65 

8 




4 

10*36 

684-36 




9 

5 

38-46 

552*08 







10 




2 

06-55 

702-24 




a 

2-. 

40*09 

642-58 

i 






12 

! 



2 1 

03*03 

718*83 




13 

2 

42*97 

532*00 

j 






14 




1 

4599*92 

733*61 




15 

14- 

46 04 

517*78 





1 

1 

1 



PC3) give* « combination difference 1 v out, but there i« no other line in the neighbourhood. 
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Table V- -(continued). 


Combination Differences from above Bands. 

(j+ !)-¥,"{j) 


Band. 

j-2 

1 

4 

0 

8 

10 

12 

14 

; 

16 

t Derivation. 

4 »y-*- 2 »i' 

44*20 

73*63 

103*09 

1 

132*42 

! 

101-40 

190*17 

218*16 

245*92 


6 2 »p 

44 03 

73 Cl 

103*07 

132*33 

161*45 

— 


— 

R(j)-QO + l)- 

6 2 »P 

i44*27 ! 

73*60 

103*06 

— 

' 



— 



44*00 

1 _ 

73*68 

103*12 

132*42 

161*42 

189*96 

(218*21) 

(245*78) 

Means from/^\-^2P. 




4»Y->2*P 

28*91* 

67*99 

1 86*47 

114-5.5 

141-63 

108*65 

1 

103-34 


5/Y-^ 2 »P 

29*21 

58*25! 

— 

— 

—, 

— 

-- 

...... 

5 2 'P 

29*24* 

S8 12 

' 86-53* 

114-45 

141*89 

168*93* 

195*20* 



29*37 

58-01 

86-60 

114-48 

141*90 

168*79 

194*54 



Q U - 1) - V ij). 
Q U f 1) - P 0)- 
K(j~ 1)-Q 0). 

Mean« fn>m V. 




4»lW2iP 

29*09 

57*94 

58*01 

86-44 

86-39 

114*29 

114*56 

142-30 

168-91 1 

1 

— 

— 

R(j-l)~QU). 

Sec note below. 





Fa''(/ + l)~F,(j) 

4 n)i-> 2 ip 

43*98 

1 

73-18 

73-22' 

102-18 

102-02 

131*38 

131*00 

159-76 
159-.57 

( 

|lS6-83 

1187-90 

215*73 

(215*59) 

— 

Q(j)-P0-1 1)- 

See note below. 


This 2 values given for oomi>arifion «ne from our analysis of 3 ^0->2 


6. Unidentified Bands. 

It will be seen from Table III that most of the He,, terms up to » = 5, and 
some beyond, have now been found. It seems probable that when the existing 
scheme is completed up to this point all the chief lines of the spectrum will 
have been accounted for. We propose to discuss briefly in this section some 
of the problems of analysis which remain to be solved. 

(a) The Complex of ,He 2 .—This comprises the bands having as initial 
states 4 'Z, 4 'X, 4 4 ‘Dj,, 4 and as final states 2 ; the wave-numbers 

of the origins should increase in the order given. Of these only the band 
4 2 has been identified (see Table V). Most of the others probably 
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fall amongst the very strong band 3®P-*-2’S (X4650) and its associated 
vibrational bands. We have searched the region very thoroughly and have 
found many pairs of lines giving the 2 combination differences. Some are 
no doubt accidental but a number are w^rtainly genuine; yet wo have not 
been able to arrange them as satisfactory branches. One attempt is given in 
Table VI. The final combination differences are reasonably good, but the 
branches are very irregular. 


Table VI. 



P branch. 

1 Q branch. 

R bi'anch. 

t 

1 

jA(air) l.A. 

V (vac.). 

I. 

1 

j A (air) l.A. 

j V (vac.) 

i 

I 

1 '• 

A (air) l.A. 

V (vac.), 

1 

1 


i 

i 

i 


i 

i 

i 

10* 

! 4025-43 

21613-67 

2 




4 

i 4031*71 

1 21584-27 




3 

2 

4614 14 

21540*43 



1 

1 

5 

1907 

043-33 

4 




4 

31*46 

j 585*41 




6 

' 5 

47*22 

512*25 


1 


3 

12*61 

073-67 

6 




8 

I 31*06 ; 

587*31 




7 

2 

5313 

484*90 




o 

04 45 

712*06 

8 


1 


6 

28*84 

597*64 





0 

57‘07 

406*70 




2* 

4595*88 

752*54 

10 




9* 

26*03 

610*77 




11 

2* 

GO‘51 

450*89 








• P(1I) blond with R(ll)of 

• Q(10) Wend with R(11) of .I 2 ».S. 

• R (1) blond with R (13) of 3 »P ->• 2 ’S. 

• R (9) blend with R (S) of 4 >1) -> 2 *P. 


Combination Differences from above Band. Final Differences, F" (j + 1) — F" (j — 1). 


j 1 

2 

1 

3 

4 

5 

1 ® 

7 

8 

9 

10 

Derivation. 

29-30 

(29-09) 

43*84 

43*98 

57*92 

58*01 

73-10 

73-22 

86*36 
86-39 j 

102*41 
102 02 

114-42 

114-50 

130*88 

131*00 

141- 77 

142- 30 

159*88 

159*57 

Q(i)-P(j + i). 
2‘P»(j)-2>Pa(I+l). 

1). 

2iP„(i)-2‘Pi(i+l). 


Initial Differences, F' (ji + 1) — F' (j — 1). 


102-9U 


l«l-42 


227-]« 


I 


1285-78 


I 


R(j) - PO)- 


The values given for oumparison are from our analysis of 3 'O 2 ‘P, 
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It is worthy of remark that apart from the band 4 2 the only strong 

lines in the region 2162()“90 look very like a branch, although the intervals are 
somewhat irregular.* This is possibly the Q branch of 4 2 but we 

can find no P or R branch associated with it. Again, a group of lines round 
21685 looks very like the expected R branch of 4^X -> 2 ^P^. It seems very 
probable that the difiiculty of analysis is due to the existence of large per¬ 
turbations in some at least of the initial terms. 

(6) The 6^ complex c/pHeg. This falls in the region 2370(>“2426() (XX 422(>- 
4120), and so far only the R branch of and the Q branch of 

rjiD^->2^Pi, have been identified. The P branch of the latter has been 
calculated, but does not appear on our plates, perhaps because they are too 
weak. The other expected branches and their appearance are as follows - 
5^X“>2^P, Q and R branches of P- and Q-form; 5’Y ->2^P, three normal 
branches, P being the weakest; 5 2 ^P, P branch of R-form. There ave 

thus six branches expected, two of each type, and this is precisely what has 
been observed, but the interpretation nevertheless presents some difficulties. 

The outstanding peculiarity of the six observed branches is that they com¬ 
pose two complete bands (designated 6 ^8^ and 5 2 by Dieke) precisely 

identical with one another and separated by about 10 cm.-^. Only one such 
band, 5^Y"->2*P, is to be expected, and we must first identify this before 
attempting an explanation of the other. The combination results indicate 
that the initial levels are odd and have p = 0, both characteristics of 5 ^Y, 
The only observable difference between the two bands is the lower intensity of 
the r branchf of 5 2 ^P relative to that of 6 2 ^P. It appears to 

be characteristic of the higher members of the Y 2P bands that the P branch 
is distinctly weaker than the Q and R, and we therefore take 5 ^8^ to be the 
6 ^Y level On this view there should be two lines, Q (1) and P (2), additional to 
those tabulated. If Q (I) is assumed to be a blend withQ (3). as is quite 
reasonable, there is an unallocated line at 24024*46 in the correct position for 
P(2), Also, the initial differences fit quite satisfactorily into the scheme as 

51Y. 

The difficulty with the other band, 2 ^P, is that if its three branches 

are genuinely associated as P, Q and R, p must be zero for the initial level, 
and there is no place in the scheme for this, which would be virtually an extra 
Y level But if the R branch is disregarded for the moment the P and Q can 

♦ 21626-37 (5), 48-34 (5+), 58*11 (4), 73-67 (3), 87*10 (4). 

t This was hardly meaBurable on our plates, but we had analysed the other five branches 
in exactly the same way as Dieke, Imanishi and Takamine. 
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be readily accounted for as the Q and E of 5 2 ^P, which would be expected 

to have just this appearance, and p = + 1 as required for the X level. The 
R branch which is left over may then be interpreted as the P branch of 
5 2 ^Pj, wlxich according to Dieke should probably be of R-form. The 

only serious objection to this scheme appears to be the improbability of the 
latter branch falling in such a position that it gives 2 ^P differences in com¬ 
bination with the Q and R branches of 5 ^X -> 2 ^P. This is very unlikely to 
be fortuitous ; it is more likely that there may be some thebretical reason 
for it, but we have none to propose. The parallelism of the pairs of branches 
presents no difficulty, since forn = 5 the initial terms may all be so close to the 
limiting values that this would naturally occur. For the same reason, 
and also because of the imcertainty as to the correctness of the interpretation, 
they have not been included in Table III. The observed branches are plotted 
in fig. 1, and the empirical and proposed designations are also indicated. 



Our proposed designations are giv^ at the end of each branch, and those of Dieke, 
Imankhi and Takamine at the side. 

(c) Branolm near X 3340.—During the measurements on the main 
series of doublets/* n*P-^2*8 (see III), three branches were noted which 
vot, oxxv.—A. 2 M 
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have not yet been interpreted. The approximate wave-numbens are as 
follows:— 


29913-75 (0) 
961-82 (1-) 
30007-27 (1+) 
050-09 (2—) 
091-44(2+) 
130-29 (2) 
167-66 (2-) 
202-66 ( 1 ) 


29898-69 (1) 
942-27 (1+) 
982-73(1) 
30021-09(0+) 
067-76 (0) 


30126-51 (0) 
164-79(0) 
177-69 (0) 
197-64 (0) 
211-69(0) 
221-67(0) 
227-60(0) 


The wave-numbers are greater than any of the known terms in this spectrum 
except 2 (34302) and 2 (31968), so that one of these two is probably the 

final term. The latter gives an initial effective quantum number of about 
8-0, but in view of the relative weakness of the pHe^ system this possibility 
may be ruled out. If 2 is the final term the initial effective quantum number 
would be about 6-0. This suggests 6 ®U as a possibility for the initial term, 
but we have not been able to establish this, or to find any relation between 
the branches. More accurate measurements on stronger plates are desirable. 

We wish to express our indebtedness to the Department of Scientific and 
Industrial Research for a grant which made this work possible. 


Summary. 

A comparison of all the Hej rotation term differences at present obtainable 
shows that in each electronic sequence they tend to a set of limiting values 
which are the same in all cases and which must be those characteristic of the 
Hej+ ion. These limiting values are identical for the ortho and par systems of 
bauds, and the molecular constants of He^'*' are calculated from them. The 
data also lead to a classification of the term sequences which is in agreement 
with that recently proposed by Dieke, and provide evidence which is of great 
assistance in the identification of hitherto unobserved terms. 

Eight new bands are described, four of which involve a type of level predicted 
by Hund but not previously recognised; with the discovery of this the 
theoretical term scheme is completed for ortho-He,. New interpretations, 
based upon the above regularities in the rotation differences, are proposed 
for several bands recorded by other workers, and some of the remaining problems 
of analysis are discussed. 
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A “Spinmuff Target X-Ray Generator'* and its Input Limit. 

By Alex MOllkr. 

(Communicated by Sir William Bragg, F.B.8.—Received July 16, 1929.) 

Introduction. 

It is desirable in many X-ray investigations that the specific intensity of the 
X-rays should be increased. By specific intensity is meant the amount of 
energy emitted in a second from the unit area of the focus in the X-ray genera¬ 
tor. A limit for the specific input is soon reached in an ordinary X-ray tube 
owing to the intense boating in the focus and the consequent deterioration of 
the target surface. How the limit of input depends upon the material, size 
of the focus and dimensions of the anticathode has be<m shown by the writer 
in a previous note.* 

The designers of X-ray tubes have already tried to avoid this limitation, 
and one of the methods suggested was to keep the target moving and so to 
carry the heat away from the spot where it is produced. 

This nxethod has never been used in practice for the following reasons. The 
designers have always tried to produce X-ray tubes of the sealed-off type, 
i.c., tubes in which the necejssary low pressure is permanent and no pumps are 
required. The cooling of such tubes is bound to rely at least to the greatest 
extent upon radiation, and this is a most serious drawback when a large energy 
input is applied such as is contemplated here. 

The situation alters at once if the restriction of the sealing-off is dropped, 
ior it is then possible not only to use this method of relative motion, but also 
to carry the heat away by the far more efficient water cooling. There are, of 
course, certain technical difficulties connected with the design of such an 
instrument, an obvious one is the maintenance of the low pressure inside the 
generator. This difficulty has proved to be not too serious owing to tb^ very 
efficient pumps which are nowadays available. 

Other difficulties may arise when the specific input is raised beyond certain 
limits. It may for instance be impossible to focus a very intense cathode 
ray beam into a small area, or even if the cathode rays could be concentrated 
the efficiency of the X-ray conversion may decrease. So far as the writer is 
aware there are no theoretical reasons why this should occur in the region of 

• ‘ Roy. Soc. Proo.,’ A, vaL 117, p, 30 (1027). 

^ H 2 
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energy densities dealt with here. In fact the experiments show that it is 
possible to produce considerably higher specific intensities than those which 
have hitherto been obtained. 

The. chief problem seems to be the heating of the target, and the object of 
this paper is to give an estimate of the extent to which the specific input can 
be raised when the focus is pro<luced on a moving target. The experimental 
details of a generator built on this principle and the results obtainable with 
such an apparatus will be described in a separate paper. 

General Remarks, 

At first sight it might be anticipated that a reduction of the thickness of the 
target would help. It has been shown in the previous note (lot, cit,) that such 
a reduction is impracticable. The results of the calculations given here are 
based on the assumption that the target is a sheet with a plane surface and 
infinite dimensions. The expressions for the limiting input do not therefore 
contain any parameters referring to the shape or size of the anticathode. 
From the short analysis in the Appendix to this paper it can be seen how the 
expressions for the input limit are obtained and how a limitation of the size 
of the target affects this limit. For a practical discussion these more general 
equations are of no interest. 

Definition of the Focus, 

The same analytical expression for the heat inflow in the focus will bo used 
as in the previous note 

INFLOW-. A.c-« ^ 

This equation expresses the fact that in the focus centre, i.e., r = 0, the inflow 
of heat reaches a maximum and drops rapidly for increasing distances from the 
focus centre. The radius of the focus is defined by the distance S at which the 
inflow drops to | of its maximum, 8 can be measured on pin hole photographs 
of the focus. The constants A and B have the following values :— 

A-= W.b2/7t82 B-ln2/8«. 

W is the total amount of heat per second which is flowing into the target. 
This quantity can be measured for instance by observing the temperature 
rise in the cooling water by a constant flow method. In2 is the natural log 
of 2* 
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The Maxifmim Inpid. 

Fot the sake of comparison we give first the expression for the maximum 
input when the target is at rest. This equation has already been given in the 
previous note (loc. cit,). 

(a) Target at Best — 

Wtnax. (rest) == 17*8 X (T — To) X K X S 

T == melting point of the target material in Centrigade. 

Tq == temperature of the cooling water in Centigrade. 

K = thermal conductivity at the melting point in gr,-cal sec."^ 
Centigrade”'^. 

8 “ radius of the focus spot in centimetres. 

Wuiajt. (rest) — maximum input in watts. 

Taking for an example a focus of 0*1 cm. diameter we find that Wmax. == 0*76 
kilowatt for a copper target. Experiment shows that this is approximately 
the input which under these conditions the anticathode will stand without 
melting, 

(b) Moving Target ,—^For the moving target it is found that; 

(moving) === 17*0 X (T — T^) X k X S X 8 . , v. 

p = density of the material in gr.-cm.””^. 

c = specific heat in gr.^cal gr,^^ Centigrade”"^. 

V — velocity of the target surface in cm. sec.”^. 

(moving) maximum input in watt. 

This expression can only be applied to the calculation of the input limit if 
the numerical value of the term under the square root is large compared with 
unity. This term is a pure number and has no dimensions. From the two 
equations we find for the ratio of the two maxima : 

Wn,,,. (movingj _ 17:0 a/s P£ 

Wm.*,(re8t) 17-8 k 'if 

Supposing for example that we want to increase the maximum energy 
density 10 times, i.e,, instead of Q'76 kilowatt we have 7*6 kilowatt with the 
moving target, the focus diameter and the material being the same as before; 
then pc/ic is approximately 1 for copper, 2S =0*1 cm. and ‘s/hpeviK = 10. 
Hence v is about 2000 cm. sec."^ Such a velocity can be easily obtained in 
a meohanioal system. A point at the periphery of a disc of say 15 cm. diameter 
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moves with this velocity if the disc makes approximately 2500 revolutions per 
minute, and a generator fitted with such a moving target will give the required 
result. 

There is, however, a point which has to be borne in mind. It was assumed 
in the calculations that an infinite sheet moves with the velocity v. In the 
case of a revolving disc any point which is at a given time in the focus will 
return there after one revolution, i.e., will be subjected to a periodic heating, 
whereas the calculations are based on a non-periodic process. The calculations 
are nevertheless valid provided it can be shown that the temperature of any 
such point drops to a small value before it is again subjected to the cathode 
ray bombardment. An approximate calculation shows that this actually 
happens with the spinning copper disc mentioned in the foregoing example. 

The calculation is made as follows. We take a temperature distribution 
such as is actually obtained when the generator is working, and at a given 
time shut the cathode rays oil. From this time onward we calculate the 
temperature T< at the point which when t 0 is in the focus centre. The 
calculation gives : 

In the foregoing example where 28 0-1 cm., pc/#c 1 

T, - To - (Tn,ax. - To)/(l + 460 . i), 

i.e,, in 1/50 of a second the temperature in the focus drops to 1/10 of its 
maximum. During this time the disc has made 0*8 of a revolution* This 
means that we are entitled to use the theoretical expression for calculating the 
maximum input in this case. 

An X-ray generator with a rotating anticathode has been built and the 
results obtained so for are quite satisfactory. The details of the design will 
be described, and the results obtained will be given in a separate paper. A 
short analysis of the necessary calculations is given in the Appendix, 

In conclusion the writer wishes to thank Sit William Bragg for the interest he 
has taken in this work. 

Appendix* 

For the sake of comparison the maximum input is first calculated when the 
target is at rest. We assume first that the target is a rectangular block of 
finite dimensions* At the end we make the transition to an infinite sheet. 
A similepr calculation has been done before for a target with cylindrical boundaries 
(loc. cit.). 
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( 1 ) 


Spinning Tm'get X~Ray Generator. 

(a) Anticathode at Rest .—The following problem has to be solved: 

am 

for x = ±a, ; 


for y = ±b, = 0 ; 


for 2 = 0, 
for 2 = 1, 


0T 

y 

T = T„; 
0T 




A. ; 


A = Wln2/Tt8* B = ln2/8*. 



We put 

(2) T — To = S S . cos TT — . cos 7t ^. sinh c „„2 + a .z, 

11 a 0 

w = l, 2, 3, ..., n = ],2, 3, .... 
in order to satisfy (1) we must have 

c„m ~ TT V m^/a* + «*/**• 

3T 

If a and b are large compared with 8, then x - is practically zero when 

» = a or y = 6. We have therefore : 

CO eo 

(3) 5 = — SSo,« „ . cos (mit), cos (nir) /cosh (c,J). 

11 

and 

0X <0 oo f fHX flU 1 

(4) /c*-- SSo„*.c„„.cosh (c,„„l). {oosTt — .cos.it-/ —coeitw.cosiwl 

dZ(,»i) 11 Kao J 

= Ae-B<*'+»‘>. 
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5L2 

From (4) we find 

— ^ exp [—■ + n^/6^)/B] 

“ B * K. a . 6 ’ . cosh (c„«/) 

This combined with (2) and (3) gives the complete solution of the problem. 
The temperature in the focus is : 

T/ - To - 4 . is exp [- (m*/a* + »*/6®)/B] 

B KOO 1 1 

X {tanh i. cos nm , cos itn). 

By the same process which has been given in the previous paper we find for 
an infinite sheet ? ^ a — 6 — oo i/a . 6 — 0, 

T -^T 


(W measured in gr,-cal, sec.) or if T is the melting temperature of the target 
material and Wn^^x. (rest) the maximum input now expressed in watts : 


X. (rest) 


0 - 2389^10 2 


.(T-To).ic.S, 


which is tlie formula given in the first part of the paper. 

(6) Moving Aniioathode .—The rigorous solution for a revolving disc of finite 
dimensions woiild be difficult to obtain. For our purpose it is quite sufficient 
to assume that the target is a moving rectangular strip. The expression given 
in the first part of this paper will then be obtained by extending the boundaries 
to infinity. 


z 



Fia. 2. 






Spinning Target X-Ray Generator. 


513 


We have to solve the following problem: 


(5) 

0T/0S = very 

( 6 ) 


hy 


0»T ^ 0*T ^ £c ^ 

^2 02/2 " 5 ^ K ' hi’ 

= 0 for y = ± 6 ; T = for z — 0, 


small for any point at a big distance from the focus. 
K ^ — A exp [— B ([a? — w(]* + y*)] for z — l. 


Further: 


The following expression is a solution which conforms with the boundary con¬ 
ditions provided the momentary position of the focus is not far away from the 
centre of the target surface, or in other words not too near to the ends of 
the strip. 

(7) T - Tp = S I A„,„ cos 717. exp r- 1 sinh (ow -f- *fi™) ^ + 5s. 

11 0 L a J 


Tlie term dz contributes nothing to the final result under the present con¬ 
ditions, we neglect it therefore from the beginning. The constants a,„„ and 
have to satisfy the following equations : 

® -- Pm * = (»«■*/«* + •»*/**) 

2a,„„ p„.« == — pc/K . >w/a .-k.v. 


We put 


Cmn ™ 27* (m2/a* -f n*/6*) 


c„ = 7c mja pcjK . V, 

And find 

«».. = Vi {cj^ -f Vc^* + cj 
Pm-u “ i 


We next have to calculate the coefficients A,„„ in (7). Separating (7) into the 
real and imaginary part we obtain in the usual way two independent solutions 
of the differential equation which we multiply with and b„„ respectively. 
These constants are now real quantities which we have to calculate. The 
boundary condition (6) implies that 0T/0« is an even function of both {x — vt) 
and y. All the sin {rt (a: — v<). m/a} terms in (7) have therefore to vanish. 
This fixes the ratio b^ja^. The explicit boundary condition becomes 


(Omn* + Pm»*) (COSh« - sjn* 


00 00 

* ? «mn cos cosh 


yn {x--vt) 

-^^ -i. cos 7r V. cos Tt ii 

sm M. smh (x^l b 


m 


= A exp [— B ({* — rt)® -f y®)]. 
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ai 2 d from tiis we obtain in tie usual way: 

„ A TT. OCrnu cog sfu . SmhoUtj 

B/f.fl.i * (a^,„a + j3^2)(oosi*cx««/ — 


Therefore for T/ — To in the focus 


(8) T,»To-t 


_ OD OD 

-JL_S2e' 

K.a,o 1 1 


C"*** 
' 4B 


sinh a^l. cosh xji— P»» ain . ooa 

(a««* + Pm»*) (cosh* Bin* 


This expression turns into the one which is found for the target at rest if 
we put :::=: 0. 

(8) is the complete solution of our problem with the restriction mentioned 
at the beginning of this section. In the above form the solution is not suited 
for numerical calculations. We find a much simpler form if we extend the 
boundaries to infinity. This by itself is not sufficient. If, however, we assume 
further that Spcv//c is large compared with unity we find that the infinite series 
in (8) can be written in form of a simple double integral 


W 2(]xi2f^ 

k 8 n^'\/8pcvfi 


i r® /•» 


V«a 


These integrals can easily be evaluated and we find 


T,-To 


W 1 2(ln2)»^ 

/<S V^Spcp/zf 


r(5/4). 


If by T we again denote the inelting point of the target material we find for 
the limiting input Wmax, (moving) in watts 

(moving) = Q. 23 gg . 2 (In 2)®''^ T (6/4) • (T — To). «■. S. v'Spw/^f 

which is the equation given in the first section of this paper. 

(c) Time Factor ,—The last part deals with the decrease of the focus tempera* 
ture with time. We have 

0 *T , a^T . a^T pc ai 

aT anr 

= 0 for X == -i O ; == 0 for y = ± 6; T To for 2 = 0, 

and 

T - To - “ To) exp ln2 (a;® + y^)l8^] tovz^ l and t ^ 0. 

It has to be borne in mind that in the first part we assumed that the energy 
inflow was given by here we assume that the temperature distribution 
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is of the same type. The calculation will nevertheless be aufficientiy oomot 
provided we give the proper numerical value for S. This value can easily be 
obtained by using the calculations in the previous paper. We find for a point 
in the target stirface which is at a distance r from the focus centre the tempera¬ 
ture 

(Vi^/S .s.r).ds. 

T, - T„ = (T, ~ T„) ^ -. 

e-*Vs 

Jo 

If we call 8 the particular value of r for which 

T,-T„ , 

T, - To 

we get the following equation for 8 

fV*“3o(2Vi^/S.s. S).ds 

, __ Jo _ _ 

^ . - , 

e""** d$ 

Jo 

The integral can be developed in a series of (8/S)* and the numerical value 
obtained by successive approximations is 

(8/S)2 == 2-6, 

For solving our problem we put 

^ _ m 7c 2p + 1 ^ 


1 1 1 


cos 7t 


COS tt: ^ sin 

b 2 






pc \V 

The calculation of the time factor depends essentially upon the temperature 
distribution in the immediate neighbourhood of the focus. The distribution 
in the bulk of the material is of little importance. The only condition which 
we have to impose is that the temperature gradient falls off with increasing 
distance from the focus centre. Such a distribution is obtained by putting 
p = 0 in the above equation. We now adjust the constants such as to satisfy 
the boundary conditions and find 

(T„ 


*mttO ‘ 


ln2 . a . 6 


^ TT . exp 


( /5?\* 4_ 

4ln2\\a / \6/ /J 


T~T„ 


I-mux. 

a . 5. In2 


.« . 8*. SEexp - 


i 1 


7t*8* /m* 

'41n2 


\o* ^ 6*/.J 


Xexp[-^K(^* + ^*-f Js).*]. 
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Extending the limits to infinity we finally obtain 

T - To = (T,„. - To)/(l +1 .41n2/pc. /f I/^) 
and by substitution of S* arrive at the expression given in the first part of the 


paper. 


Errata, 


A few minor misprints and errors in the previous paper (he. ct/,) may be corrected here—- 
p, 31.—is very small compared with 1 instead of compared with I 


p. 32.— 




p. 32.—Formula (0) 


dr — — (Xh)» instead of 

£ 


instead of 


p. 3ft.— a ~ d/a insteofl of /da, 

p, 37.—Formula (21) tanh under integral instead of tan pa?. 

p. 38.— €“** X series (“ multiplied with series ”) imiead of series. 

p. 38.— ^ - iP ™ P’... instead of 


j 


,VP‘ 


dx instead of 


r.-^- 

Jo 


. dx. 


T, q{)_ 1/. 1 Sl-D* , 1-3 «(-!)* , 

P' ■ - 2 ■ 2pa^ K» ''"2‘p''? K* 


instead of 


lJL^L hll f 

“1“ 2p»t 


(The numerical coefHcients of the corresponding series are correct.) 



517 


The Melting Point of Palladium. 

By F. H, ScHOFiKtD, B.A., B.Sc., Physics Department, National Physical 
Laboratory, Teddington, Middlesex. 

(Communicated by Sir Joseph Petavel, F.R.S.—Received June 25, 1929.) 

I. Introduction. 

The melting point of palladium is a convenient reference point for the 
measurement of high temperatures. In fixing a scale of temperature the aim 
is, of course, to approximate as closely as possible to the thermodynamic 
scale. From the absolute zero up to moderately high temperatures this ideal 
scale is realised most directly and accurately through the medium of the gas 
thermometer. However, with increase of temperatiue beyond a certain limit, 
the experimental difficulties of gas thermometry multiply rapidly, so that 
ultimately it becomes necessary to adopt another basis for obtaining the scale. 
This is conveniently found in the laws governing the radiation from a black 
body, which have a sound theoretical foundation and permit the use of measuring 
instruments of precision. 

The establishment of a practical scale of temperature on the lines above 
indicated has been the subject of considerable discussion between the national 
standardising laboratories of Germany, Great Britain and the United States 
of America, As a result, proposals for the definition of an “ International 
Temperature Scale were submitted to the 7th General Conference* of Weights 
and Measures, and approved by them. In effect, the basis of the scale up to 
the melting point of gold is the gas thermometer,! and beyond this tempera¬ 
ture the Wien or Planck lawj of radiation with an agreed value for the constant 
C 2 . Owing to the difficulty of absolute measurements of radiation, no attempt 
has BO far been made to place the radiation scale on an independent basis by 
fixing the other constant in the Wien or Planck equation. Consequently the 
scale is defined, for the present, relatively to a fixed point on the thermodynamic 

* ‘ Gomptes rendus des Stances, Sept. Conference g6n6ralo dos poids et mesures/ Paris, 
1927. 

t The scale is actually doiined by the assignment of certain values to the melting or 
boiling points of a number of pui-e substances, and by prescribed means of interpolation 
between these temperatures, the whole being based on work with the gas thermometer. 

t The definition adopts the Wien law as confined to monochromatic visible radiation. 
When thus limited the two laws become practically identical 
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scale, as given by the gas thermometer, namely the melting point of gold 
(1063° a). 

Wliile the radiation scale of temperature is thus completely defined by the 
values assigned to one fixed point and the constant Cg, it is useful to place on 
record the values of other fixed points in terms of the scale. Determinations 
of this kind serve to indicate tb© degree of reproducibility of the scale, and, 
where the values are sufficiently well established, may afford secondary stand¬ 
ards for its realisation. Of such fixed points the most important is the melting 
point of pafiadium, a determination of which is described in this paper. 

II. Description of Method. 

For the purpose of realising the radiation scale of temperature as above 
defined, it has been found to be convenient to work with monochromatic, or 
nearly monochromatic, radiation in the visible portion of the spectrum, employ¬ 
ing a photometer designed to measure the relative intensities of such radiation 
from black body radiators at different temperatures. The instrument most 
commonly used is the Holborn-Kurlbaum type of the disappearing-filament 
pyrometer. This can be fitted with a spectrometer so as to deal with mono¬ 
chromatic radiation or with a filter transmitting as narrow a band of radiation 
as possible. The latter type has the advantage of simplicity, and apparently 
also of ease and accuracy of setting, but the wave-length to which its trans¬ 
mission is to be assigned, involves a somewhat troublesome calculation. The 

efiectivt? wave-length of the filter for any two temperatures is defined as 
that wave-length for which the ratio of the integral luminosities, viewed through 
the filter, of black bodies at these temperatures is equal to the ratio of their 
radiation intensities. The limiting value of this wave-length when the two 
temperatures approach each other has been shown by Footef to be given by 

Xl j*TVJ d\ ^ I VvJ/X) d-k, 

where for any wave-length T. V and J are respectively the percentage trana- 
mission of the glass, the visibility coe£licient| for the eye and the relative 
energy of a black body. It may be added that the relation between the limiting 
effective wave-length and temperature is generally so nearly linear as to allow 

• Hyde Cady and Forsythe, ‘ Phys. Rev.,’ vol 0, p. 70 (1916); ‘ Astrophys. J.,’ voL 
42, p. 294 (1916). 

t Foote, ‘ Bull. B.S.,’ vol 12, p. 483 (1916); see also Henning, ‘ Z. Instr.,’ vol. 46, 
p. 630 (1925). 

J For recent values see Gibson and TyndaU, ‘ Bull. B.S.,’ vol. 19, p. 131 (1928). 
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the effective wave-length for a temperature interval of several himdred degrees 
to be taken as the mean of the limiting effective wave-lengths for the two 
extreme temperatures of the range. 

The advantages of working in different parts of the spectrum have been 
discussed by Forsythe* and in the present investigation the Corning glass (high 
transmission red 63 per cent.) has been employed in a thickness of 6 mm. 
This has an effective wave-length for the gold-palladium interval of 0 • 666 p. 
The form of pyrometer used does not differ essentially from those used elsewheref 
and therefore calls for no detailed description. It should, however, be 
mentioned that the Bureau of Standards kindly presented the Laboratory 
with several of their pyrometric type of lamp having a cylindrical glass envelope 
closed with optically flat ends. These lamps have proved to be of great 
assistance, since they allow a high magnification without distortion. In order 
to determine the ratio of the radiation intensities at the two melting points, 
a rotating sector was employed, of such aperture that, for the wave-length 
above-mentioned, the radiation from a black body at the higher melting point 
was reduced by it to be about equal to that at the lower melting point. The 
sector consisted of a disc of planished steel, 35 cm. in diameter, with two 
accurately cut radial slots with bevelled edges, and its effective aperture was 
foimd by direct measurement^ with a probable accxiracy of ±0*6 per cent. 
The rotating sector could be interposed in the pyrometer system just in front 
of the p 3 T:ometer lamp and rotated at speeds of the order of 3500 revolutions 
per minute in order to eliminate flicker effects. 

We describe below, in detail, the experimental procedure adopted in order 
to obtain black-body radiator at the two melting points. No special origin¬ 
ality is claimed for most of the devices adopted, the experience of previous 
investigators having been freely utilised. 

III. Experiment,al Procedure. 

In][the present investigation three methods of realising a black-body have 
been employed, differing from each other as regards the type of enclosure or 
the method of measuring its temperature. The first method consists in the 
use of a tubular furnace with a series of diaphragms giving an inner chamber 

♦ ‘ J. Opt, Soc, Amer,/ p. 85 (1921); see also Henning and Heuse, ‘ Z. Physik/ vol. 32, 
p. 799 (1926). 

t See, e.g.t Forsythe, ‘ Astiophys. J.,* vol. 43, p. 296 (1916); Worthing and Foi^sythe, 

* liys. Rev.,’ p, 163 (1914); Fairchild and Hoover, ‘ J. Opt. Soc, Amer.,* p, 643 (1923). 

t The discs were out and measured by the Metrology Dept., Nat, Phys. Lab. 



520 


R a Schofield. 


the temperatiu'e of which is indicated the melting, inside the chamber, of a 
wire of a pure metal, e.g., gold or palladium. In the second method a black- 
body chamber in the form of a stopped-down tube is inserted int/O an ingot of 
pure metal and the radiation is observed either at the melting or freezing point 
of the metal. In the third method the black-body radiator consists of a hollow 
cone made up from the pure metal in the form of foil, and the radiation from 
the interior of the cone is observed during its collapse on molting. For con¬ 
venience the three methods are referred to respectively as the “ wire/’ “ ingot ’’ 
and “ cone ’’ methods. 

“ Wire Method .—general practice is to employ a radiator formed by 
stopping down a furnace tube consisting of some highly refractory material 
with a heating element in contact with its outer surface. For the material 
of the latter platinum is very convenient and this may be applied to the tube 
in various ways, e.g., a spiral winding of wire, or of ribbon, or a complete 
sheathing of thin foil. With the spiral winding a variable spacing of the wire 
or ribbon, or in the case of the ribbon a variable width,* may be used to 
counteract the cooling effects of the ends and give a reasonable length near the 
centre of the furnace at a constant temperature. The objection to a fixed 
compensation of this type is that it may not be equally effective at tempera¬ 
tures so widely separated as the melting points of gold and palladium, which 
are some 500° C. apart. It is preferable, therefore, to provide for a variable 
regulation of temperature distribution. 

In the present case this has been done by means of auxiliary heating coils. 
After experinxent with several different types, the arrangements shown in 
fig. 1 were adopted. The main furnace tube of alxmdum was wrapped with a 
sheath of platinum foil 42 cm. long which at the ends was 0*0025 cm. thick 
and at the central portion 25 cm. long, was 0*0037 cm. thick. The sheath 
was made up by welding on to a sheet of platixmm of the first stated thickness 
an extra sheet of half the thickness, the ends of the latter being deeply serrated 
so as to avoid an abrupt change of resistance where the sheets were joined.f 
A permanent grading of the heating element was thus provided, so chosen that 
it was of itself insufficient to counteract the cooling effect of the ends. In 
addition there were inserted into each end of the furnace the auxiliary heaters 
shown. These consisted of alundum tubes spirally grooved and wound with 

"* SeOf CobJentz Art. on “ Kadiation/* in vol, 4, Dictionary of Applied Physios ” 
(Macmillan & Co.); Ferguson, ‘ Phys. Rev.,’ vol 12, p. 81 (1918); Waidner and Burgess, 
* BuU. B.S./ vol. 00, p. 163 (1907). 

t Sec Hoffmann and Meissner, ‘ J.X.Z.,’ vol. 60, p. 201 (1919). 
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platinum wire 0 • 5 mm. in diameter. A bifilar system of winding the heaters 
was adopted, in order that both leads should emerge from one end. For 



this purpose two parallel longitudinal cuts were marte through the screw 
thread on the outside of the tube as shown in section in fig. 2. Starting 



from the centre of the wire, the winding of one half of the wire was 
commenced in the end section of the thread until, on reaching the gap a, it 
returned on itself in the next groove and similarly at 6, and so on until the other 
end of the heater was reached. Each half of the wire was thus wound on a 
separate half, formed by the cuts a and 6, of the tube. The ends of the wires^ 
after being anchored through holes in the tube, were led out of the furnace 
inside a twin bore alundum sheath. A compact assembly was thus obtained, 
which could easily be moved about in the furnace without interfering with the 
other wires threaded through it. The heaters above described gave two 
methods of temperature adjustment, namely those afforded by movement of 
the heater and the variation of the heating current. Incidentally it may be 
remarked that any system of the type described tends to be rather unstable 
VOU exxv,—A. . 2 N 
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owing to the largo temperature coefficient of resistance of platinum. Thus if 
the cuTjpent through one of the auxiliary beaters is raised, this will cause a 
local heating of the contiguous portion of the main heating element. The 
resistance of this portion will consequently be raised while the current through 
the element being hardly affected, the local heating will tend to be enhanced. 
For the reasons indicated the adjustments are more easily effected when the 
heating elements consist of a material, like nichrome, of low temperature 
coefficient. 

However, the arrangement described enabled an adjustment to be iiiade 
without much trouble so that the temperature distribution inside the first 
two cavities on each side of the central disc (see figs. 1 and 2) did not vary by 
more than C. The exploration was carried out by means of a thermocouple 
threaded through the furnace, the junction of the couple being butt-welded 
80 that it would readily pass through the small hole in the central disc. It will 
be observed that a symmetrical arrangement of diaphragms is employed giving 
a radiating enclosure on each side of the central disc. The diaphragms were 
formed by cutting central holes* about 3 mm. in diameter in the bases of the 
alundum ‘‘thimbles/’ which were about 20 mm. in diameter. Smaller 
holes were also provided for threading through the two pairs of thermocouples, 
one pair passing from each end of the furnace into the innermost chamber 
nearest that end. A ridge was cast on each side of the central disc so that it 
interlocked with the neighbouring thimbles, thus preventing access of direct 
radiation from the furnace walls to the chambers. The disc was wired to 
one of the thimbles and each assembly of three thimbles, one with the wired-on 
disc, could readily be withdrawn from the furnace for replacement of the 
specimens of gold or palladium used for a melting point determination. The 
specimens, consisting of wire 0 * 6 mm. in diameter, were connected across the 
arms of one of the couples. The usual process of observing the melting points 
was followed. This consisted in raising the temperature of the furnace at a 
steady rate, not exceeding 1*^ C. per minute and taking successive readings of 
the four thermocouples, two of which had specimens of gold or palladium 
joining their arms and two of which had the usual welded junctions. In fig. 

2, for purposes of clearness, only one of each type of couple is shown. On 
reaching the melting point the two former couples (which we may call the 
melt-couples ) remained constant in E.M.F,, while the other couples 
(referred to below as the “ control-couples continued to rise. Usually the 
rise of the control-couples continued for about 2^ C. before the circuits of the 
♦ Of, arrangemont adopted by Hoffmann and Meissner (he. eit.). 
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other couples broke on complete fusion of the metal, but in all cases the melting 
point was taken as that temperature at which the halt in the E.M*F. value of 
the melt-couple was first detected. The furnace was then adjusted to remain 
constant at this temperature, as given by the control-couple, while readings 
with the optical pyrometer were taken. A specimen set of observations on 
the two pairs of control- and melt-couples is given in fig. 3. 
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The following additional particulars of the apparatus may also be given. 
The leads to the main furnace winding consisted of 16 platinum wires of 0 * 6 mm. 
diamettT. These, after being twisted roimd the foil on the tube, passed out in 
four batches tb the electrode shown, both in elevation and section, in fig. 1. 
Here they were gripped by metal blocks working in holes in the electrode and 
clamped by the screws shown. The current required to maintain such a 
furnace at a steady temperature of 1550° C. was about 90 amps, in the main 
winding and 4 amps, in the auxiliary windings. 

The observations taken with the apparatus above described, and also with 
similar furnaces and radiators of less elaborate 
construction, are dealt wdth in Section IV 
below^ 

“ Ingot ” Method* —T]nB method has so far 
been used only for the melting point of gold. 

A section of the ingot, about 2000 gins, in 
weight, with a black-body radiator in 
position, is shown in fig. 4. The radiator 
referred to is similar in shape to that 
employed by Hoffmann and Meissner and 
was made of pure china clay.* Another type of radiator used is also shown 
in fig. 4. This consisted of a thin-walled silica sheath with a number of 

• Made by a casting preoess by the Metallurgj^ Dept., National Physical Laborator\'. 
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perforated alundum thimbles arranged to act as diaphragms. In addition to 
tie radiator a sheathed thermocouple (not shown in fig. 4) was inserted into 
the ingot 

In making an experiment the asuai procedure of obsei'ving a melting or 
freezing j>oint was followed : namely, of raising or lowering the temperature 
of the furnace at a certain rate and taking of readings of temperature against 
time both with the thermocouple and optical pyrometer. A specimen of a 
freezing curve taken in this way is shown in fig. 5. The high purity obtainable 



Fig. 5, 

with gold,* its freedom from oxidation and high latent heat combine to give 
a very sharp freezing or melting point which is readily distinguishable by the 
readings of an optical pyrometer as well as by the more sensitive indications of 
a thermocouple. The average period at constant temperature in the present 
experiments was about 20 minutes, which afforded ample time for the optical 
observations. The results are dealt with in Section IV below. 

“ Com Method ,—Several experimenters have made use of thin sheet metal 
to form the walls of a black-body enclosure, the object generally being to 
obtain the emissivity of the metal by comparison of the radiation intensity 

* The specimen used in these experiments wss of pure assay gold supplied by Messrs. 
Johnson, 5!Utthey & Co., and stated to be of 99 -99, per cent, purity. 
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from the internal and external surfaces of the enclosure. Thus Mendenhall* 
used two electrical)y-heat*^d strips so juxtaposed as to give a narrow-angled 
wedge. \\ orthingt nsed a hollow filament with a minute observation hole, and 
IvesJ a larger cylinder of platinum foil with a longitudinal slit. In all these 
cases the heat was supplied by the passage of an electric current through the 
walls of the enclosure. 

A^Tiere. as in the present case, the object is merely to make a single brightness 
determination of the radiation from a black-body at the melting point of the 
metal, direct elecd-ric heating, with the obvious lijnitations of shape which it 
imposes, may be dispensed with and tin* metallic envelope placed inside the 
usual tubular type of fuj’nace. This has been done in the experiments here 
described, the shape chosen being that of a hollow cone. The thickness of 
the foil used in making up the cone w^as 0-004 cm. and the assembly for insertion 
in the furnace took several slightly differing 
forms of which two are illustrated in fig. 6. 

In one of these the cone was contained in 
an alunclum thimble with a sighting hole 
in the l>ottom, which also served as a 
‘\stop’' on the rather wide-angled cone. 

In the other arrangement a very narrow 
angled cone and a thicker-walled container 
were used, the latter generally con8i.sting of 
“'mabor ” material, though graplnte§ could be employed in the case of gold. 
A hole parallel to the axis was provided in this container, so as to allow a 
thermocouple exploration after the assembly had been inserted into the central 
region of the tubular furnace sht>wii in fig. 1. The central block was fairly 
short, but was flanked on either side by extra blocks which served as radiation 
shields (see fig. 6). 

The process of observing the melting point consisted in taking simultaneous 
readings with tbe optical pyrometer, sighted into the cone, and with a thermo¬ 
couple in its vicinity, e^g,, in the longitudinal hole shown in fig. 6. When the 
cone commenced to collapse on melting there appeared a black crescent-shaped 
patch of growing size, corresponding with the increasing area of unobstructed 

♦ * Astrophya, J.,' vol. 33, p. 91 (1911). 

t ‘ Phys. Rev.; voL 10, p. 377 (1917). 

X ‘ J. FrankUn Inst./ vol. 197, p. 147 (1924). 

§ Roberts, ‘ J. Opt. Soc. Aroer.; p. 723 (1925). 
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view through the furnace* It wae found that, during the period of melting, 
the pyrometer readings remained sensibly constant. 

A specimen series of readings with a thermocouple and pyrometer is given 
in fig. 7. 



IV. Smmmry of Resulis. 

As has already been indicated, the meairtirements made in the present 
investigation take the form of 

(1) A determination of the current in the pyrometer lamp required to give a 
match in brightness, at a particular wave-length, with a black-body 
held at the melting point of gold. 

(2) A similar measurement in the case of palladium, employing a rotating 
sector to reduce the brightness to about the same intensity as at the 
gold point. 

These measurements enable the ratio of brightness, for a particular wave¬ 
length, of a black body at the two melting points to be determined, or, express¬ 
ing the result in another way, enable a definite value to be assigned to the 
melting point of palladium, on the basis of an assumed value for the melting 
point of gold and the constant 

Dealing first with the measurements at the gold point, the ingotmethod 
appears to give, as would be expected, the most reliable determinations. A 
summary of the observations obtained with this method is given in Table I, 
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Table I.—Gold Point Observations by Ingot Method. 

(Pyrometer reading expressed in tempjrature relative to mean value of the 
series assumed to be 1063° C.) 



Melting pointM. 



___ 

l'yr<»met/er 

__ 

Rate of rise 

..... 


Type of 
radiatftr. 

Hiite of fall 

Pyrometer 


(tf fiiriuiw. 

1 ‘eading. 

of furniKH). 

rt'adiiig. 


' V.limn, 

■ c. 

■ 

' (', 'mill. 

^ C. 


4-5 


in 

1063-0 



4r» 

(U’O 

50 

63*5 



4 0 

03*0 

4-5 

62-5 



4 0 

02*5 

6 0 

B3r> 



0-5 

03-0 

50 

«2-5 


-Bulb (tig. 4). 

0-0 

«3 0 

S-0 

63-0 t 

4*5 

(!3(» 

7*5 

03 0 ! 


4'0 

02*5 

3-5 

63*0 i 


■— 

, 

5 0 

62*5 



40 

1 1063*5 

S • 5 

1063-0 



:■() 

; 61-5 

8-5 

63-0 



rrf) 

63*0 i 

8*0 

63-5 



0-0 

n*.) 

I 63*0 ; 

. 63*5 

! 7-0 

i 2 0 

03-5 

02-6 


Oiaphragmed 
y tulx' (ng. 4). 

0 0 

1 63*0 

1 H-5 

030 


2-5 

63 0 

K-5 

63*5 



5*5 

: 62-5 

8*.> 

62-5 



so 

63*0 

L. ““.. 

62*5 

j 


the values being expressed in terms of temperature, relatively to the mean value 
of the whole series, assumed to be 1063° C. It will be noted that the consider¬ 
able variations of the rate of cooling or heating, as the case may be, and the 
change in the type of radiator appear to have no appreciable effect on the 
values obtained. The observations summarised in Table I were obtained 
early in the investigation. At its conclusion, a repetition of the experiments 
with a larger ingot and a new radiator gave a result identical with that 
of the former series. 

The values given by the “ cone and “ wire ” methods are summarised in 
Table II and are expressed in terms of temperature, taking as standard the 
mean value found by the ingot method and assumed to be 1063° C. Com¬ 
paratively few observations were taken with the latest type of apparatus in 
view of the satisfactory results given by the ingot ” method and the close 
agreement of the latter with the mean of the numerous experiments carried 
out with earlier arrangements of the cone and “ wire raetho<l8. The 
mean values just referred to are given in the table. 
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Table II. Gold Point Observations by “ tV)ne ” and “ Wire ” Methods. 
(Pyrometer reading expressed in temperature relative to mean value given by 
“ingot” method (Table I) and assumed to be 1063° C.) 


Rato of riw I 

pyrometer 

of furuncle. i 

i 

rC'oUiug. 

CJmin. 1 

r. 

0-fi 

1003-5 

()>8 1 

64-0 

oe ! 

04-0 

0-4 1 

02-0 

u-e 1 

62-0 

O'W 

OH-5 

Mpuu.. 

1 106H-5 

; 

umi-o 

i 

(e2 

1 1003-5 

0 2 

OH-0 

0'4 

i 04*(» 

o:j 

1 02-5 

0-2 

1 63-5 


Mean.| lOOS'.") 

j 10«3'6 


Rango of 
vahu*H. 


Hcmarks. 


1 (^ono method (individual iiuidingn 
[ with narrow roiio, tig. d). 


-:hr j 

.1 2^'r. Cone method (mean of l.*l determina¬ 

tions with wide tone, hg. d)* 


I Wire method (individual niadings 
with arrangement in figs. 1 and 2), 


± 1*^ C. 

J,6'"C. Wire} method (moan of 71 readings 
with miseellaneouH arrangemontH ol 
diaphragms). 


In the case of the palladium, owing mainly to diflieulties with the refractory 
materials, satisfactory results have not, so far, been obtained with the ingot 
method. The values given by the ** wire ” and cone ” methods, in their 
latest forms, are set out in Table HI, together with the means of the values 
given by earlier work. Column 2 of the table gives the apparent temperatures, 
viewed through the sector, of the black body, held at the palladium point, 
while column gives ^he true temperatures calculated from the Wien relation : 

Tj and Tg being the true and apparent temperatures in absolute measure, X 
th^ effective wave-length, R the transmission value of the sector, and Cj being 
taken, as 1-432 cm. degrees. The range of values (i 3"^ C.) found at the 
palladium point is somewhat greater than at the gold point. This is to be 
accounted for* partly at any rate by the fact that any error of observation 
when using the sector to obtain a reading of apparent temperature in the 
neighbourhood of 1063® C, becomes approximately doubled when converted 
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Table III.—Determination of Melting Point of Palladium by “ Cone ” and 

“ Wire ” Methods). 

(Constant cj — 1*432 cm. degrees.) 


Tenujenitorc, 


Hato of ritw* 


ilemarUtj. 



Apparent 

True 

Haiige of 



(with sector). 


values. 



C. 

C. 

; 


U-7 

10(14*5 

1552*5 





0(i • r> 

5(5*5 



1(1 

(1(1 ■ 0 

55 * 5 




0*7 

(15*5 

54*5 




0() 

11(1 • 0 

6(1*5 


( ■one method (narrow- 

0‘7 

(1(1*5 

60*5 

I 

angled cone, tig. 

0-4 

()7*5 

58-0 

i 

0). 

0'8 

(17*5 

58(» 

! 


O'K 

05*0 

55 • 5 

! 


0-8 

(15-5 

54*5 


J 


Mean . 

10(1(1 *1 




0-8 

)007'.'5 

1558*0* 


1 


0-7 

(15*5 

54 5* 

i 


O-K 

! (15*5 ' 

1 54*5* 1 



0 • 5 

1 (15*5 

54*5* 

1 


0*7 

1 04*0 

' 62*0 1 

j 

W in* method (see figs. 

0-4 

! (15*0 , 

1 65*5 ! 


* 1 Hnd 2). 

(1*8 

1 (15*0 

55*5 i 

i 


0*8 

; (1(1*0 

55*5 ! 




0-8 

1 (1(1*5 

5(1 * 5 1 




0*4 

(15*5 

54*5 

: 




Mean . 

10(15 

ir.«4-. 

i T C. 


_ 

10(15*7 

1.554-5 

.L 5^ 

Wire method (mean of 





28 expf^rimonts with 





miscellaneous arrangt^- 





menta of diaphragms). 

Sample of palia-dium from Bureau of BtaiulaitlH (No. 

138). All other aiMioimens from Messrs. 

Johnaotif MattJjey & Co, 





into a true temperature in the neighbourhood of 1550° C. Thus if the range of 
variation in setting up a black body at both the gold and palladium points 
were taken to be ± 1° C. and the range of observational error ± 1° C., then the 
total range of error at the gold point would be of the order of ± 2° C. and at 
the palladium point of the order of ± K C* In <^he case of the “ wire ” method 
the control-couple enables the furnace to be maintained at the temperature of 
the observed melting point for an indefinite period, so that readings can be 
taken with and without the sector. This would lead to a reduction of the 
observational error, but on the other hand there would be some risk of change 










530 


F. H. Schofield 


in tho pyrometer lamp when riui at high temperature. In order to avoid this 
risk and for the purpose of obtaining a comparison with the “ cone ” method, 
which does not allow sufficient time for the taking of readings with and without 
the sector, the recent observations with the “ wire ” method have been obtained 
with a sector only. 

From the experiments summarised in Table III tho value of the melting 
point of palladium on the International Temperature Scale {c^ ~ 1 ‘432 cm. 
degrees ; M.P. of gold — 1063"^ C.) may be taken as 1565"^ 0. to the nearest 
1° C. The a(!curacy of this determination is estimated to be of the order of 

±rc. 

V, Comparison until Premom Work. 

It is of interest to compare the value found in the present investigation for 
the melting point of palladium with those given by previous work of a similar 
nature. In Table IV are set out the values of tho melting point as determined 
by radiation methods at the following laboratories, viz., Nela Research Labora¬ 
tory (Nela), Physikalisch-Technische Reichsanstalt (P.T.R.), Bureau of 
Standards (B.S.), National Physical Laboratory (N.P.L.). The figures have 
been reduced to a common value ot the constant Cg, namely, 1 *432 cm. degrees, 
as prescribed for the International Temperature Scale.* 


Table IV.—Melting Point of Palladium. 


(Cg ~ 1*432 cm, degrees ; M.P. of gold 1063"^ C.) 


J4aboratopy. 


I 


Referent-e, 


Melting point on Inter- 
na-tioiaftl Temixjratui'e 
Scale. 


Nela 

KT.R. 


BaS. 


N.RL. 


Hyde ami Foiwytbe, ‘ Astrophyn. J.,' vol. 51, p, 245 I 
(1920). 1 

Hoffmann and Meisanei, ‘ Ann. d. Physik/ vol. 00, p. ! 

201 (1919). j 

Fairchild, Hoover and Peters, ‘ B.S. Jour, of Re- ! 

search/ vol. 2, p. 931 (1929), j 

Present jwiper (1929) . i 


I 


1557 

1556 

1653-6 

1555 


The table shows the high degree of reproducibility obtained with this melting 
point. It seems probable that the agreed value of 1665° C. taken as the melting 
point for the purposes of the International Temperature Soalef is not in error 
by more than 2° C. 


♦ Oomptes rendus de« Stances, Sept. Conference g4n5rale des poids et mesuros, Paris, 
1927. 
t Loc. cit. 
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For comparison with a direct determination of the melting point on the 
thermodynamic scale, reference may bo made to the gas thermometer work of 
Day and Sosman* which yielded a value of 1649® C. with an estimated accuracy 
of ± 2® C. 

Though of less fundamental importance, it is of interest to recall that, by 
extrapolation from the sulphur boiling point of his parabolic formula for the 
platinum resistance thermometer, Callendarf obtained the value of 1550® G. 
for the melting point. He had previously given a value of 1062® C. for the 
melting point of gold, as had Heycock and Neville, also using a platinum thermo¬ 
meter. These values ai'c in remarkable agreement with the most recent 
determinations. 

In conclusion, the author desires to record his indebtedness to the Director 
of the National Physical Laboratory, and to Dr. Kaye, the Superintendent of 
the Physics Department, for their interest in the work and the ample facilities 
provided. He is also much indebted to Mr. B. J. Gibbs, B.Sc., lately an 
Observer in the Physics Department, who constructed the greater part of the 
apparatus and rendered valuable assistance with the observations. 


* ' Amer. J. 8ci,,’ vol. p. 93 (It)lO). 

t ‘ Phil. Mag./ vol. 47, p. 191 (1890); see also Burgess and Le Chfttelier “ Measuitjinent 
of High TemperatinvR ” (John Wiley k Hons, New Yoi'k), pp. 199, H seq. 
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Gaseous Combustion in Electric Discharges, Part IV .—The 
Effect of Moisture upon the Cathodic Combustion of Carbonic 
Oxide, Detonating Gas. 

By G. 1. Finch and D. L. Hodce, Imperial College of Science. 

(Communicated by W. A. Bone, Received July 12 , 1929.) 

Infroduction. 

It has bfuui shown jireviously in Part Ill* of the present series that the 
combustion of carbonic oxide “ detonating gas ’'f is determined by a prior 
ionisatifin of both constituent gases; and further that, whereas carbonic* 
oxide can be and is burnt directly by oxygen in the absence of, and therefore 
without thcs intervention of, either moisture or metal atoms, the presence 
of such metal atoms sputtered from the cjathode by the passage of the discharge 
actively promotes cathodic combustion by the overcoming of the electrostatic 
forces of repulsion existing between similarly charged ions of carbonic oxide 
and oxygen. 

It has been shown by Bone and his co-workersj that, though the rigidly dried 

detonating gas can be ignited, provided a sufficiently powerful condenser 
discharge be employed, and is then capable of propagating flame (though 
combustion may be incomplete), the presence of even a minute quantity of 
steam not only renders the mixture much more readily ignitable, but also 
increases the velocity of flame progagation and ensures practically complete 
combustion. .Hitherto, however, experiments have afforded but little direct 
evidence as to the precise nature of the mechanism of the rdle played by 
moisture in promoting combustion, and the present work was carried out with 
the object of attempting to throw some light upon this question. For this 
pur|>ose the investigation has been confined to an experimental study of the 
combustion of the moist detonating gas in the cathode zone of a direct 
current discharge, because, as has been previously shown, the conditions can 
then be easily and accurately controlled over a considerable range without 
introducing disturbing phenomena, such as heat and catalytic action, which 

♦ * Boy. Sot*. Proo..’ A. vol. 124, p. 303 (1929). 

f For the sake of brevity a mixture of carhoxiic oxide azid oxygen in their oomhining 
proportions will be refen*ed to in what follows as tlie detonating gas.” 

t ‘ Boy. Soc. Proc.; A, vol. 110, p. 084 (1926). 
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might otherwise tend to obscure the real issues. In the experiments described 
herein we have succeeded in realising conditions in which the ratio 0 / the rate 
of combustion of the “ detonating gas ’’ containing a given partial pressure of 
steam, to the current passed by the discharge, is, in the absence of sputtered 
metal atoms, proportional to the number of steam molecules, and hence 
electrically charged steam molecules, within the cathode zone. 

ExperirneMaL 

The experiments were carried out in the circulation apparatus previously 
described in Part HI, the partial pressure of water vapour in tlie detonating 
gas being kept constant throughout each series of experiments by means of 
a suitably diluted sulphuric acid solution, with which the concentrated sulphuric 
acid and phosphoric anhydride employed for the purpose of the “ dry ” 
experiments had been replaced. The caustic potash solution, which swerved 
to remove the product of combustion, was also diluted until its vapour pressure 
was approximately equal to that of the sulphuric acid solution in use. 

Platinum, silver, gold, palladium, tantalum and tungsten were employed as 
cathodes. Magnesium and aluminium were found to be unsuitable for the 
purpose of these experiments as their use rendered the discharge unsteady. 

The Discharge, 

The addition of moisture to the dry “ detonating gas exerts a profound 
influence upon the appearance of the direct current discharge. Whereas in 
the case of the dry medium, gas pressure, current and gap width, either singly 
or together, (jould be varied, over a wide range without combustion being set 
up in the positive (rolumn of the discharge, it was found that the range of such 
conditions within which the combustion of the " detonating gas ” was purely 
cathodic was narrowed down considerably by the presence of moisture, such 
effect being far more pronounced in the case of combustion at freely sputtering 
than at non-sputtering cathodes. For this reason, in the experiments to be 
described below, the gap width was reduced to 0*6 mm, A reduction much 
below this value was not considered advisable, owing to the risk of the cathode 
glow being distorted thereby. 

The Exfentnerikil Results, 

Throughout each series of experiments, the results of Which are set forth 
below, the partial pressure of water vapour remained constant, whereas the 
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total pressure within the apparatus decreased as cojnbustion and removal of 
carbon dioxide proceeded. Thus, in each experiment, the percentage con¬ 
centration of water vapour increased over a wide range with decreasing 
pressure. In all, five series of experiments were carried out, the corresponding 
partial pressures of water vapour being 0, I, 3, 7 and 15 mm. 

The metals employed as cathode materials can be divided into free- and non- 
sputterers. The experimental results obtained with the metals of the former 
class are set forth in Table J. As previously, eji denotes the ratio of cubic 


Table L—Cathodic Combustion of Carbonic Oxide Detonating Gas, 


Cathode j 

material. 

* 

cji 

when partial pressure 
moisture in mm. is 

of 

Maximum 
moisture 
content, 
per cent, 
by 

volume. 

Irimits 
of total 
pressure 
range, 
mm. ' 

Limits of 
current 
range. 

Milliamperes. 

0 

j 1 

! 

1 

7 

15 

Ft. 

i ^ 

0-24 

1 1 

0-23 

0*23 

0-23 

37 

40*-! 20 

1-46-2*92 

Ag.! 

0*29 ' 

0-19 

0-20 

0 17 

017 

1 30 

35-120 

1-46-2-92 

Au.' 

0-26 

— 

0-20 

0*20 

0-21 

1 27 

1 20-110 

2‘18-3-05 

IM .! 

0-23 ! 


0-20 

1 

021 

0.20 

33 

45-105 

1-46-2-92 


<;entimetres of gas at N.T.P. burnt per minute to the current in milliamperes. 
The two extreme right-hand columns of the table contain the ranges of pressure 
and current over which combustion was purely cathodic in the presence of 
moisture. On exceeding these limits positive column combustion was set up. 
The results incorporated in the second column of the table are taken from Part 
IIL The values of cji are practically independent of the total gaseous pressure. 

The results obtained with tantalum and tungsten, which metals were selected 
for the purpose of these experiments as typical of the non-sputtering class, are 
recorded in fig. 1 (tantalum), in which the relationship found between cji 
and the total gaseous pressure, jk is recorded graphically for five different 
partial pressures of moisture (0, 1, 3, 7 and J6 mm.), and in figs. 2 (tantalum) 
and 3 (tungsten) where the observed values of cji are plotted against the water 
vapour contents of the detonating gas expressed in per cent, by volume for 
a similar range of partial pressures of moisture. Since, with any given partial 
pressure of moisture, the total gas pressure determines the percentage content 
of water vapour, the pressure limits between which the experiments were 
carried out can be derived directly from the curves. The total current range 
within which combustion was purely cathodic was between D46 and 4-0 
milliamperes in the case of tantalum, and between 2 • 18 and 4 • 37 milliamperes 
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in the case of tungsten. The dotted sections of the curves have been obtained 
by extrapolation from the experimental results. 




Fia. 2.—Cathodiu Combustion of 2C0 -{“ Oj at Tantalum. 


DiscuBsion of the Results, 

It will be convenient to consider in the first place the results obtained at the 
non-sputtering type of cathode. It will sufiSoe to base the discussion upon 
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the results obtained with tantalum, as the main facts established in the oases 
of both this metal and tungsten are similar* 

Fig. 1, in which the relationships found between c/i and the total gaseous 
pressure for the five different partial pressures of water vapour examined are 



10 ISpCPcentHj 

Fig. 3.—Oithodic Combufttion of 200 +- at Tunji^steii. 


IHH 


tntn,HaP 8 

Fig. 4.—Cathodic Combustion of 2CO + 0^ at Tantalum, 
recorded graphically, shows that, for each partial pressure of above 1*0 mm* 
of water vapour, the relationship between c/i and the total gaseous pressure, 
p, can be expressed over a wide range of conditions by the equation 

(c/i-"0-045).®=:a, 
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where a is a constant, the value of which depends upon the partial pressure 
of moisture. Thus cji and p are hyperbolically related. The values of a are 
3»1, 5-9 and 9*1 when the partial pressures of steam are 1, 3 and 7 mm. 
respectively. Now in Parts I and III*** it was shown that cji is a constant 
which is practically iiidependent of the pressure, and further, that cathodic 
combustion occurs only between charged molecules and is proportional to the 
number of such molecules within the cathode zone. Moreover, it has also been 
estabhsbed in Part III that the cathode fall of potential in dry detonating 
gas is independent of both current and gas pressure ; a result which is in 
agreemexat with that established by Warburgf who found that the cathode 
fall of potential is independent of the magnitude of the current through, and 
of the pressure of, the gas. Therefore, the number of ions, and also the total 
number of molecules, both charged and otherwise, within the cathode zone 
is determined solely by the current traversing the discharge. Hence, celeris 
paribus, the volume occupied by the cathode glow of the type of discharge 
employed in our expiiriments increases proportionally with the current, but 
decreases hyperbolically with the gas pressure. Visual observations of the 
change in volume of the cathode zone with current and pressure aifford a rough 
confirmation of this conclusion. Similarly, since tliroughout each experiment 
the partial pressure of water vapour was kept (constant and was therefore 
independent of the total gas pressure, the number of steam molecules in the 
cathode zoiic likewise decreased hyperbolically with the pressun’. Hence the 
value of the ratio cji for the cathodic combustion of a *' detonating gas ” 
mixture, containing a given partial pressure of moistm*e at a nori-sputteriug 
cathode is, in effect, independent of the total gaseous pressure (except in so far 
as a change in pressure varies the number of steam molecules within the cathode 
zone), but proportional to the number of steam molecules within the cathode 
zone. 

The full facts relating to the cathodic combustion of carbonic oxide deton- 
ating gas ” established by the results of this investigation and the conclusions 
which can be drawn therefrom may now be stated and set forth as follows ;— 

In the first place, other conditions remaining unchanged, the rate of cathodic 
combustion is determined solely by the current passed by the discharge, a 
result which agrees with those previously obtained with electrolytic gas (Part 
!)♦ and dry detonating gas ” (Part III) which, in the case of the latter mixture, 

• * Eoy. Soo. Proo.,’ A, vol. 111, p. 267 (1926), and vol. 124, p. 303 (11*29). 

t ‘ Conduction of Electricity through Gases/ by Sir J. J, and G. P. Thomson, 3rd edL, 
p. 242 (1928). 
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as shown in Part III of this aeries, leads to the conclusion that such combustion 
involves the prior ionisation of both constituents of the combustible mixture. 

The most remarkable new fact brought to light, however, is that moisture, 
while promoting combustion at non-sputtering cathodes, actually retards 
combustion at cathodes composed of the freely sputtering metals, platinum, 
silver, gold and palladium. In the case of platinum, however, the 
amount of such retardation is practically within the limits of experimental 
error. 

The maximum retarding effect is fully attained when the partial pressure 
of moisture in the gaseous mixture is approximately 3 mm. (and probably 
less; in the case of silver, 1 mm.); higher concentrations of moisture, 
up to 16 mm,, having no additional slowing down effect upon the rate of cathodic 
combustion. In view of the facts that moisture promotes combustion at non- 
sputtering cathodes, and that, provided the partial pressure of the moisture is 
constant, such acceleration is proportional to the niunber of steam molecules 
within the cathode zone, we can only conclude that at freely sputtering cathodes 
the role played by moisture in bringing about the union of carbonic oxide 
and oxygen ions is almost completely subordinated to that played by sputtered 
metal atoms. The most probable explanation of the mechanism of the 
cathodic combustion of moist “ detonating gas mixtures which we can put 
forward at the moment, and which takes into account all the facts hitherto 
established, is the following :— 

(i) CO and Og are ionised, becoming positively charged and are then kept 
apart by electrostatic forces of repulsion. 

(ii) In dry “ detonating gas,'’ negatively charged sputtered metal atoms 
•overcome such repulsion, in the manner previously outlined in Part III, and 
;fchus enable combustion to proceed. 

(iii) In moist “ detonating gas ” mixtures burning at freely sputtering 
'Cathodes, steam molecules are attracted by, and form clusters on, such sputtered 
metal atoms. 

(iv) Such clusters, by acting in a similar manner to sputtered metal atoms in 
the cathodic combustion of dry “ detonating gas/' overcome the electrostatic 
forces of repulsion existing between ions of like charge and thus enable com¬ 
bustion to proceed. 

(v) The combustion promoting action of the sputtered metal atoms is 
gradually reduced, though only to a comparatively small extent, as the number 
of steam molecules which associate with them increases, until a limiti ootte- 
aponding to a partial pressure of moisture of about 3 mm., is reached, beyond 
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which the ciuatering of additional steam molecules on the metal atoms has no 
farther effect in reducing the activity of the latter. 

Sputtered metal particles thus virtually drain the cathode zone of separate 
individual steam molecules, and the number of negatively charged particles 
available for the overcoming of electrostatic repulsion between ions of like 
charge is thus independent of (1) the total gas pressure, (2) the partial pressure 
of moisture coutaiued in the mixture, and hence also (3) of the amount of 
moisture actually present within the cathode zone. 

A further noteworthy feature disclosed by these experiments is the fact that 
the moisture content of “ detonating gas ” can be increased to as much as, 
and possibly more than, 37 per cent, without any further decrease in the value 
of oji obtained at sputtering cathodes beyond that already brought about by 
approximately 3 per cent, in a mixture of which the partial pressure of the 
moisture content is 3 mm. It would be difficult to explain this fact satisfactorily 
on lines other than those outlined above, i.e., that sputtered metal atoms, by 
forming clusters with steam molecules, and thus virtually draining the cathode 
zone of such molecules, in effect reduce by aggregation the number of separate 
individual water particles within the cathode zone to that of the sputtered 
metal atoms with which they become associated. 

Thus, at a sputtering cathode the value of the ratio cji is mainly determined 
by the numbers within the cathode zone of sputtered metal atoms and of suit¬ 
able ions capable of combining when once their mutual electrostatic repulsion 
is overcome by means of such metal particles, only a comparatively small 
amount of combustion being due to the direct union of ions of dissimilar 
charge. Owing to chisti^x formation with the sputtered metal atoms, moisture 
has little effect upon the rate of combustion, beyond slightly retarding it, such 
retardation reaching a maximum when the moisture vapour partial pressure 
is approximately 3 mm. This rate of combustion is then practically inde¬ 
pendent of (1) the total gaseous pressure, (2) the partial pressure of steam, 
and hence (3) of the amount of moisture within the cathode zone. 

When the discharge traverses moist “ detonating gas there are, within the 
cathode jBone at a non-sputtering cathode, neutral molecules and positively 
charged ions, of carbonic oxide, oxygen and water vapour, together with 
steam molecules which are negatively charged as a result of the capture of 
electrons, and also a comparatively small number of negatively charged oxygen 
and, probably, still fewer (if, indeed, any) negatively charged carbonic oxide 
ions. 

Prmnotion of combustion by moisture of the ‘‘ detonating gas at non- 

2 o 2 



540 


G. L Finch and D. L. Hodge* 


sputtering cathodes must be confined to negatively charged steam molecules, 
because neither neutral nor positively charged steam can assist in overcoming 
the repulsion between the positively charged ions of the combustible gases. 

In the cose of cathodic combustion at non-sputtering cathodes, we have 
found that steam exerts a dilution effect upon combustion which becomes 
pronounced at concentrations above about 12 per cent, of moistiire. This 
observation is capable of ready explanation, because in the absence of sputtered 
metal atoms, upon which steam molecules can cluster to form comparatively 
large aggregates, the individual ionised steam molecules must share propor¬ 
tionately with carbonic oxide and oxygen ions in carrying the current, with the 
result that, as this steam concentration increases, the numbex of combustible 
gaseous ions must decrease in proportion. 

Although, for any given partial pressure of steam within the limits stated 
above, the value of eji varies hyperbolically with the total gaseous pressure, 
and is therefore proportional to the number of steam molecules within the 
cathode zone, the same relationship does not hold when the partial pressure of 
moisture is in(5reased and the number of steam molecules within the cathode 
zone brought to the same value as before by suitably increasing the total gas 
pressure (figs. 2 and 4). 

Within the cathode zone the number of water molecules and the total number 
of gaseous molecules (which latter is, as we have shown above, a function of the 
current alone), and hence also the number of combustible molecules, are in 
both cases the same. And since it has also been shown that the rate of com¬ 
bustion is virtually independent of pressure but proportional to the number of 
steam molecules within the cathode zone, it follows that the reduction in the 
value of c/i resulting from an increase in the partial pressure of water vapour 
can only be due to the increased comeMration or density of packing of steam 
molecules, i.e., the man her of steam molecules contained in unit volume. It 
may therefore be reasonably concluded that the reduction in the value of c/i 
which is brought about by an increase in the partial pressure of moisture, 
when all other material conditions, such as percentage concentration and 
number of water and combustible molecules within the cathode zone remain 
unchanged, is due to a reduction in the number of separate individual water 
particles within the cathode zone resulting from cluster formation, which 
process will naturally be favoured by the increased density of packing of water 
moleoules attendant upon an increase in the partial pressure of moisture. 
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Summary, 

La the foregoing experiments it has been shown that:— 

(i) An electric discharge can be passed through moist carbonic oadde 
** detonating gas ’’ mixtures in such a manner that combination takes place 
at a rate which is determined solely by the current passed by the discharge. 

(ii) Over a well-defined range of gas pressure, gap width and current, com¬ 
bustion is purely cathodic, i,e., confined to the cathode zone ; such range is, 
however, considerably narrower in moist “ detonating gas mixtures than in 
the dry gas. 

(iii) The rate of such cathodic combustion is directly proportional to the 
current. 

(iv) Combustion of moist “ detonating gas ” mixtures occurring at freely 
sputtering cathodes is practically independent of the total gas pressure. 

(v) Combustion occurring at a freely sputteruig cathode, is reduced by the 
presence of steam, the maximum such reduction being brought about by a 
moisture partial pressure of approximately 3 mm. Higher partial pressure.^ 
(up to 15 mm.) or concentrations of moisture above about 3 per cent, and up 
to 37 per cent, have no further effect. 

(vi) The rate of combustion at non-S])uttering cathodes is accelerated by 
the presence of moisture ; and, further, 

(vii) for any given partial pressure of moisture the ratio of the rate of com¬ 
bustion to current is hyperbolically related to the total gaseous pressure, com¬ 
bustion increasing with decrease in pressure. 

(viii) The relative accelerating effect of moisture upon the rate of com¬ 
bustion at non-sputtering cathodes decreases with increasing partial pressure 
of moisture, t.c., with the number of steam molecules contained in miit volume. 

From these facts it may be concluded that (i) the cjombustion of moist 
“ detonating gas mixtures is determined by a prior ionisation of the con¬ 
stituent molecules of the gas. (ii) at freely sputtering cathodes (a) steam mole¬ 
cules within the cathode zone condense on, and form clusters with sputtered 
metal atoms ; (6) the combustion promoting activity of such clusters is some¬ 
what less than that of a sputtered metal atom free from moisture ; (c) such 
clusters promote combustion by neutralising the electrostatic forces of repulsion 
existing between positively charged ions, (iii) Combustion occurring at non- 
sptittermg cathodes is (a) proportional to the number of separate individual 
moisture particles (clusters) within the cathode zone, such number depending 
upon the number of steam molecules within the cathode zone and contained in 
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unit volume, and (6) effected by the overcoming of electrostatic forces of 
repulsion between positively charged ions by negatively charged moisture, 
(iv) At both classes of cathode a small amount of combustion is due to the 
direct union of ions of dissimilar charge, the negative ions consisting for the 
most part of oxygen molecules which have captured electrons. 

One of us (D.L.H.) wishes to thank the Tjondon County Council for a grant 
which has enabled him to devote his full time to this research. We also wish 
to thank the Government Grants Committee of the Royal Society for a grant 
with which the cost of some of the apparatus employed in this investigation 
was defrayed. 


An X-Ray Investigation of the Stmciure of Naphthalene and 

Anthractne. 

By J. Montkath Robertson. 

(Communicated by Sir William Bragg, F.R.S.—Received April 3, 1929.) 

[Plates 7 and 8.] 

In the present paper an attempt is made to develop a geometrical structure 
factor which will account for the intensity distribution in the various spectra 
of naphthalene and anthracene. Such an attempt is surrounded by many 
difficulties owing to the relatively low symmetry of the crystal systems (mono- 
clinic), the complicated nature of the molecules, and uncerliainties regarding 
the laws of reflection of X-rays from organic crystals. Recently, however, Dr. 
Mtfller has investigated the structure of a long chain hydrocarbon* making the 
simplification of treating a carbon atom and its attendant hydrogen atoms as 
one scattering centre for X-rays. The success of this investigation makes it 
seem probable that an approximate structure may likewise be obtained for 
some of the more complicated aromatic compounds. 

The simple organic compounds of this type (benzene, cyclohexane) are 
very often liquids or low melting solids that call for a specialised and difficult 
technique in any investigation of their crystal structure. Good crystals of 
naphthalene and anthracene, however, are easily obtained. Moreover the 


♦ * Boy, 8oc. Proc.,* A, vol. ISO, p. 4S7 (1928). 
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crystal structure of these compounds has already been investigated very fully 
by Sir William Bragg, both by the ionisation spectrometer* and photographic 
methods.! The author has had the privilege of assisting in some of this later 
work, and the present paper is a continuation of these investigations. 

1. ExperiimtUal Methods and Results. 

The rotating crystal photographic method has been used in this work, and 
the results are classified in Tables I to Ill according to a method previously 
used by the author.^ The indices of the reflecting planes are referred to unit 
monoclinic cells of the following dimensions:— 



rt. 


c. 

/S- 

1 

1 Space 

j proup. 

Molecules 
per unit 
cell. 

i 

1 

Ponsity, 

Naphthalene .... 

8‘34 

5 >98 

8-B8 j 

1 

122 44 

i 

2 

1152 

Anthracene. 

8-58 

0>02 i 

11-18 i 

! 

125 0 

1 


2 

1-260 


Bernal's method of interpretation was employed.^ The intensity estimates 
given in the Tables I to III have been made in the manner previously described 
by the author {he. cit.), but they must only be regarded as approximate. They 
are, however, usually sufficient for the purposes of this paper. Most of the 
results in the tables are derived from the analysis of overlapping oscillation 
photographs taken about the h axis, but the {OifcO} reflections, and certain others, 
have been taken from photographs about the a and c axes. It was found most 
convenient in this work to employ Cu Ka and Kp radiation and a small circular 
camera. When necessary in the oscillation photographs the radiation 
was removed by means of a nickel filter. Some of the rotation photographs 
are reproduced in Plates 7 and 8. The naphthalene photographs are more 
difficult to take owing to the rat© at which a small crystal volatilises, and so in 
general a larger crystal and somewhat less accurate setting had to be employed 
than for anthracene, but this drawback did*not lead to any ambiguity in the 
interpretation of the results. The striking similarity between corresponding 
pjiotographs of naphthalene and anthracene is at once apparent, and points 

• ‘ Proc. Phys. See.,’ voL 34, p. 33 (1921); vol. 35, p. 167 (1928); and “ X-Hays and 
C^taJ Structure,” p. 229 (1925). 

t ‘ 2. f. Krist.; vol. 66, p. 22 (1927); ‘ Nature,* vol. 121, p. 327 (1928). 

t * Boy. Soc. Proc.,’ A, vol. 118, p. 711 (1928). 

I ‘ nby. 8oc. Proc.; A, vol. 113, p. 117 (1920). 
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to similarity of underlying structure. We see that the length of the b axis 
in the two crystals is almost identical; but while the c axis is considerably 
longer in anthracene than in naphthalene (layer lines closer together) yet the 
intenMty maxima occur at almost exactly the same points on the plates. The 
significance of this result has already been discussed by Bragg (ioc. cit.). It 
indicates a recurrence of the same periodicity in the two structures. 

2. Space Group and General Slruclvre Factor. 

A survey of the tables shows that in the cavSe of both naphthalene and 
anthracene the {AO/} planes are halved wlieu A is odd, the (010} is halved 
and there are no other halvings. The only space group in the monoclinic 
system which accounts for these facts is in the prismatic class.* But this 
space group requires four asymmetric molecules to complete the necessary 
symmetry, and only two molecules are present in the unit cells of naphthalene 
and anthracene. Hence if all the hulyiugs found are true halvings we must 
ascribe a centre of symmetry to the molecules of naphtlialene and anthracene 
in the crystalline state, which is the only possible molecular symmetry in this 
space group. 

It often happens that the determination of a space group depends upon the 
determination of the crystal class, regarding which only superficial evidence 
may be available. Thus it is sometimes possible to avoid the assumption of 
molecular sjinmetry by relegating the crystal to a lower symmetry class which 
does not require it. lu the present example, however, if the (010} halving is 
real, there is no space group available in any of the lower symmetry classes 
that will account for the halvings found. It therefore becomes necessary to 
assume a centre of symmetry in these molecules. 

Let us now consider the space group in more detail with a view to the 
development of a geometrical structure factor. First of all suppose there are 
four asymmetric molecides in the unit cell, and let {x, y, z) be the co-ordinates 
of any point (atom) on one of the molecules refened to the a, h and c crystal 
axes as axes and any lattice point as origin. Then the co-ordinates of the 
e(iuivalent points on the four molecules are as follow, 

2/, s; A 

X -f 2 :; reflected molecule B 

— a: -f a, ?/ + i, — « + y: rotated molecule C 

— ar + l + a, “-y + l+p, —g-fy; reflected rotated molecule D J 

* Compare Astbury and Yardiey, ‘ PliiK Trww, Roy, So<*„* A, vol, m, p. St2l (19*4), 
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where a, p and y are parameters which have to be determined. It is not in 
general possible to represent the positions of a molecule and its mirror image by 
means of two points unless the molecule itself has certain symmetry properties, 
a centre of symmetry. But supj>ose the molecules have certain approximate 
symmetry properties, and tliat we can thus represent their positions approxi¬ 
mately by means of points, then with such a representative point as origin 
the positions of the four molecules in the unit cell are denoted by the following 
oo-ordinates - 


0 , 0 

a, h Y 

1 + a, I + % Y 


A ^ 
B 

C 

D . 


( 2 ) 


It can readily be seen that when and only when a = (i — Y 
number of molecules is reduced to two. A coinciding with D, and B with C 
at the points (0, 0, 0) and (J, J, 0). Introducing those values for a, p and y 
the general co-ordinates (1) now become 

Centre of symmetry 

■— X, — ?/, 

+ h i “ y 

Centre of symmetry 

k y + h 



A and D lying on one molecule with a centre of symmetry at (0, 0, 0) and B and 
C on the second molecule with a centre of symmetry at (|, i, 0). The mole¬ 
cule BC can be derived from AD either by a reflection in the ac plane or by a 
rotation about the b axis, accompanied by a shift of \a, We have thus 
determined a, p and y by making use of the fact that there are only two mole¬ 
cules in the unit cell. 

The geometrical structure factor for any plane {hU} may be written 


S »= 


r ar m - n 
f s; J h la; 1 


X) 


where k the reflecting power and z„) the co-ordinatee of the 

}>th atom in the rth molecule in a unit cell built up of m moleoulee that each 
oOQtain n attmu. For this purpose it is oonvenieut to restrict the term 
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“ molecule ” to mean the asymmetric crystal unit, which in the present example 
consists of one-half of the chemical molecule. For mathematical purposes 
we thus divide the chemical molecule into two crystal units which are centro- 
symmetrical with respect to each other, and the general co-ordinates of equi¬ 
valent points on these crystal units referred to a centre of symmetry as origin 
are given in (3). We can now carry the summation of the structure factor 
over the molecules, using these general co-ordinates. On simplifying the 
result we obtain the following two expressions, which are quite general and 
apply to any crystal of space group whicli contains two molecules in the 
unit cell. 


and 


h = n 


S = S 4Ap cos 2n(Xph!a + Zpljc) . cos 2nypkjb 

h^.\ 


when (h + k) is even 


( 6 ) 


B 4A„ sin 2n (Xphja + • siri ^nypkjb 

ft se 1 

when + A) is odd. 


( 6 ) 


The remaining summation has now to be taken over that group of w atoms 
which make up the crystal unit. 


3, Form and Orientation of the Molecules, 

It is hardly possible to proceed further without some guiding principle# 
as to the form and orientation of the molecules of naphthalene axid anthracene 
in the crystal. In this connection Bragg has shown {loc, cit,) that all the 
evidence indicates that the long axes of the molecules lie along the c axes of 
the crystals. When we pass from naphthalene to anthracene, a, h and p, 
remain nearly the same, but the c axis increases in length by 2 • 6 A.U., which ia 
just what is required to accommodate the atoms forming an extra ring, if it 
be of the dimensions foxmd in the diamond or graphite structure. Again 
Bragg haS'shown that the characteristic appearance of the c axis photographs 
lead to the same conclusion, and by making a statistical investigation of the 
intensities of the refiectipns in anthracene by plotting against a given I index 
a number representing the sum of the intensities of all reflections from planes 
having this index, he obtains a curve with sharp maxima at 4-2 and 8‘7. 
These numbers divided into the length of the c axis {II • 18) give 2^66 and 1 *28, 
which correspond closely to the two periodicities in the molecule, if it consists 
of three rings of the diamond pattern placed along the o axis. If the indices 
of the planes are referred to any direction in the crystal other than the c axis» 
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this periodic property is not shown. In fig. 1 this curve is drawn again from 
the revised data now available in "J'ables I to HI, and is compared with the 
corresponding curve for naphthalene. A number is assigned to each re¬ 
flection* (v.B. — 7, 8. — 6, ... v.w\ ~ 1) and for all planes with a given I index 
these numbers are added together and plotted on the curve, the horizontal 
scale being Ijc, This scale measures the reciprocal of the periodicity, if any, 
occurring along the c axis of the t^rystel, and the same periodicity in the two 
crystals will be indicated by maxima on the curves appearing at the same point 
on the horizontal scale. 

The similarity of the curves is at once apparent, and we see that in both 
naphthalene and anthracene there are distinct maxima at 0*38 and 0*78 on 



Fig. 1, 

the reciprocal scale, giving a periodicity of 2*63 A.U. and 1*28 A.U. for both 
crystals along the direction of the c axis. The fact that the curve for naphtha¬ 
lene lies wholly above the anthracene curve is due only to the experimental 
defect of using a larger crystal of naphthalene which in general gave stronger 
reflections than were obtained from anthracene. 

Thus quite apart from any ideas baaed on the chemical structure of the 
molecule, we have distinct evidence of a fundamental periodicity along the 
€ axis of amount ]*28A.U. in both naphthalene and anthracene. We can 
proceed to outline the structure somewhat further from general considerations 
of the X-ray results alone before entering on a detailed mathematical discussion. 

* These numbers are approximately a linear function of the logarithm of the intensity^ 
Ckmtpare ‘ Boy. Soo. Proo./ A. voL 118, p. 711 (mS). 
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The crystal unit of naphthalene contains five carbon and four hydrogen atoms, 
and the anthracene unit contains seven carbon and five hydrogen atoms. We 
will neglect the hydrogen atoms for the moment, or rather regard each scatter¬ 
ing centre for X-rays as consisting of one carbon atom and its attendant 
hydrogen atom, if any. It is evident that the only reasonable structure for 
these crystals must be obtained by placing the five scattering centres of the 
naphthalene unit, and the seven scattering centres of the anthracene unit, at 
equal distances of about 1*28 A.U. along the c axis. Such an anangement 
leaves a gap of (8*68 — 4 x 1*28) = 3-56 A.U. between the last scattering 
centre in one naphthalene molecule and the first scattering centre of the next 
identical molecule, if these two centres happen to lie in line along the c axis. 
The corresponding gap for anthracene is (11 *18 — 6 X 1 *28) 3-50 A.U. 

So far we have not discussed the lateral distribution of the scattering centres 
in a plane at right angles to the c axis. Fig. 2 (o) and (6) shows a projection 



of the structure thus far obtained for naphthalene and anthracene in the ac 
plane of the crystals. 

The diagrams are drawn to scale and the short thick lines mark the trace of the 
planes perpendicular to the c axis in which the scattering centres lie, the dis¬ 
tance between these planes being 1*28 A.U. There are centres of symmetry 
at A and B. The molecule B can be derived from A either by a reflection in the 
plane of the paper, or by a rotation of ISO'" about an axis perpendicular to the 
plane of the paper, in each case accompanied by a shift of a /2, b /2. Each mole¬ 
cule, A and B, consists of two crystal imits which are derived from each other 
by an inversion through the centre of symmetry at A or B, If we located a 
scattering centre at one extremity of any of the short thick lines of A (say at C) 
there would be another similar scattering centre at the other extremity of 
the corresponding line on the other side of A, belonging to the other crystal 
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unit (at C')' If for example we located a scattering centre at one extremity 
of each of the short lines, there would be a similar centre at every other extrenaity 
and the two rows taken together would form the chemical molecule, or 

C„H,o. 

We next observe that the relation of the axial ratios and the angle to the 
periodicity is such that the third line of scattoing centres of the A molecule is 
approximately in line with the first line of centres in the B molecule, in a 
direction perpendicidar to the c axis. This is more nearly true of anthracene 
than of naphthalene. We now draw in the traces of certain {A()7} and {/i09} 
planes, which are all perpendicular to the plane of the paper. The intensities 
of the reflections from these planes are all enhanced relative to the reflections 
from the {h06} and {A08} planes, for example, because of the fundamental 
periodicity. But we observe that the reflection from the (d07) in naphthalene, 
and from the (405) plane in anthracene is stronger than that from any of the 
other {A07) or {h()9} planes. Now if the scattering centres were so distributed 
perpendicularly to tlie paper that they projected into the points indicated by 
the small circles in the diagrams, or approximately into these points, it is 
evident that there would be no good reason for this particular enhancement of 
the reflections from the (407) and (405) planes. It can be seen from the dia- 
grams that the reflections from the various planes would be nearly all equally 
strong. But if the scattering centres were distributed in some manner along 
the short thick lines it is at once evident tliat the reflections from the (407) 
and (40S) planes, the traces of which are nearly parallel to these lines, would 
be stronger than the reflections from the other planes. In the case of these 
other planes, (607) or (60S), (207) or (205), and particularly (007) or (009), 
the reflections would be weakened by the fact that the scattering centres are 
distributed across the planes. 

We thus require to assume that the scattering centres are distributed in 
some manner along the short thick lines in the diagrams, or in other words it 
is probable that the '‘plane of the molecule lies nearer to the ac than to the be 
plane of the crystal. Bragg has pointed out {loc, cit.) that the form of the 
crystal and the absence of the (100) plane as a natural face make it likely that 
this is the case. On making a model after the diamond pattern it is found that 
the molecules lock together much better when their plane mokes a small angle 
with the ac plane. 

From the results we have so far considered we might be led to assume some 
simple two-dimensional model in the ac plane, containing nearly flat hexagon 
rings such as are assigned to the graphite structure. The possibility of such a 
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aimple structure, however, is limited by the following consideratious. Fig. 3 
shows a view along the c axis of naphthalene or anthracene, the ovals being 
taken to represent roughly an end view of the region occupied by the scattering 
centres. We know that the molecule B at (^, 0) exactly subdivides the 

primitive translation A A'. If the molecule contained an approximate plane 
of symmetry parallel to the ac plane, as represented in fig. 3 (a), then, in general 
reflections from planes with the indices (h -f i) an odd number should be weak.* 
A survey of the Tables I to III shows that any such general tendency is very 
small or absent in the case of naphthalene or anthracene. Rotation photo¬ 
graphs about this axis, the (001), (110) zone, show a slight weakening of the 
intermediate layer lines, but this is mainly due to the absence of {AOZ} reflections 
when h is odd, a fact which we have already made use of in determining the 
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space group, and wbicli only indicates the presence of a reflected molecule 
somewhere on the line pq. As the .reflections from the general planes are not 
sensibly weakened when {h + k) is odd, and as we know that the molecule B 
exactly subdivides A A', we must conclude that the molecule does not exhibit 
even an approximate plane of symmetry in the ac plane, and we are led to 
some such structure as is shown in fig. 3 (6). 

4, The Structure Factors for Naphthalene and Anthracene^ 

We must now extend the expressions (5) and (6) over the scattering centres 
of the naphthalene and anthracene crystal units, being guided in the choice 
of parameters by the general considerations outlined above. Our present 
opnoeption of the structure, however, would lead to expressions containing too 
many variables to be useful, and so it is neoessai^ to simplify matters by 

* tiompam ’ Roy. Soo. Proo.,* A, vd. US, p. 711 (IWS). 
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jafisiiming a certain degree of unifomaity in the structure. We can do this in a 
very plausible way by supposing the scattering centres to lie in two rows 
parallel to the c axis, as indicated in fig. 4, which now replaces the more gdheral 
diagram of fig. 2. Our assumption, then, is that the crystal unit* consists of 
a chain-like structure parallel to the c axis. We have definite evidence of the 
periodicity in this direction; but by placing the atoms in two rows we are 
making an assumption which can only be justified by the results of the investi- 
gation* There is, of course, much independent evidence in favour of such a 
structure; the tetrahedral properties assigned to the carbon atom in chemistry, 
the known structiue of the diamond, and the results of Muller’s work on the 
long chain hydrotjarbons. 

Fig. 4 represents the general case of such a structure, projected on to the ac 
plane. The periodicity along the c axis, which we know to be approximately 




equal to 1 • 28 A.U., is denoted by L Tlic direction a' is perpendicular to the b 
and c axes, and makes an angle of (p — with the a axis. Two centro- 
symmetrical crystal units are shown in the diagram. Each luiit contains w 
scattering centres, represented by points. The outer row (odd numbers) 

♦ Any n of the two chainB of n pointB each, shown ia fig. 4, which are not oentro- 
•ymmettiool to each other xaay be chosen a« the crystal unit.*’ The selection of the 
particular points numbered J {n' — 1),.... l\ 0,1, 2,...»i(n ** 1), and reference to them 
aa the eryatal tmrt ia a matter of convenience, which simplifies the following mathematical 
treatment witiiout afieoting the results. We might, for example, choose tl^ outlying 
tow (odd numbers) together with the inlying row {even numbers) from the opposite side 

the centre of symmetry, and using their co-ordinates, obtain the same final result. 
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contains ^ (w ~ 1) points, and the inner row (oven numbers) contains i (» +1) 
points. For any closed-ring structure (naphthalene, anthracene) » is always 
odd,"and the number of rings is J (n — 1). (When the number of rings is odd 
(benzene, anthracene) the centre of symmetry 0 must be shifted to O', opposite 
an outlying point.) Fig. 6 is a view of this structure looking along the c axis. 
A is the projection of the row ..., 0, 2, ... in fig. 4, and Bthe projection of the 
row ..., 1, 3, .... We shall now define the positions of these rows by making 
u and V the rectangular co-ordinates of A, referred to the a' and b axes and the 
centre of symmetry 0 as origin; u' and v' will be the corresponding co-ordinates 
of B. 

In order to formulate the structure factor for the general case we may now 
write down the co-ordinates (x, y, z) of the n scattering centres which make up 
the crystal unit, referred to. the crystallographic axes a; b and c as axes, and 
the centre of symmetry 0 as origin. P'rom figs. 4 and 6, 

^(-.■-i)/2 = >'Co = Vo Z(H' -i )/2 = i (« — l)i -f M/tan fi 

Xi' ^ *0 y^- ==: y^ 22- = 2 t -f- w/tan p 

ajj- = ii'jsiu fJ i/i' ~ v' s,. = i -f- w-'/tan ^ 

Jo = M/sin P 2/n —v Zo — «/tan ^ 

rcj = u'/sm {3 y/j —o' Zj = i — u'/tan p 

Xj = a'o 9/2 ■■■■■■ yo ^2 ■“ -■•M/tan ji 

X(n -])/2 — x.Q y(n-i )/2 = .Vo = i (» — 1) < — w/tan p 

We can now carry the summations (5) and (6) over these co-ordinate.s 
obtaining terms of the type 



4A,coa27r[?^-f«'('*£l=il£2! 

L c \ ac sin p 

L c \ ac sm p 


— la cos B \ o ^ 

-r -" --- .^ , COS 2n — 

ac sin p / J 6 


« sm 2 t: —, 
0 


Aj being the reflecting power of the centre {Xi, z^). In order to simplify 
the expressions it is convenient to write 

A ™ 2tc (he — la cos ^)jac sin ^ ; B 2nklb ; C = 2^ljc, 

A, B and C thus depend only upon the indices and crystallographic constants, 
and their values can be written down for any plane. A list of these values 
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for a number of planes calculated from the crystallographic data for naphthalene 
is given in Table IV, and from the anthracene data in Table V. 

On completing the sunuuations of (5) and (6), the final results can be expressed 
in the following simple forms, 


m 

8 


S' 


Y . cos Ah . cos Be , 


sin I {n “I I) Cr 
2 sin Vi 


when (h + k) is even, and 
S' = Y • . sin Be , 


+ cos An' . cos Bf' . — 1 (8) 

1 2HinGi J 

sin i (n + 1) Cn 
2 sin Vi J 


j- sin Au^ . sin Bv' . 


sin 1 (n — 1) C( 
2 sin a 


(9) 


when (h + k) is odd. 

The results are liot altered by shifting the centre of symmetry from 0 to 0' 
w^hen I (n— 1) (the number of rings) is odd. It will bo seen that the sine 
factors in the sciuaro brackets in the above expressions arc simply Miiller’s 
“chain factors’'* for the two rows of scattering centres, the pfriodioity in 
each case being , and the number of centres J (?< ) 1) and | (// ~ 1) respectively. 

In thc.se expressions y replaces reflecting powers of the stjattering 

centres on the inner row' nearest the centre of symmetry, when Ihe reflecting 
powers of the otlicr centres on the outer row have all been put equal to unity. 
The need for this differentiation of the scattering centres is apparent w^hen 
we consider the chemical structure of compounds like naphthalene and 
anthracene. 


C ^CH 


HC. 


y 

Naphthaleno. 


C . Cll 


HC 

I 

HC 


I I > 

Autliracenti. 


The centres marked y consist of a carbon atom only, W’^hereas the other centres 
consist of the group Thus considering the atomic numbers involved 

we might expect y to be equal to 6/7, the reflecting powders of the other centres 
being taken as imity. Tliere is a discontinuity at the end positions, the 
a-positiouB of naphthalene, or the |(n — 1) positions of the general case, w'here 
the scattering centres again consist of the group CH, In deriving the general 

* Loc, cit, 

von* oxxv*—A. 2 p 
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expresBioiis this small irregularity has been neglected, but in the particular 
cases of naphthalene and anthracene it is easy to take account of it by using 
the cosine expansions of the chain factors,* and attaching y only to the centres 
indicated by the chemical structure. As n is only 7 for anthracene and 5 for 
naphthalene, the cosine expansions are generally the most convenient for 
computations, and have been used in the remainder of this paper. For 
naphthalene we find 

S' — cos Aw . cos Bv . [iy + cos 2Cf] + cos Aw' . cos \W . cos CV (10) 
when (h 4 h) is even, and 

S' sin Aw . sin Br . [^y 4 cos 2C0 4~ sin Aw' . sin Bw' . cos Qt (11) 
when [h -} - k) is odd ; and for anthracene 

S' cos Ku . cos Bv, [y cos C/ 4“ (.3/] 4^ cos Aw'. cos Bv'. [J f C<} (12) 

when {h + k) is even, and 

S' -rr ftin kxi . sin Be. [y cos CV 4’ ^us 3C/] sin Aw/ . sin Be'. cos Cf.] (13) 
when {h -f k) is odd. 


Table IV.- Naphthalene. 

A :r: 51*31 h 4^ 20‘fi7 1; B = 60*20 k ; 0 41*48 I 

Values of A (in °). 


. A... 

0 . 

1. 

2 . 

3 . 

4. 

1 

fi 

13M'4 

184-7 

2.36 0 

287-3 

338-6 

i 

4 

106-7 

J58 0 

209-3 

260-6 

3U-9 

3 

80-0 

131 3 

182-6 

233-9 

285-3 


2 

53-3 

104-7 

156-0 

207 •:« 

258-6 


1 

26-7 

78-0 

129-3 

180-6 

' 231^9 


0 

0 

51-3 

102-6 

153-9 

205-2 


I 

^ 26-7 

24-6 

76-0 1 

127-3 

178*6 


5 _ 

^ 53-3 

- 2-0 

49-3 

100-6 

‘ 151-9 


5 

- 80-0 

1 - 28-7 

22-6 

73-9 

125-2 


4 

10tl*7 

1 - 55-4 

4-1 

47-3 

98-6 

j 

f) 

m-4 

1 - 82-0 

- 30-7 

20-6 

71-9 

1 

6 

160 0 

1 - 108-7 

-- 67-4 

6-1 

45-2 

1 

1 

- 186-7 

i - 136-4 

- 84-1 

- 32-8 

18-6 


8 

- 213-4 

-- 162-1 

™ no-7 

69-4 

8-1 


8 

_ 1 

- 240-0 

-^ 188-7 

- 137-4 

86-1 

- 34-8 


* Generally, 

sin ra/2 sin a — cos a oos 3a f* 4' cos (r 3) a 4- (r — 1) « (r even) 
^ I 4- COB 2a “h 4“ 008 (r 3) .... « 4- cob (r — 1) a (r odd). 
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Table IV—(continued). 

Values of C terms in structure factor for ^ — 1 *28 A.U. 


j 


7/2 + cos 2C/. 

(JOS C/. 

1 

0 

I 1 429 

1-000 

1 ■ 

1 

0150 

0-600 


2 

™0.416 

-0-279 


3 

1178 

-0-935 


4 

0-856 

-0-844 


5 

-0-558 

-0 079 


s 1 

0-553 

0*749 

1 

7 

1 347 

0*980 


8 

-(>•206 

0-427 


9 

1 

0-]3(i 

—0-46(i 


Table V. -Anthracene. 

A = 51-22 h + 22-55 I ; B - 59-80 k ; V :V2*21 /, 
Values of A (in 


h-^ 

0. 

I. 



4. 

1 

5 

)!2-8 

U>4 -0 

.. 

215*2 

266-4 

. 

317-6 


4 

90-2 

141-4 

192-6 

243-9 

295-1 


3 

67-7 

118-9 

170-1 

221 -3 

272-5 


2 

45-1 

96-3 

147-5 

198-8 

250 '0 


1 

22-6 

73-8 

125 0 

176-2 

227-4 


0 

0 

,51-2 

102-4 

153-7 

204-9 


1 

- 22 6 

28-7 

79*9 

I3M 

182-3 


2 

- 45 -1 

! 6-i 

.57-3 

I 108-6 

169-8 


2 

- 67-7 

1 „ 164 

34-8 I 

1 86-0 

137-2 


1 

- 90-2 

39-0 

12-2 

63-5 

114-7 


S 

-112-8 

i -- 61 -5 

~ 10-3 1 

i 40-9 

92*1 


8 

--135-3 

1 . 84-1 1 

32-9 ! 

' 18-4 

69-6 


7 

-157-9 

j 106-6 

55-4 

4 2 

47-0 


n 

-180-4 i 

1 -129-2 1 

-- 78-0 

- 20-7 

24-5 


9 

- 203 0 

! 151-7 j 

100-5 

493 

1 -9 


Values of C terms in structure factor for / ~ 1 *28 A.U. 




y oos Cl f ( 08 3C^ 

^ 4- C08 20^, 

1 

'o 

1 -857 

! 

1-600 


1 i 

0*090 

0-631 


2 i 

-0-272 

-0-466 


s3 ! 

0-505 

0-110 


4 j 

-1*534 

1-354 


5 

-0-969 

1-U2 


6 

0*598 

-0-205 


7 

-0*563 

-0-297 


8 

0-731 

0-996 


9 

1-677 

1*427 

— 

10 

-0-396 

0-248 


2 p 2 
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5, IHscf/^ston of the Structure Factms in Rektiion to sonm Simple Medela, 

We iave now to determine what values of u, u\ v and v' in the expressions 
for the structure factors will account for the outstanding variations in the 
intensities of the refieetions observed i?? naphthalene and anthracene. The 
matter is complicated by uncertainties regarding the laws of reflection in the 
case of carbon compounds. The crystals of naphthalene and anthracene most 
likely belong to the imperfect'' type. No change was observed in the 
intensities of the principal reflections when a powder photograph was com- 
pared with the single crystal photographs. The expression for the integrated 
reflection in the case of an imperfect crystal may be written briefly 

, p KfS^PT, 

where K represents constants independent of 0, the angle of reflection. / is 
the atomic stnicture factor w^hich for the carbon atom decreases continuously 
and at first very rapidly with increasing 0, according to Ponte's measurementa 
on diamond.* H is the geometrical structure factor we are at present con¬ 
sidering. P is equal to (1 -I-cos^ 20)/sin 20, w'hich also decreases with 
increasing 6, while T is the temperature factor, which is unknown for these 
crystals, but which will consist of some functioii of 0 and the indices of the 
reflecting plane. The chief point to notice is that while S is a very rapidly 
oscillating function with respect to 0, the remaining part of the expression 
most probably decreases fairly contiimously with increasing 0. Thus, if 
among the orders of a certain plane, one reflection is enhanced or diminished 
relative to its neighbours, the discontinuity should be shown by a marked 
change in the value of the structure factor for that order. The more nearly 
alike are the ordens in spacing, the more accurate the result will be. When the 
planes to be considered have less than two indice-s in common the result is 
more doubtful, as Miiller has pointed out (loc, cit.), owing to the operation of 
the imknown temperature factor. 

A first approximation has already been obtained for t. The task of evaluating 
the remaining parameters, however, is a somewhat difficult one, and it ia 
perhaps best to proceed by first discussing some simple models. In this way 
we may hope at least to limit the range of possible values which have to be 
considered. At present we will make y equal to unity, i.e., all the scattering 
centres are supposed to be of equal weight. 

We may note that in all the expressions (8) (13) the first term, con¬ 

taining u and r, always refers to the first row of scattering centres, or those 
♦ ‘ PhU. Mag.,’ vol. 3, p. 195 (1927), 
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ncax^t to the eentre ot symmetry, and the second term, containing u' and 
v\ refers to the outlying row. 

Consider first the case when u and w' are very small or zero. This applies 
to any structure in which the “ plane ” of the molecule is near the be plane 
(which we have already found from general considerations to be unlikely). 
For the {001} planes B is also zero, and in the general case (8) becomes 

d' i "+ 1) Ct , sin4 (» — I) C/ 1 sin inCt 

^ 2 sin tt + 

^ 4* ^os ~f- -• + tu)s 1 (/t — .1) CV. (8 a) 

This is Miiller’s chain factor for a row of n scattering centres placed along the 
c axis, the periodicity being t. (C — 2nljc.) 

We may use this expression to examine the intensities of the reflections from 
the different orders of the cleavage planes (001) in naphthalene and anthracene. 
In naphthalene, for example, when t is in the neighbourhood of 1*28 there is 
a very strong maximum in the value of the structure factor between the sixth 
and seventh orders, as we expect. There is disagreement, however, with the 
observed facts in the following respects. The structure factor is found to 
diminish continuously from the first to about the fourth order, and then to rise 
to a figure which is near the possible maximum (all atoms in j)hase) at the 
seventh order. Actually there is observed a slight increase in intensity at the 
third order with respect to the second order. Further, the second observed 
maximum at the seventh order is not nearly the possible maximum, because 
much stronger reflections can be found from neighbouring planes with nearly 
as large spacings, e.g,, the (407). We cannot improve matters by varying the 
value of t around the flgur(5 1-28. Such changes only shift the principal 
maximum away from the seventh order. We must conclude that u and u' 
differ appreciably from zero. Similar arguments can be applied to anthracene, 
with the same results. 

In order to obtain a first approximation to the structure there are a number 
of models which we might consider, as, for example, a simple dipole model, 
in which the crystal unit would consist of only one row of scattering centres 
defined by the co-ordinates u and v. It is easier, however, to consider a 
structure in which there is only one parameter to vary. This may be done by 
making use of a simple hexagon model, in w^hich the radius of the hexagon 
rings, and the distance from centre to centre around the rings, is denoted 
by r. Comparison with fig. 4 shows that 

t = 
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If ^ is the angle which the plane of the flat hexagon makes with the ac plane 
(compare fig. 5) then 

= 2w ~ r COB 
v' 2/’ r sin tj;. 

The approximate value we have obtained for t can be used to calculate r. 
The only unknown quantity which remains is t|>. On varying ^ from 0*^ to 
60"^ calculation shows that in the neighbourhood of *dif a fairly good general 
agreement is obtained between the values of the structure factor and the 
intensity variations for certain groups of {hi/} planes. The groups of planes 
selected for calculation have closely similar spacings and the reflections all 
occur within a region of about 2 mm. on the photographic film. The method 
will be illustrated in the next section. It is sufficient at present to state the 
values of w, u\ v and v' cori'esponding to ( — 1 “28 and ^ and employ 

these as a first rough approximation. From the relations given above we 
find 

0*64 A.U. -= 1*28 A.IT. 

:0*37A.U. c .:.0-74AAI. 

These results apply to both naphthalene and anthracene. 

It may be stated here that, making independent variations in the parametertv 
the result of a good deal of further computation with various sets of reflections 
show that the value of u (referring to the first row of centres) probably does not 
difier much from the value given above by the hexagon model. A somewhat 
larger value is generally indicated. It is found, similarly, that not much 
improvement can be obtained by changing the value of v' (referring to the 
second row); and the approximate values, w = 0*74 and v' = 0*80 A.U. are 
used in the following discussion for the further calculation of the remaining 
variables u* and r. Other values of u and v' around 0*74 and 0*80 A.U. 
have, of course, been tested, but for brevity detailed reference to these c^ilcu- 
lations is omitted, the metliod, in general, being that used in the next section. 


6. Detailed Examination of the Parafmltrs in the General Situcinre Faxtenre. 

We may now try to make a more general determination of the values of the 
remaining unknown quantities in the structure factor expressions in a way 
which is not dependent upon any particular model. The approximations so far 
obtained will serve to limit the ranges of the parameters which need be 
discussed. 
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First consider the (AGO} planes. The structure factors reduce to expressions 
which contain only u and u\ For naphthalene we have 

^^^00 ^ • Liy + 11 I * cos ku* (10a) 

and for anthracene 

S\oo cos Au . [y 4- 1] f ^ cos Aii\ (12a) 

h being always even. The value of y can be taken as 6/7. 

Unfortunately, owing to the halving, not much of data is available in this 
series of reflections (orders of the (200)). In both naphthalene and anthracene 
we find a strong (200), and a very much weaker (400), In naphthalene the 
(600) is at least as strong as the (400), while in anthracene the (600) is certainly 
stronger, probably two or three times as strong, as the anthracene (400). 
Bearing in mind the very rapid diminution of the intensity of reflection with 
increasing angle of incidence, we might expect that while the value of the 
structure fact/Or for the (400) should be less than for the (200), the value for the 
(600) should be considerably greater, in both cases. 

The following table gives the square of the structure factor for varying values 
of v/ (« r- 0*74 A.U.) for naphthalene,* 


Naphthalene, 

Square of Structure Factor. 



200 v.s. 

400 w. +. 


600 w. 4-, 

1*28 

17 


:m 


3 

1*35 

28 


219 


26 

1*40 

30 


156 


69 

145 

44 


106 


137 

1*50 

52 


71 


228 

1-65 

69 


45 


335 

1 

66 


28 


462 

1*66 

1 

69 

1 

17 


662 


We see that there is reasonable agreement with the observed results when 
w' is in the region of 1 ’55 A.U. This is considerably greater than the value 
obtained from the hexagon model, viz., u I *28 A.U. However, we obtain 
confirmation of this high value from the corresponding calculations for anthra¬ 
cene, using (J2a). The results arc given below. 

♦ B^ore squaring, the structure factors are multiplied by a constant factor / in order 
to make tho possible maximum (all atoms in phase) equal to 1000. For naphthalene, 
/ ^ 13‘0, and for anthracene, / xa 0*4. 
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Anthracene. 


Square of Structure Factor. 




200 V.8. 

400 v.w. 

600 »r. 


1*2S 

! 

299 

0 

1 

1-35 

1 40 : 

190 

14 


1-40 

1 51 

125 

52 


1-45 

1 02 

78 

120 


] *50 

72 

40 

214 


1-55 

! 80 

25 

:$2H 


1 -00 

1 88 

11 

j 402 


1 -65 

1 m 

5 

! 574 


The weaker (400), as compared with naphthalene, is predicted by these results. 
A similar value of u\ probably about 1-55 A.U., will account for the observed 
intensity variation. 

In making use of this general method of obtaining approximate values for 
the parameters, it must be clear that we can only hope to obtain an account 
of the more outstanding variations in the intensities of sets of related reflections. 
Exact intensity measurements are not available ; and if they were, the various 
corrections which would have to be applied are to a large extent unknown. 
Bearing these limitations in mind, we can proceed to check our results by 
calculating the structure factor for the orders of the (001) reflection and 
certain other [hOl] reflections. These calculations only involve the quantities 
we have already approximately determined, viz.:— 

^:-l*28A.U„ ^< -0-74A.U., n/1 *55 A.U. 

For naphthalene we have 

S'aoj “ Au . [|y + cos 2Ct] + cos Au' . cos Cf (10b) 

and for anthracene 

S'ao* “ cos Au . [y . cos Ct 4- cos 3C^] -f cos Ai/ + cos 2Ct] (12b) 
as A is always even owing to the space group halving. 

For the orders of the cleavage plane we get the following results ;— 

Naph thalene. Anthracene. 


Order. 

Observed j 

1 intensity. 

Square of 
j stnioture factor. 

Ord<n’. 

Observed 

intensity. 

Square of 
atruotnre factor. 

001 

V.H. 

59 

001 

v.s. 

38 

002 

H. 

22 

002 

in .8. 

13 

003 


215 

003 

w.m. 

8 

004 

m.s. 

162 

004 

m. 

241 

006 

abs. 

4 

005 

w.m. 

181 

006 

w.— 

50 

006 

v.w. 

0 

007 

W.+ 

79 

007 

a()«. 

13 

008 

v.w. 

64 

008 

V.W.—• 

10 

009 


17 

009 

v.w. 

IB 
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Our structure thus accounts for the strong first maximum at the third and 
fourth orders, and the weaker secondary maximum at the seventh and ninth 
orders in naphthalene and anthracene respectively. The value of the structure 
factor for the first few orders, however, appears to be ratlier small. The 
results can be somewhat improved by tising a slightly smaller value for u\ 
But the general agreement is probably as good as we can expect. 

It has already been observed that among the (A07} and {A09} planes in 
naphthalene and anthracene, a very strong maximum of intensity occurs at 
the (407) and (40§) reflections. This result can now be examined by calcu¬ 
lating the structure factor for these planes. As the reflections no longer con¬ 
stitute successive orders of a given plane, the comparison is less reliable. But 
we expect the relatively great strength of the reflections from the (407) and 
(405) planes in naphthalene and anthracene to be ac(?ounted for by an extra 
large structure fat;tor. The results are set out below. 


Naphthalene. Anthracene. 


kki. 

d, ' 

i 

1 Intensity 
j observed. 

1 

Square 

of 

structure 

factor. 

hid. 

d. 

Intensity 

observed. 

Square 

of 

structure 

factor. 

007 

1 -04 1 

w. 1 

77 

009 

1-02 

v.w. 

IS 

207 

M9 i 

W.4- ! 

0 

i 205 

M7 

' w. 

65 

407 

1-24 

m.H. 1 

795 

I 405 

J -24 

m. 

863 

607 

115 

m. 

100 

1 605 

i 

M7 1 

w,m. 

88 


The general agreement is again good. We cannot expect to be able to 
account for the intensity variations in weak reflections with any degree of 
accuracy in such sets of planes. It may be noted here, however, that for a 
number of naphthalene {AO^} planes, some of which give strong reflections, the 
structure factor does not explain the inten.sity variations. Thus for the (20l), 
which is a natural face on the crystal, and gives a strong reflection, the value 
of the squared structure factor is as low as 7. This plane, of course, has a 
large spacing, and the small angle of incidence will cause a very great relative 
enhancement of the observed intensity compared to planes like those dis¬ 
cussed above. Other strong reflections from planas with large spacings like 
the (001) have also comparatively small structure factors. These difficulties 
will be referred to again. 

Wo have not yet discussed the parameters v and u' which define the position 
of the rows of scattering centres with respect to the h axes of the crystals. The 
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determination of these quantities is more difficult, because owing to the shorter 
b axis we have less data concerning reflections from planes involving the k 
index. Thus we observe a moderately strong reflection from the (020) plane 
in naphthalene and anthracene, but no higher orders are recorded with cer* 
tainty. The apacings of these higher orders are so small that the observationa 
must be doubtful in any case, with the present experimental technique* 

The result of a considerable amount of computation regarding the general 
{hkl} planes, however, leads to the conclusion that v' probably does not differ 
much from the hexagon model value at t}; = 30®, viz., v* 0 • 80 A.U. ^Adopting 
this value for 7 / we may try and find what value of tr will explain some out'- 
standing intensity variations in the {^10} and {A20} reflections in naphthalene 
and anthracene. In the case of both crystals there is a prominent maximum 
of intensity at the (410) and (320) reflections. The following table gives the 
square of the Htructure factor for naphthalene (^10) planes for varying values 
of t). {v* ™ 0’80.)* 

Naphthalene. 



j 1 

1 110 V.8. -f. 

210 H. 

i 

! 310 w.m. 

i 

1 410 m.«. 


610 w. 

V 

fO-3 

240 

i i 

! si 1 

1 137 

14 


Ill 


' ±0 i 

202 

1 12 1 

1 1 

42 


130 

-0*3 : 

j 240 

i ^ ' 

137 ! 

85 


111 



! 203 

1 40 ! 

123 

118 


80 

1 

-0-7 

1 

15ii 

j 75 1 

102 1 

152 

! 


44 


We see that when v — 0*7 A.U, we get a reasonable account of the intensity 
distribution. (The negative sign means that A, in fig. 5, lies in the upper 
quadrant to the left of the origin.) 

For the {A20} planes the results are as follows 

Naphthalene. 



120 8. ?. 

1 220 ro. ^ 

320 m.a. 

420 v.w. 

+0-3 

378 

25 

1 

205 

±0 

162 

34 

123 

306 

-0*3 

36 

25 

441 

205 

~-0-6 

8 

13 

663 

85 

-0-7 

2 

3 

780 

7 


♦ The general exprt^asioiia (10) and (11) for naphthalene, and (12) and (13) for anth^aoene^ 
are used for these ealctilatione, putting C j*-- 0. We must, of course, employ the values 
of tt and w' already found. It is imfortunately not possible to make a completely indepen^ 
dent determination of v owing to the absence of reliable data on the (020) series of reflections, 
referred to above. 
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In this case there is reasonable agreement when v % — 0*3 A.U. It should 
be noted that when reflections like the (120) or (021) are recorded on rotation 
photographs about the b axis, a correction ought to be applied to the observed 
intensity to compensate for the relatively longer time during 'which the plane 
is in a reflecting position in the course of a rotation, compared to reflections 
from planes of larger lying further out on the film. No such correction has 
been attempted on the present rough estimates of intensity. 

The results for anthracene are very closely similar. In the case of tlie {AlO} 
planes we find ^ 0*7 A.U. as before. 


Anthracene. 




110 v.«. + . 

1 

2U) v.s. 

310 wH. ' 

1 

410 m.H. j 

1 

V 

Lo.fi 

188 

: 22 

88 i 

125 ! 

4 

^0-7 

j 146 

! 57 

1 _ 

73 1 

1 

15» 1 


But the {A20} planes point to the smaller value, v —0*3 A.U. 


Anthracene, 




120 H.?. 

1 

j 220 jn. 

j 320 m.B. j 420 aim. 

1 1 

V 

.^■0*3 

m 

1 23 

1 i 

; 468 182 

1 1 


It may be added that when is given other values in the neighbourhood of 
0-8 A.U,, V still always requires some small negative value to account for the 
intensities of these reflections. 

The values t;' 0*8 and t? - 0*3 A.U. predict a moderately strong (020) 

with rapidly decreasing higher orders in naphthalene and anthracene, which is 
confirmed by the available data. Larger negative values pf v greatly enhance 
the (040) and (060) with respect to the (020). We are thus led to favour the 
smaller negative value in these determinations of i;, viz., v — 0*3 A.U. 
The calculations for the {OAO) series with this value of the parameter are given 
below, p. 564. {v' 0*8 A.U.) 

In this way we are led to the following values for the parameters in the case, 
of both naphthalene and anthracene, as determining the best approximation 
that can be obtained under the limitations of uniformity assumed on p. 55L 

u%0-74; t;^-0'3; ^^1-28; 
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Naphthalene. Anthracene. 



1 

Intensity 

1 observed. 

1 

Square of 

1 atructuro factor. 

1 


Intensity 

observed. 

Square of 
fltniotore factor. 

020 ! 

m.s. 

182 

020 

1 

m.a. 

162 

040 

w. or abs. 

49 

040 

w. or abti. 

71 

060 

w. or aba. 

Sf 

060 

w. or abs. 

1 

080 

( 

12 

080 


1 


♦ Beyond exj)erimontal limits. 


all the values being expressed in A .U. It should be noted that in no case do 
the intensity variations in any of the sets of reflections discussed above lead 
MB to assume a value for any of these quantities for naphthalene which differs 
from the corresponding value found for anthracene. The structures may be 
assumed to be alike, within the experimental limits of this investigation. 

We may conclude by applying the data to the calculation of the structure 
factor for some groups of general {hM} planes, which, while not having two 
indices in common, yet occupy not very dissimilar positions in the crystal, 
and whose spaoings are practically identical. These groups of planes all 
reflect within regions of about 2 mm. on the photographic film, and while the 
reflections overlap on a rotation photograph, they can be separated and 
estimated from the oscillation photographs. These and similar groups of 
general planes were used for obtaining the best first approximation with the 
hexagon model. We cannot, of course, put much weight on the results 
for the weaker reflections, and can only look for a very general type of 
4igreement. (See p. 565.) 

It will be seen that there is a fairly general agreement with the observed 
results except in the case of the {hkl} and [hid} planes. The structure factor 
for these planes must usually be small owing to the low values of the C terms 
when Z == 1 (c/. Tables IV and V). Yet a number of these planes give relatively 
strong reflections. • There does not seem to be any simple way of overooirdng 
this difficulty in terms of our present conception of the structure. The dis¬ 
crepancies may have to be put down to the operation of the several unknown 
factors which enter into the expression for the intensity of reflection, or 
we may require to make a small departure from the assumption that the 
scattering centres forming the crystal unit are grouped in two- tows, A dis¬ 
cussion of these questions is beyond the scope of this paper, the purpose of 
which is to give the best approjdmatipn that can be obtained under the 
limitation of the uniformity whiPh we Imve and already defined. 
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Naphthalene. 


AH. 

d. 

Intensity 

observed. 

8quart‘ 

of 

structure 

factor. 

hkl 

d. 

observed. 

Square 

of 

structure 

factor. 

2l3 1 

2-56 

ra. 

43 

... 

223 

2‘OS 

B.-f 

169 

ll3 

2-54 

M. 

01 

125 

1 2*05 

m.-i- 

140 

3lS 

2-49 

ab8. 

1 

322 

! 2*03 

w. . 

2 

112 

1 2-45 

w.-h 

1 

122 

1 2-00 

v.w. 

1 4 

311 

! 2'45 


26 

32l 

1 2*00 

m.s. 

! 12 

211 

1 2-41 

1 

v.w. 

7 i 

1 

! 221 

1 ! 

1 1*98 

i 

1 


Anthracene. 





Square 

1 



Square 

hkl 

d. 

Intensity 

; of 

hkl 

d. 

Intensity 

of 



observed. | 

struct\»ro 

observed. 

structure 


[ _ 

__i 

fa<‘tor. 

1 

i 

i 



factor. 

. i 

312 

2'58 

v.w. 1 

i".! 

I . I 

l' 32S 

: ...*’”1 

2'07 

w. 

0 

211 

2-64 

W.4' ' 

i U i 

1 224 1 

2-06 

m.s. 

164 

312 

i 2*52 

v.m. 

2 ! 

: 32S j 

2-04 

w. 

a 

211 

' 2*52 

ab«. 1 

' i 

i 221 1 

124‘ I 

2l>4 

w.m. 

0 

111 

2-47 

m.s. 1 

(U ' 

1 2 01 

nj.“" 

231 

311 

2*44 

m.s. 1 

U i 

1 32l ! 

2-00 

m.s. 1 

8 

314 1 

2 *32 

m. ' 

113 ; 

1 321 

1 '93 

I 

: 353 


7. Discmsion of Results, 

We inay now record onr results by means of a few diagrams, drawn to scale. 
Fig. 6 shows the relation of five molecules viewed along the c axis, the centre 
one being the inversion of the others (a BC molecule). The small black 
points represent the positions of the rows of scattoing centres in naphthalene 
and anthracene, obtained from the final value we found for the parameters, 
viz,;— ^ 

<==: 1 ' 28 A;U, 

The flmaU open circles are inserted for comparison, and represent the position 
of the centres of the carbon atoms in the remarkable structure put forward 
by Bragg for these compounds (‘ X-rays and Crystal Structure', 1925, p. 238)v 
This structure is the end view of the strictly tetrahedral carbon-ring structure 
found in diamond, the distance of approach of the carbon centres being that of 
gmpbite, 1 *60 A.U. When we consider the approximation we have made in 







5 ' 6 ' 6 , 

treating the carbon and hydrogen atom together as one scattering centre for 
X-rays, there seems littie doubt that Bragg’s structure is essentially correct. 
In terms of the equations used in this paper the parameters of Bragg’s structure 
referring to the centres of the carbon atoms) are 

u==0-76; «' = l-26; v = 0; v'==0-71; < = 1-23A.U. 

I! 

B A»Di 

: 

• « ; 



Fio. 6. Fio. 7. 

Fig. 7 is a side view of the chain structure in the naphthalene crystal unit, 
ithe projection being in the plane of the chain. The molecule, CjoHs> consists 
of two such units, the second (shown in broken lines) being obtained by ap 
inversion through the centre of symmetry at 0. 

It is interesting to examine the dimensions of the crystal unit and molecule, 
which can readily be calculated from the values of the parameters given above, 
and to compare the results with the corresponding dimensions found by Mtiller 
for the long chain hydrocarbon € 29 H(io. For convenience Mliller’s notation 
is used in these diagrams; the meaning of the symbols will be clear from 
inspection, Uj, the distance between two rowrs in the crystal unit (A and B) 
may be compared with Mhller’s u. We require a second sjonbol, Og, to denote 
the distance, measured through the centre of symmetry, between the inner 
two rows in neighbouring crystal units of any one molecule (A and A'). 
Similarly, for the angle between the ^ane of the two rows and the synmietry 
plane of the crystal, ^ refers to the two rows A and B in the crystal unit, and 
to the two rows in neighbouring units across the centre of syminetiy 
(A and K'). Perhaps neither’of these angles can be compared with Hfillm^s 
where the hydrocarbon molecule consists of two rows only. The foUowdag 
liriatiGns can be readily deduced, remembering that <u, v) and «') axe 
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-ca-ordinates of A and B respectively^ referred to the origin 0, and the a' and 
h axes* 

s -- 2l 

to, ^{{u — + (r -- v'P] 

tojj 2\/{u^ + 

VV^+<'V} 

Dj — Viih^ P M — ?/)^ f' (J6 -j- V — 

Dg c it (naphthalene) 

= c — 6^ (anthracene) 

4 ^ — arc tan (oi^//) 

Zig-zag angle — (180® — 24>) 

arc tan {(v — 'e')/('u — ?f')} 

^2 — arc tan (?>/«) 

Angle of warp 

in molecule ~ 180^ — ((^i -f ^g). 

In the following summary the values calculated for these quantities for 
naphthalene and antliracene are given (they are the same for the two crystals 
unleas otherwise stated). The figures which follow in square brackets with 
prefix il/ are Mullers corresponding determinations for the long-chain hydro¬ 
carbon CaoHea- It should be pointed out that our figures are probably subject 
to uncertainties at least as great as those mentioned by Mttller, although they 
are given here in the form of the best approximations. The uncertainty is 
greatest for the quantities involving v and v\ Owing to the method we adopted 
of selecting the best values of the parameters required to explain the chief 
features in the intensities for given series of reflections, it is not easy to state 
the precise limits for our determinations. 

Distance between two consecutive scattering centres op either row of the 
crystal unit 

^r == 2’56 A.U. \M s === 2*537 A.U. error approx. J per cent.] 
Distance between two consecutive centres in the chain :— 

Di--t I*9A.U. [M 2 0> D,> 1*8 A.IT.1 
Distance between two rows in the molecule :— 

tOi^l*37A.U, 

0)2 1*60 A.U, 


[M 1*6> w> 1*2 A.U.] 
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Zig-zag angle 

(180^ —286°, [M 76° < (180° — 21 }/) <92°.) 
(Tetrahedral valno of the zig-zag angle ^ 109|°.) 

Angle between the plane of two rows and the S 3 ’'mmetry plane in the crystal 


<f>i 

^2 


54° 

22 ° 


[M 23° < ^ < 30°] 


Angle of “ warp ” in the molecule :— 

180° — {<f>x + <f> 2 ) ~r 104°. (Tetrahedral value — 125^°.) 

Distance of nearest approach between two centres on two neighbouring mole¬ 
cules (placed sideways) 

D 2 -'v2'3A.IL [M 3-6 <Dsj <3-9 A.U.] 


Distance of nearest approach betM'een two centres on two neighbouring 
molecules (placed end to end) gap between the ends of two consecutive 
molecules in the crystal (measured in the direction of the c axis). 

1)3 (naphthalene) - 3-56 A.U. [M D 3 4-0 A.U. 

D 3 (anthracene) — 3 • 50 A. U. gap — 3 ‘09 A.U.] 


The close relations between many of the dimensions of the crystal units 
of naphthalene and anthracene and those of the hydrocarbon Cg^Heo quite 
remarkable when we consider how different the substances are in their crystal¬ 
line form and chemical constitution. These relations seem to afford strong 
evidence that the tetrahedral properties of the carbon atom are maintained 
in aromatic structures. 


8 , Sunimiry, 

1. The crystal structures of naphthalene and anthracene have been examined 
in detail by the rotating crystal photographic method, and approximate 
estimates of intensities made. The results are classified in Tables 1 to III. 

2. The space group is in each case, the unit cells containing two 
molecules, which therefore possess a centre of symmetry. The geometrical 
structure factor in its general form is developed for these conditions. 

3. Grenoral and statistical considerations of the reflections indicate a periodic 
structure parallel to the c axes of the crystals, and an estimate of the periodicity 
is made. It is also shown that the scattering centres lie nearer the <tc than the 
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Roy. Sne. Proc., A, vol. J25, PI. 7 



Roliertson, 


Roy. Soo. Proc., A, voL 125, PL R 



dotation hImjuI r axin, 



Anthracene—notation about r axiH. 
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. 

but ito simple structure with a plane of symmetry parallel to the ac 



4; assumption is then made that the scattering centres (each regarded 
as o^Uibtmg of a carbon atom and its attendant hydrogen atom if any) lie in 
twO't^ parallel to the e axes of the crystals, thus forming a chain* 

like structure* With this limitation of the parameters it is possible to develop 
a oompact geometrical structure factor for the general case of n scattering 


5. !rhe special cases of naphthalene and anthracene are discussed in relation 
to some simple models, and results are obtained which serve to limit the range 
^ the parameters for the general discussion. 

6 . Retailed examination of the parameters is made, and the values found 
which give the best account of the intensity variations in the principal spectra 
of naphthalene and anthracene, independently of any model structure, the 
only limitation being the assumption of uniformity in 4. The two structures 
are found to be the same, within the limits of experimental error. 

7. The dimensions and relations of the molecules of oiaphthalene and anthra¬ 
cene, as calculated from the final values of the parameters, are found to differ 
only slightly from those of Bragg’s tetrahedral structure. TJie chain structure 
is farther shown to be very closely similar in many of its dimensions to the chain 
structure of the hydrocarbon CgoHeo; os determined by Miiller. Evidence is 
thus afEorded that the tetrahedral properties of the carbon atom are main¬ 
tained in these aromatic structures. 


In conclusion I again wish to express my thanks to Sir William Bragg for 
unfailing encouragement and interest in the wliole of this work, and for 
facilities placed at my disposal in the Eoyal Institution for carrying it out. 
py co-workers at the Davy Faraday Laboratory I am particularly 
;to Dr, Muller for his valuable advice on many points. To the 
[if Trtw and the Commonwealth Fund I am indebted for fellowships 



‘ wMehi^^ it possible for me to carry out the work, and to the Chemical Society 
lor a|pi^ 
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The Spark Spectnmi of Thallium^ Tl II .— J'errn Analysis ,— Fine 

Structure of Lines, ^ 

By Prof. J. C. McLennan, F.R.S., A. B. MoLay, Ph.D., and M. F. Ckawforp, 

M.A. 

(Received September 4, 1929.) 

The spectral structure of Thallium II was investigated last year by Smith,* 
by Rao, Narayan and Rao, and by McLennan, McLay and (Vawford.f The 

and terms were established by Smith 

and the authors with exact agreement. Rao, Narayan and Rao found these 
triplet terms, also 6s5/®F^, and tentatively *S^ and 0^7^ ^P/‘. In all three 
comm uni cations the location of one or more components of a *P term was 
suggested. 

The term notation used above was proposed by Russell, Shenstone and 
Turner.^ It has been employed throughout this paper. 

The authors’ study of the thallium spark spectnun was confined previously 
to the ultra-violet region. It was continued this year in that, in the visible 
and in the near infra-red regions. Spectra of the spark in air between thallium 
metal electrodes were photographed from X 8500 A. to X 1850 A. with Hilger 
glass and quartz prism spectrographs. The introduction of variable inductance 
in the secondary of the spark circuit served, in a manner already described, to 
facilitate the diflerention of Tl^' lines and those of neutral or more highly 
ionised atoms. Spectra of a condensed oscillatory discharge between 
aluminimn terminals in an evacuated quartz tube that contained faeat^ed 
thallium vapour were photographed also from X 7000 A. to X 2100 A. 
Hilger E.l spectrographs, one with a glass and one with a quartz optical 
train, were employed. The Tl**" lines in the discharge tube spectra could be 
readily distinguished from others by their behaviour with change of pressure 
in the tube. 

♦ [Mr. Crawford wuh enabled to participaU', in this investigation through the award of 
a studentship to him by the National Research Council of Canada, and I desire to iticord 
my thanks to the Council for a grant in aid of this investigation.—J. 0. McL.] 

t Smith, ‘ Froc. Nat. Acad. Sci.,’ vol. 14, p. 961 (1928); Rao, Narayan and Rao, ‘ Ind. 
J. Fhya.,’ vol. 2, p. 467 (1928); Mclennan, McLay and Crawford, ‘ Tram. R. SoC. Can..’ 
vol. 22. p. 241 (1928). 

+ ‘ l>hy8. B^v,; vol. 33. p. 900 (1929). 
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The wave-lengths of the s|Mu^k in air were very broad and often quite diffuse 
in character. But most of those of the tube discharge were exceptionally 
sharp and admirably suited for measurement. Lines of T1‘*’ between X 7000 A. 
and X 2100 A. were measured therefore on plates taken when the latter source 
was used. Neon and iron international standard lines and copper spark lines* 
were chosen for comparison wave-lengths from which dispersion formulas 
were calculated. Lack of coincidence between the spectrum of the light from 
the thallium tube and that of the source of standard lines was evident on most 
of the plates. But carbon, cadmium and mercur)r|' impurity wave-lengths 
were identified in the thallium spectrum and were measured. The differ¬ 
ences between our measured values of these and the best accepted ones for 
them were used in plotting a correction curve. It was quite smooth over the 
whole wave-length range studied. It is believed, therefore, that the corrected 
wave-numbers of the thallium lines are accurate probably to within 0*2 
Wave-lengths of the spark in air from X 7000 A. to X 2100 A, were measunKl 
also from argonj comparison lines, and one below X 2100 A. from copper 
spark lines. The accuracy of measurement is questionable^ but the error in 
the wave-numbers should not exceed 1 or 2 cm.^^. 

In the course of the research a very important feature of the thallium spark 
spectrum was noticed, namely, fine structure of many of its lines. The 
resolution into components of a few intense ones was first observed in the 
spectrum of the spark when large inductance was used. But much clearer 
patterns were obtained for these and for many of the lines of medium intensity 
on the plates taken when the discharge tube was used as a source. The 
magnitudes of the line separations in numerous cases were found to l)e much 
greater than any reported on hitherto in an atomic spectrum. Since the spectro¬ 
graphs we were using were not suited for special investigation of fine structure 
of lines the results are probably far from being complete yet. But some 
interesting and fairly certain conclusions have been drawn already from a 
consideration of the line patterns that have been obtained up to the present. 
They will be put forward after a discussion of the ordinary term structure, 
whoae analysis was primarily the object of the research. 

♦ Bhoiwtone, * Phya vol. 29, p. 380 

f Carbon-—lowier andSelwyn, * Roy. Soc. Proc./ A vol. 120, p. 312 (192S); cadmium-— 
pd t Kayser, '‘Hauptfouen,'" 1920, and Cd II, Salia, * Amu Physik/ vol. 76, p. 145 (1926); 
kues0aicy--Hg I, K^ayser, Hauptlinien/* 1926, and Hg 11, Faeohen, * Sitss, Pi'ousm. Akad. 
Wbui.,* 1928, p, 5B6, 

t ‘ Z. Pby^ 
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All the evaluated energy levels of Thallium II (disregarding fine structure) 
with their designations, the w* values of representative dsn* terms, and the 
triplet term intervals are given in Table I. The classified wave-lengths, with 


Table I. 


Iwcvel. 

j Interv'alii (higher J’u 

rw'vSf, 

0 





49452* 

mp 

9333 

2941 

Kmp 

52303* 

Mp ap« 

2453 

216 

mp 

51720* 

FwOrf » U 

•W 

284 


75601 

Md n) 

151 

126 

Mt! *8, 

105226 

6fi5/»F 

115 

-100 


107907 

6/i“ »P 


7950 


115161 




6*64 »T), 

U6147* 





U04a11* 





116828* 




1 

117408* 





119362* 

N* of Terms. 

6«7/i*Pi« 

119677* 




M'li ®Pe® 

122030* 









^122380 





126338* 


n ^ 6, 

n 7. 


126205 


1 



128818 




6^5/•Fg'* 

136116* 

* 


2-694 

6«6/»F,<' 

136216* 

‘S, 

1628 

2*768 


136231* 


l -9«8 

3-085 


136264 

IPO 

2-208 

3-334 


136892 

ID, 

2-947 

3-904 

Md *1), 

137928* 

•0. 

2-085 

3-985 


138054* 

»F/ 

3-862 



138205* 


3-860 



observed fine-structure components and their intensities, and the intensity 
sum for each term combination are recorded in Table II. The unweighted 
mean wave-number of each multiple line was used in the calculation of term 
values. The ionisation potential, 6s*iS —Os^S was estimated to be approxi¬ 
mately 165,700 cm.~^ or 20-6 volts for T1 II by applying a simple Rydberg 
formula to the two members of the Gsnd ®D series. This value is probably very 
nearly correct, since the corresponding ®1) terms of the iso-electronic Hg I* 
are almost Eydbergian. The Rydberg denominators (n* values) given in 
Table I were arrived at by taking the absolute value of 6s* ^8 to be 166,700. 

There can be little doubt that the T1II terms given in Table I have been 
identified correctly. All the classified lines in Table II, except the faintest 

• Fowler, “ Series inline Speotra” (1922); Pasohen-Goetae, “ Serfengesetae in linien- 
speotren ” (1922) j Sowyer, ‘ J.O.S.A. & B.S.l.,’ vol. 13, p. 481 (1926). 
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ones and some below X 1600 A., were proved to be ones by excitation 
experiments. The irregular doublet law applies quite well to the 65 ®—OsGp, 
6 ,s 6 p— 6 p 2 and 6#7s—6«7p transitions of Hg I, Tl II and Pb 111.* 
The progression of the n* values in each of the 6 ,^nx series is qualitatively 
similar to that in the corresponding series of Hg 1, with a single exception in 
the case of the Gah/) one. But the reality of 6 ^ 7 p of Hg I is very 
questionable. is partially inverted in Tl IT, as it is in Pb III. The 

®Pa and ^Sq terms that should complete the group have not been identified. 
The apparent absence of ^P^—combinations is especially peculiar 

but constitutes an anomalous feature that has been encountered in the analogous 
Zn I, Cd T, Hg I and Pb III spectra.f The term designated li® in Table I 
shouhl be either ^P,^ or of the complex group 5rf®6.s*6p. The 

intiuisities of its combinations support the first-mentioned choice. 

The fine structure of Thallium II lines will be considered now in some detail. 
It will be seen from Table II that a number of them were resolved into com¬ 
ponents. The values of the wave-numbers indicate that resolution was 
obtained apparently only when the separations were 1 cm.""^ or greater. 

A few line-structure term.intervals were deduced directly by a wave-number 
analysis of the line components. Thus each of the terms 6^7# &s7p ^Pj^, 
6 s7p®i^2® and G*‘7d^Dj were found to be two-fold from two or more line 
patterns. The fact that the doublet separations were very large, 5*0, 4d), 
3*5 and 2-5cm.respectively, tended to confirm the view that the maximum 
number of compontmts for any of them was two. The moment I of Tl"^ atoms 
must be equal therefore to if the Back-GoudsmitJ vector relation F J + I 
is valid. Here J is the usual resultant moment of the electrons, I is an intrinsic 
moment of the atom, that should be constant for all its electronic states, and 
F is the final resultant moment of the atom, each expressed in units of A/2 t:. 
The vector equation was deduced empirically by Goudsmit and Back from 
observed fine structure of Bi 1 lines. The selection rule AF = ± 1 or 0, with 
O-k* 0 forbidden also, in a transition was found by them to hold throughout 
in Bi I. It is subsidiary, of coWse, to the selection rules for J and L. 

A number of fine structure patterns of Tl II have been interpreted on the 
basis that the vector relation was valid, that the selection rule for F was obeyed 

* Kao, Narayan and Kao, Joe. oU, 

t Sawyer and Beeae, ‘ Nature,’ vol. 116, p. 936 (1925); Ruark, ‘ J.O.S.A. & R.S.I,’ 
vol 11, p. 199 (1926); Sawyer, ’ J.O.S.A. k R.S.L,’ voL 13. p. 431 (1926) ; Smith, ‘ Nature,’ 
vob 123, p. 666 (1929). 

t ‘ Sa. Physik.’ vol 43, p. 321 (1927) and vol 47, p, 174 (1923). 
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Table II. 


Author. 

A (LA.). 


I. 

j I (sum). 

Ml. 

7072-7 

14135 

3 

3 


0(r08®52 

14346-3 

1* 



f* 

0»60®43 

14350-6 

6 


8 

9 9 

0964-10 

14356-4 

1 




6950-46 

14383-6 

5 

5 

*» 

0868-86 

14612-2 

2 

2 


6727-2 

14861 

0 

0 

»» 

0430-60 

15646-6 

i 

3 

ff 

0378-27 

16673-9 

2 

2 

99 

0289-6 

15895 

0 

0 

9 t 

6239-40 

15022 0 

3-1 



6238-49 

16026-1 

2J 

«) 


0181-44 

16173-0 

2-j 


♦ > 

6180-06 

16176-8 

loJ 

ij. 


6960-77 

16799*9 

4' 



99 

6949-57 

16803-3 

9 


20 

99 

5949-04 

16804-8 

7 



99 

6828-71 

17161-7 

5:r 



99 

6820-78 

17167-4 

3J 

8 

9 9 

5774-08 

17314-0 

h 


it 

6772-88 

17317-5 

2] 

5 

it 

5490-48 

18208-3 

8 

8 

99 

5448-70 

18347-9 

3 



,, 

6447-01 

18361-6 

0 


4 

It 

6446-84 

18364-2 

1 


* 

it 

6410-99 

18476-8 

5t 



tt 

6409-93 

18479-4 

3J 

a 

t* 

6384-96 

18665-1 



11 

5384-20 i 

18667-7 

2] 

5 

» * 

5183-10 

19288-1 



tt 

5182-06 

1 19292-0 

3] 

6 

11 

6166-4 

19388 

0 

0 

tt 

6162-23 

19403-7 

20 

20 

It 

6143-68 

19436-3 

3 

3 

» » 

6078-66 

19684-8 

20 

20 

1 1 

6063-08 

19784-4 

3l 



6062-34 

19787-3 

.3J 

6 

f * 

6040-67 

19833-<5 

2 

2 


4981-28 

20069-0 

18 

18 

»* 

4770-86 

20964-8 

2-1 


,0 

4770-68 

20966-0 

iJ 

3 

It 

4766-78 

20977-1 

6t 


t* 

4764-62 

20982-2 

4] 

10 

1 » 

4748-01 

21066-6 

1 

1 

II 

4737-12 

21104-0 

20 

20 

II 

3381-74 

29562-1 

6't 


f* 

3381-12 

29567-6 

7] 

^ 12 

11 

3091-66 

32336-7 

18 

18 

1* 

, 2630*82 

39601 -0 

7n 


It 

2630-67 

39503-4 


16 

ft 

2469-07 

40488-8 

4i 


It 

2468-96 

40490*8 

3] 

7 

1 1 

2451*82 

40773-7 

4-1 


It 

2461-72 

40775-3 

5] 

30 

It 

2394-60 

41747*9 

4 

4 

tl 

2298*16 

43499-6 

61 



9* 

2298-08 

43601-4 

10 


26 

If 

2297-88 

43504-9 

9 ] 



t* 

2012-27 

40679 

3 


3 


ClMHificKtion. 


6*7* »S, —6«7|J*P,® 

6*7* >8, —a«7j<Pi»* 

0*7* >8,® — 1,® 

1, —0«7<i»J), 
6«73»®P,®—6*7d‘l>, 
li®—6*7d*n, 
1,®— 6»7(i»l), 
6«7p»P,®--<(*7«J*Di 

0»77)»P»®—6*7rf»l),* 
6«7y ®p2®—6*7(i *1)3* 

0*7**.S, - 6*7i)>P,®* 


0.*7«»S, 


1 ,®’ 


6*7>>»P,*—(J«7d>I)** 
6*7*‘So —6*7;)‘Pi® 

6«7;>»Pi«-~-6*7rf»D,* 

6«7p»Pi*-6«7«i!»l),® 
0*7p*P,«—6*7rf»Di® 

0*6<f*D,—<i«6/*F,® 

6*tW*l>,—6*6/®F,® 
6«6d*I),—6»6/*F,® 
6«6<i®D, —0«6/‘F,® 
6*(ki»l),—6»6/*F,® 

6«6d*l),—6«6/®F,® 

6*6<i*D,—6«6/‘F,® 
6»6rf»I), —6*8jf®F,® 

6*6(1‘1>, —6*5/*F3® 

6*7* »S, — 6*7i.‘P,®® 

6»6(«‘1), —6*6/»P,® 
6*6(i‘l), —6»6/‘F,® 

6*6p‘P,»-«»7«‘Si* 
(W5y‘Pi®—6»7*‘S, 
6«0p‘P,®—6«6(i‘I>.* 

6*0p‘P,®—6»6<i«l)i* 

6*^‘Pi®—«*a(J»D,* 
6»^‘P,®--ep»®P, 

6*6y®P,®—e*7**S,* 
6*^‘P,®-h^»P, 





Spark Spectrum of Thallium, Tl II, 

Table II—(continued). 
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, Author. 

A(I. vac.). 

V. 

I. 

I (sum). 

(vlasfiifiuatiou. 

M2. 

1908-64 

62393 

20 



tf 

1892-72 

52834 

16 

— 


ft 

1881*15 

53159 

12 

— 


,, 

1871-42 

53435 

4 



t 

1837*66 

54420 

4 

— 


f 

1827*95 

54706 

12 




1814*80 

65102 

26 

— 


* 

1798*46 

55603 

6 


6««,>*Pi*—6«7«*8, 

,, 

1792*87 

66776 

12 

— 

««Bp»P„»—4U7,»S, 


]6,33*ir> 

61231 

3 

.... 

6j96piPi«™-6fl7rfiD4 


1593'19 

62767 

6 


6j6p«P,«-*6«6rfiI)jt 

• . 

1572'03 

63612 

10 


tU6p »P/ ^6p* >Pi 

11 

1568'52 

63764 

12 1 



» ? 

1561*59 

64038 

15 1 

— 

6.S6;) »i). 

♦ f* 

353813 

64014 

12 




1499'37 

66606 

12 

— 

imp »Po® - 6«6el ai)i 

,, 

1490-52 

67091 

10 

..... 

6/»6i>»P/—6p»iJ), 

(X 

1370-88 

72946 

4 

— 

6a6j>»IV -6p»*Pi 

1» 

1330-41 

75166 

2 

. 

mp 6fl7rfi0, 

,, 

1321*72 

75669 

7 

— 

6«» ^So -4U6p ipi® 


1317-77 

75886 

2 


6a6p»Po«—6js>**Pi 


1308-50 

764 23 

2 

— 

mp 

* * 

1307-66 

76472 

0 

— 

6«6j? »P,«—6ji7rf M), 


118.3*59 

84489 

1 


6^6;; 

t i 

1167-49 

85663 

0 


mp 


Ml. -McL., McU and (X, thw invoBtigation. 

M2.—McL., McL. and C., * Trans. Roy. Soc. Can./ vol. 22, \x 241 (1928). 

0.-'4.yarroll, ‘Phil. Trans. Roy. Soc. Rond.,' A, vol. 225, p. 357 (1926), wavedongths and 
intensities. 

* Fine structure interpreted in Table III. 


and that I — ^ . They are collected together, each in multiplet form, in Table 
III. A qualitative rule for the intensities of combinations between JF terms 
was derived from the completely resolved patterns, Nos. 1 and 2. It is appar¬ 
ently analogous in every rc^spect to the one for intensities in ordinary multiplets 
between LJ terms if L is replaced by J and J by F. The rule was then assumed 
to hold throughout and was found very useful when interpreting partially 
resolved line patterns. If, in one of the latter, the tw^o theoretically strongest 
(or weakest) components were not resolved, the single line observed is recorded 
twice in Table ill. If a theoretically strong and a weak component were 
unresolved the single line is used in.the position of the stronger and the position 
of the weaker one is indicated by a dotted line. The observed intensities 
of the components are enclosed in brat^kets after the wave-number in the 
table. 

The terms, whose doublet stx‘uctun?s have been determined from an analysis 
of the patterns in Table III, with the intervals in cm."^ to the nearest half unit 
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Table III.—Fine Structure Multiplets. 


F 

1 . 6«6p *1*,®- 

4 21 ! 

2 . 

4 2i 

4 

li 

F 

43490•6 (9) 

43.')04-9(6) 43601-4(10) 

3. ®1V- 

4 4 1 

16804-8(7) 

16799-9 (4) 16803-3 (0) 

4. 4®. 

4 14 

1 

=>S, 

11 

K 

14360-6 («) 14365-4(1) 

14346-3(1)* 14350-6(6) 

6 . G«6jf>P,®. 

1 . 4 

17157*4(3) . 

. 17151-7(5) 

6. Osip *1V- 

4 11 

i 

iiu lt »S, 

4 

29502-1(5) . 

. 29507-5(7) 

7. 6«7(1»U,. 

4 2i 

20982-2 (4) . 

. 20077-1 (6) 

8 . 6/i7d *1),. 

24 31 

~iT~ 

*1*,“ 

4 

F 

16020-1 (2) . 

. 16022-6(3) 

9. OiOrf'll,. 

4 21 1 

16176*8(10) 

]6173 0 (2) 16176*8 (10) 

10 . (w7rf“l)*. 

H n 

1 

6*7^) “Fi* 

4 

17917-6(2) 

. l73U-0(9) 

11 . 6«7^j»lV. 

_ 4 4 i 

18479*4 (3) 

. 18475*8(5) 

12 . 6«7;i»Po®- 

4 

6«7rf'l)i 

4 

18354-2(1) 18351-0(0) 

/ 

18361-6(0) 18347-0(3) 

18.567-7 (2) 

18566-1 (3) 


13. 14. 16. (UKW*!),. 


F 

, 4 24 

4 

4 

14 

24 

4 

6«6;)»Fi« 

4 

39601-0(7) 

i . 30603-4 (0) 

40490-8(3) 

40488*8(4) 

40773*7(4) 

40775*3 <8) 


and the number of patterns from which each was derived, are given in Table IV, 
A negative interval indicates that the term is inverted, t.c., the component 
with larger F value is deepest. 
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It may be shown also that the terms and 6 |?*®Pq are 

very probably single-valued in agreement with theory. ®Po** was assumed, of 
course, to be one-fold in forming pattern No, 11, Table III. But the cor¬ 
rectness of the assumption is supported by the fact that the ®Dj intervals 
deduced from that multiplet and from No. 12 are equal within the observational 
error. The combinations of with 6s6p^IY, and and that of 

with dsdp were observed to be single lines (see Table II). Since each 


Table TV. Fine Structure Term Intervals. 


Trrrn. 

1 

1 Ji/. 

j No. of patterriH. 

mp MV 

rt-5 

i 1 

imp 

0*5 

1 1 

*Sj[ 

. TiO 

: 0 


! 2 0 

1 

*1), 


1 


10 

J 

Mp MV 

4 0 

; 4 

3 5 

.3 

b** 

1 -0*5 

1 


1 < -o-ri 

t 1 


0-5 

' 1 


2*5 

2 


0-5 

2 

1 

4*0 

J 

i 


of the above three terms with J ~ I have very small separations (see Table 
IV) the ob.served lines may be considered to be unresolved doublets if 
and are single valued. 

A number of single faint lines classified in Table II fit into the fine stnudure 
wave-number scheme quite well if each is taken to be the theoretically strong 
line of a multiplet, whose fainter ones were not observed. The four very 
intense wave-lengths of the (hvfirf transition were too broad on our plates 
to be resolved into components. No attempt has been made, therefore, to 
deduce the structure of any of the 6^5/ terms, although the fact that they have 
structun? is evident from the magnitudes of tlie separations in patterns of 
Cs(h/ ^ fi.?5/lines of medium intensity. 

It would not be wise perhaps to draw any (ietailed conclusions of a theoretical 
or empirical nature from the results of the fine-structure investigation reported 
above. But it seems certain that the observations are consistent with the 
validity of the Back-Groudsmit vector equation F == J -f that the selection 
rule AF “ ± 1 or 0 hohls ami that I ^ | for Tl II. It is interesting to note 

VOL. OXXV.—A. 2 R 
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Spark Spectrum of TlwMium, Tl IL 

that Schuler and BrUck* recently found the same value for 1 for Tl I. The 
equality of the moments for neutral and singly-ionised thallium atoms strongly 
supports the generally accepted view that 1 is associated with the nucleus 
and is possibly its spin moment. 

A point that should be of great theoretical importance is the fact that the 
magnitudes of fine-structure separations in Tl II lines are generally very much 
greater than any known for Tl 1 lines.f The patterns of lines of the latter 
spectrum were not resolved on our plates. Of added interest in this con¬ 
nection was the lack also of resolution into component/S of any wave-lengths 
that were classified by the authors in Tl III4 Their separations must be v^ery 
small too. 

A special investigation of fine structure of thallium spark wave-lengths is 
being planned. We hope by such a study to confirm the conclusions put 
forward above for structure in Tl 11, to detecd. if possible structure in Tl III 
lines and to be able to extend the knowledge of the problem in gemeral. 

The closely related problem of the Zeeman-effect analysis of the thallium 
line patterns is being studied already in this laboratory by Mr. Durnford. 
He kindly photographed the line X 5950 A, without magnetic field for us in 
the second order of a 3-metre concave grating. \\> meiisured the separations 
of its three components from his plates, since the tw^o strong ones w^cre un¬ 
resolved on ours. The authors take this opportunity of thanking him for his 
assistance. 

* ‘ Z Physik,’ vol 55, p. 575 {1929). 

tBaok, ‘Ann. Physik,’ vol. 70. p. 333 (1923); Kuark and Chennult, ‘Phil. Mag.,' 
vol. 50, p. 947 (1925); Mohammed and Mathur, ‘ Phil. Mag.,’ vol. 5. p. 1111 (1928). 

X ‘ Roy. Hoc. Proc.,’ A, vol. 125, p. 50 (1929). 
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A Robust Microbalance of High SensitivUy^ Suitable for Weighing 

Sorbed Films, 

By Prof. Jambs W. MoBain, F.R.8., and Dr. H. G. Tanner, Stanford 

University, California. 

{Received July 12, 1929.) 

The sorption balance of McBain and Baker may be made of high degree of 
sensitivity, but the total weight which it will then support is correspondingly 
diminished. For weighing a monomolecular film on a comparatively heavy 
plane surface it is necessary to use a balance of beam type. A balance sensitive 
to 4 X 10"*^ grams can be made sufficiently compact to be placed in a horizontal 
tube so that it may be used over a wide range of temperatures and pressures 
including the conditions necessary for freeing from sorbed material the surfaces 
to be weighed. Such a balance may be so designed that the volumes of the two 
halves of the balance are equal and unaffected by buoyancy. If, likewise, 
there be placed upon the two sides of the balance equal volumes of the same 
substance but of different area of surface, the differential change of weight 
caused by adsorption will be measured directly, A final desideratum is that 
the balance should be of null point type and free from any kind of hysteresis. 

Steele and Grant* described a microbalanoe made of fused quartz which 
was sensitive to 4 x 10“® grams and was capable of weighing 0‘1 gram with 
an accuracy of 1 X 10“^ gram. Added improvements were described by Gray 
and Ramsay.f AstonJ simplified the design of the beam and made a balance 
specially adapted to the determination of gas densities. Stock and Ritter§ 
made a further modification by replacing the fused quartz knife-edge with a 
pair of needle points. They also described a null-point balance in which a 
magnetised steel needle was sealed horizontally within the beam. The magnetic 
field from a bar magnet held vertically over the centre of the balance was used 
to compensate changes in level of the beam. The intensity of this controlling 
magnetic field was varied either by altering the distance between the bar magnet 
and the balance, or by increasing the field of the bar magnet electrically. 

* Steele, * Nature/ vol, 84, p. 428 (1910); Steele and Grant, * Roy. Soc. Proc.,' A, vol. 
82, p. 980 (1909). 

t ‘ Roy Soc. Proc.,* A, vol 84, p. 536 (1911). 

t ‘ Roy. Soc. Prdo.,* A, vol 89, p. 439 (1913), 

I ‘ Z. PkyBik, Ohem,/ vol H9, p. 333 (1926). 

VOL. CX3CV.—A, 2 S 
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J, W. McBain and H. G* Tanner. 


Stock and Ritter did not ixse this balance for precision measurements nor did 
they discuss its obvious weaknesses. 

The balance whose construction is described below is a modification of all 
of the balances mentioned above. The essential changes are in the use of 
carborundum crystal points for the points of support and in the magnetic control 
arrangement. 

The use of a pair of sewing needle points for the line of support, as suggested 
by Stock and Ritter, has the advantage over a knife-edge support of much 
greater ease of construction for a given degree of precision. On the other hand, 
a cement of some sort must be used to attach the needles to the glass or fused 
quartz beam. A cement capable of binding iron to fused quartz and able to 
withstand ti^mperatures up to 400"^ is not available. Furthermore, needless 
are corrodible, and their magnetic characteristics variable. Fused quartz 
points might be used, but the material is brittle and difficult to »shapc into a 
satisfactory bearing point. 

From the standpoint of sharpness, non-corrodibility, permanency, and 
freedom from magnetic effects, carborundum crystal points were selected as 
ideal balance points. The only difficulty in the way of their use was to find a 
method of attaching them to fused quartz. This proved easy when it w^as 
found that pyrex and carborundum seal to each other perfectly. A graded 
joint from fused quartz to pyrex was easily accomplished, and carborundum 
could then be attached to the pyrex. Heating the carborundum point to 
the fusion point of pyrex does not affect it in the least. 

The magnetic arrangement differed essentially from that suggested by Stock 
and Ritter. A short piece of soft iron wire sealed within a tube of fused quartz 
was attached vertically to the centre of the beam. A horizontal disc shaped 
coil of wire was placed above and a little to one side of this vertical pin. When 
an alternating current (60 cycles) was passed through the coil, the iron pin on 
the beam was inclined toward the centre of the coil, and this inclination was 
proportional to the current flowing through the coil. If, therefore, a weight 
has caused the pin to be iticlined away from the coil, adjustment of the current 
in the coil can bring the pin back to its former j) 08 ition. 

There are several advantages of this arrangement over the arrangement 
used by Stock and Ritter who employed a more or less permanently magnetised 
needle in conjunction with a bar magnet. In the first place, the position 
taken by the soft iron pin in the alternating magnetic field is one of Stable 
equilibrium, a principle which is applied in the construction pf most of the 
alternating current measuring instruments. Secondly, the alternating magnetic 
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field leaves no appreciable residual magnetism in the soft iron pin, and there¬ 
fore the effect of the earth’s magnetic field and other magnetic disturbances 
is minimised. 

Originally direct current was intended to be used in a coil wound along the 
axis of the coil. Reversing the direction of the current through the coil would 
tilt the balance in the opposite direction. The use of direct current in such a 
coil, however, was found to produce erratic effects in the zero point of the 
balance, because of the hysteresis of the iron pin and the resultant position 
the pin would take in the earth’s field. The alternating current magnet 
eliminates this uncontrolknl systematic error. 

The details of construction of the balance are as follows :— 

A fused quartz rod 1-1 mm. in diameter and 22 cm. long was selected for 
the beam of the balance. It was laid on two carborundum grind stone^s (No. 
H2). Carborundum stones were used in preference to graphite (Gray and 
Ramsay) and asbestos (Stock and Ritter) l^ecause no contamination of the 
fused quartz rod resulted when the latter was Ji(iated to the softening point in 
contact with carborundum. Two stones were preferred to one because when¬ 
ever a temperature higher than the softening temperature of fused quartz 
was required, the part to be hcaU^d could be moved to the crack between the 
stones and, since it was not in contact with the stone, could be heated to the 
fusion temperature of silica. Since most of the work must be done around the 
middle of the beam, spot fusions could be made between the stones without 
the beam sagging. 

At the centre of the beam and at right angles to it wore welded two silica 
rods 4 mm. long and of the same diameter as the beam. Tlie first one can be 
attached with no special difficulty, but, in order to prevent it from sagging 
while the juncjtion is being heated for attachment of the second rod, both the 
side rods were supjiorted between the carborundum stones by small fused 
quartz fibres. When this operation is finished, the two side rods should lie 
in the same plane with the beam and be at right angles to it. Appropriate 
scratches on one of the carborundum etones are helpful in assisting with the 
alignment. 

With the stones placed close together and the side rods lying in the groove 
between the stones a stem is built up vertically at the centre of the intersection. 
This is done by adding small bits of silica and fusing each addition to the 
preceding one. When a stem about a millimetre high has been built up, a 
fused quartz tube capable of holding snugly a piece of No. 24 soft iron wire 
2 cm. long may be welded on to it without disturbing the beam and the side 

2 3 2 
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arms. After this weld is made, the iron wire is put into the tube and the tube 
is sealed off. 

The next operation is to attach the carborundum crystal points. To the 
ends of the fused quartz side rods are fused tiny beads of pyrex. The dimen¬ 
sions are so small that thorough mixing of the pyrex and silica is readily accom¬ 
plished merely by heating for a few seconds in a small oxy-hydrogen flame. 
A small amount of pyrex is then fused to each of the carborundum crystals. 
This may be accomplished by holding the crystal with nickled brass forceps 
in an air-hydrogen flame while it is touched with a pyrex fibre. As much 
surplus pyrex as possible should be removed. The crystal is then attached to 
one of the side rods, using an air-hydrogen flame. 

Each end of the beam is then bent upwards. This is done by holding the 
balance upside down and applying a small oxy-hydrogen flame to the beam 
1 centimetre in from each end. Gravity will cause the extremity to assume 
the desired position. 

Holding the balance in the normal horizontal position the beam arms are 
bent slightly downward at points close to the centre. Application of an oxy- 
hydrogen flame at the desired place of bend until the beam sinks by the action 
of gravity accomplishes this. The purpose of bending the beam arms down¬ 
ward is to lower the centre of gravity of the balance below the line of support. 
Final adjustment of the position of the centre of gravity is made by resting the 
balance on a silica plate elevated above the carborundum stones to an appro¬ 
priate height so that on heating the beam arm it will sink until its outer end 
rests on one of the stones. The adjustment was continued until the time of 
complete oscillation was between 10 and 15 seconds. A small bead of pyrex 
was fused to the tip of each arm of the beam. This tip of p 3 rrex permitted 
platinum subsequently to be attached rigidly to the beam. 

If the alignment of the balance is satisfactory and the period of oscillation 
great enough to give the desired sensitivity, the balance may be made to 
oscillate about a mean horizontal position (if it does not already do so) by fusing 
ehort pieces of pyrex fibres to the lighter end of the beam. 

Before the platinum pieces were attached, some preliminary observations 
of the balance were made. 

The balance points rested upon a piece of optically polished fused silica. 
A small glass case enclosed the balance, and this in turn was placed within an 
ordinary chemical balance case. Later a bell jar was used in order to enable 
pressure changes as well as gas composition effects to be studied. The apparatus 
was set up on a concrete pier built through a hole in the basement floor. 
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The position of a tiny bubble in one end of the beam relative to the cross 
hairs in a cathetometer furnished a reference or zero point for the balance. 
Observing this zero point for a few days showed erratic changes. The magnitude 
of the change from an approximate calibration amounted to 1 X 10“^ gram, 
which amount is very high considering that the balance was designed to weigh 
accurately at least to 1 X gram. To account for these changes in the 
zero point various investigations were undertaken. Another balance was 
constructed, a duplicate of the first one except that no iron pin was attached 
to the beam. However, the zero point of the second balance was likewise 
very erratic, proving that the action of the earth's magnetic field on the iron 
pin of the balance was not the cause of the changes observed. Since a change 
in level of the pier upon which the apparatus rested was suspected, a silica 
fibre pendulum was suspended so that its movements could be watched relative 
to the movements of the balance beam. Although the pendulum did move 
about a mean vertical position relative to the cathetometer, the direction 
of movement of the pendulum did not always agree with the direction of move¬ 
ment of the balance, assuming the cause of their motions to be due to changes 
in level of their common support. The major cause of the zero point shift 
finally proved to be due to electrostatic charges on the balance and on objects 
near it. This accounted for the movements of the pendulum also. The dis¬ 
turbance was practically eliminated by adopting a suggestion, due to Sir William 
Ramsay, of placing uranium oxide near the balance. The radiations emanating 
from it are sufficient to ionise the air in the vicinity and conduct away stray 
electric charges from the balance. 

To provide a convenient means of regulating the current through the balance 
control coil HO volts of 60 cycle current w’as passed through a 40-watt lamp in 
series with a resistance of 330 ohms, the latter being provided with a sliding 
contact through which current was tapped off passing in series through the 
balance coil and milliammeter to the other end of the 330-ohm resistance coil. 
Moving the sliding contact bock to this end before the circuit is broken any- 
wh^ reduces the magnetic fluctuations sufficiently slowly so that residual 
magnetism in the balance pin is negligible. 

Because of the demagnetised condition of the pin, magnetic shielding of the 
balance is not necessary, provided strong magnets or large pieces of iron are 
not brought close to the balance. Machines using large alternating current 
must also be kept away from the balance because the intense fluctuating 
magnetio fields from them would induce an alternating current in the balance 
control coil which would disturb the zero point of the balance. This effect 
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was observed when a mercury vapour lamp standing near the balance was 
started. 

One other source of disturbance not previously mentioned is that of radio¬ 
meter effects. The balance must be protected from radiations, particularly 
when one end of the balance has on it a piece of foil and the other end a wire. 
On one occasion it was noticed that a small flashlight shining on the foil several 
feet away produced a large movement of the balance. 

Application to the Weighing of Adsorbed Films on, Platinum, 

The use of the balance is illustrated in th(i following account of preliminary 
measurements of the adsorption of toluene on platinum foil. A platimim wire 
and a platinum foil of exactly equal weight (and therefore volume) are spot- 
welded with a trace of pyrex glass to the silica beams. Since their centres of 
gravity were symmetrically placed on the two sides of the balance, all effects 
other than the difference in exposed surface (31 •! sq. cm.) were eliminated. 

To calibrate the balance, riders were made from portions of a long uniform 
fibre of fused silica, the distance of the rider from the carborundum points being 
measured with a cathetometer and the amounts of current required to restore 
the balance to its original position being recorded. A sensitive balance is not 
required since a monomoloculor film of toluene covering 23*8 x 10"^^ sq. cm. 
per molecule would weigh as much as 2*0 X 10"“® gram. For preliminary 
experiments the balance complete with coil was placed within a bell jar, and 
nitrogen was passed for some hours when the zero point was determined. 
Thereafter the nitrogen supply bubbled through toluene kept at 0'^. Equili¬ 
brium was only obtained several hours after shutting off the current of toluene 
laden nitrogen. To restore the balance to its null position required 58 milli- 
amps, which corresponded to a weight of 6*7 x 10“® gram or 3-5 times the 
calculated weight of a monomolecular layer of toluene. After prolonged 
exposure to the atmosphere, repetition of the treatment with nitrogen bubbling 
through toluene at 0“ gave a weight of 3*9 X 10“® gram (twice the weight of 
a monomolecular film) which remained constant for an additional 24 hours. 
After the balance with its platinum wire and foil was taken out and heated to 
dull redness in an atmosphere of hydrogen, it was replaced in the bell jar. First, 
pure hydrogen was passed, then it was bubbled through toluene at 0^ for 2 
hours, giving a weight of 1*4 x 10“® gram or 0*7 of a monomolecular layer 
the next day. Although the zero of the balance was accidentally disturbed, 
the highest weight, even when the hydrogen was passed through toluene a t 
room temperature, did not exceed 1*8 x 10“® gram. 
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These determinations do not with certainty exceed a true monomolecular 
layer on account of the previous treatment of the platinum and because the foil 
when viewed under the microscope appeared pitted and scratched. Bowden 
and Rideal* showed from electrometric data that specimens of rolled nickel 
had an accessible area which was from two to five times the geometric area. 
Sand-papered surfaces were foimd to have ten times their apparent area, and 
nickel surfaces which had been alternately oxidised and reduced had an 
accessible area 46 times the apparent area. Likewise sorption and desorption 
of gases makes platinum brittle and probably increases its porosity. 

Incidentally it may be here recorded that when a bead of platinum resting 
on a piece of fused silica was heated in an oxy-hydrogen flame, upon withdrawal 
of the flame the bead cooled and then spontaneously became incandescent for 
a moment, indicating the escape of gases sorbed at higher temperatures from 
the flame. This platinum ‘‘ blick ” resembles the well-known silver ‘‘ blick ’’ 
and seems to have been hitherto unnoticed. 

Excluding data for porous bodies and for those with tarnished, rough, or 
absorbing surfaces, the few adsorption data which remain incompatible with 
the monomolecular tliickness were obtained from studies of vapours at or near 
saturation concentrations. It is questionable whether it is legitimate to 
consider a vapour molecularly homogeneous when it is near saturation. In 
this condition there will be present “ liquid nuclei or “ embryonic droplets 
which upon striking a solid surface will not in general rebound. The time 
required for one of these nuclei to accumulate suificioat energy to vibrate loose 
like a single molecule might bo comparatively long, and, pending this accumula¬ 
tion, it may waste away by evaporation of its constituent molecules. It seems 
probable, however, that these liquid nuclei would hold together for a much 
longer time when adsorbed upon a solid surface than they would in the free 
condition. The molecule or molecules that are in actual contact with the 
molecules of the surface will be strongly polarised thereby, and through chain 
effect this polarisation will be transmitted in diminished degree through all the 
successive molecules to the outside of the cluster. If evaporation from the 
Surface be retarded compared to the rate of evaporation of these nuclei in the 
free condition, then the concentration of these nuclei upon the surface will be 
out of all proportion to that in the vapour and might form a more or less com¬ 
plete monoparticulate film of these molecular clusters. Such a film would 
simulate a multimolecular film, but no forces are postulated as operating other 

* Bowden, * Nature,’ vol. 122, p. 047 (1928); F. P. Bowden and E. K. Kideal, * Roy. 
Soo. Proc./ A, vol. 120, p. 80 (1928). 
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than between molecules in actual contact. This point of view is wholly 
different from the classical concept of a thick compressed adsorbed film caused 
by a wide range of molecular attraction extending out from the surface molecules 
of the solid. 


Sumfumry. 

A robust and compact microbalance, capable of use under very varied con¬ 
ditions, sensitive to 4 x 10“"® gram, and capable of weighing at least 0*3 
gram, is described. The two crystal points of carborundum on which the 
balance rests are superior to a knife edge in sharpness, hardness and chemical 
inertness. 

Preliminary experiments on the adsorption of toluene vapour gave results 
several times higher than that corresponding to a monomolecular film for a 
true plane surface, but this was offset by the irregular surface of the platinum 
actually employed, A conception is put forward which would explain higher 
values of adsorption without reference to the classical assumption of a thick 
compressed film and providing an alternative to the hypothesis of multi- 
molecular layers built up by superposition of monomolecular layers. 
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Further Studies mi Intertractimi. 

By Sir Almroth E. Wright, M.D., F.R.S. 

(Received May 8, 1929.) 

[Plates 9 a»d 10.] 

Part L— Rehearsal, Criticism and Amplification of the Original 
Experiments on Vertical and Horizontal Intertraction between 
Serum and Salt Solution. 

Introduction .—The original experiments on intertraction in which serum 
coloured with eosin was imposed upon a heavier salt solution and uncoloured 
serum upon coloured salt solution were carried out in plane walled “ inter- 
traction cells made from two microscopic slides placed from 1 to 1'6 mm, 
apart and cemented together by plasticene or pitch. In experiments thus 
conducted the intertraction pictures obtained are complicated by changes 
produced by the surrounding fluid in the ascending and descending pseudopodial 
processes; and by the diffusion of albumen and eosin, or eosin and salt 
outwards from the pseudopodial processes into the surrounding fluid. More¬ 
over, certain significant features of the intertraction picture anj only 
obscurely seen when they are viewed through too thick a sheet of fluid. 

It will be necessary here to describe a little more fully what is seen in inter¬ 
traction cells. 

The disturbing complications in the case where coloured serum is superposed 
upon a 6 per cent, salt solution are as follows* ;—The serum as it is drawn 
down into the subjacent salt solution gradually loses water and the albumens 
thus rendered heavier gravitate to the butt end of the pseudopodial processes 
with the result that these thin out in the middle, and develop bulbous 
extremities. And they, now weighted down as they are with inspissated 
albumens, fall heavily to the floor of the containing vessel. While these events 
are in progress eosin and albumen are continuously diffusing out from all 
the pseudopodia into the surrounding salt solution with the result that both 
the eosin and the albumen are soon dispersed evenly throughout the whole 
body of fluid. 

Corresponding changes are seen when uncoloured serum is superposed upon 

♦ These we well seen in photograph No. I, ‘ Roy, Hoc, Proo.,’ A. voL 114, PI. 41. 
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a coloured 5 per cent* salt solution. Here’** theascending psetidopodiabecoming 
by the intraction of water specifically lighter than the surrounding serum, thin 
out in the middle and expand at the ends and then are carried up to the surface. 
And at the same time the eosin and salt diffuse out from the pseudopodia 
into the serum, with the result that we have everywhere an equable mixture 
of eosin, salt and albumen. 

Method of conducting the experiments on vertical intertraction in such a 
manner as to avoid the complications introduced btf (a) alteratuw in the specific 
gravity of the pseudopodial contents, and (b) diffusion from the pseudopodia i?ito 
the surrounding fluid, 

(1) By employing us a subjacent fluid coloured or uncoloured salted serum 
in the place of a simple 5 per cent, coloiued or uncoloured salt solution, the 
gravitational ascent and descent of the pseudopodial contents and the conse¬ 
quent distortion of the pseudopodia and also much of the diffusion can be 
avoided. 

The required salted scrum is conveniently made by adding one volume of a 
saturated (25 per cent.) salt solution to four volumes of serum. (Descending 
and ascending v<^rtical intertraction obtained by this method are well shown in 
* Roy. Soc. Proc.,* A, voL 114. PI. 41, figs. 3a and 3b, and 4a and 4b.) 

(2) The complications introduced by diffusion of dissolved colouring matter 
can be entirely avoided by employing in the place of the eosin-colourcd serum 
or salt solution, suspensions of red blood corpuscles in serum and salt solution, 
or suspensions of Indian ink in serum or salted serum.f 

(3) The blurring which is introduced into the picture when one ridge of 
pseudopodial processes is ranged up behind another can be avoided by con¬ 
ducting intertraction experiments in the compartments of a slide cell.J 

* These are well seen in photographs 2a and 2b, * Roy. Soe. Proe., ’ A, vol 114, PI. 41. 

t In making a suspoitsion of Indian ink in salted Hcnun the ink is. in order to avoid aggluti¬ 
nation of the particles, first suspended in the the reciuired salt solution being added 

afterwards. 

Further it requires to be noted in connexion with all the suspenslotis employed in inter- 
ttJrCtion experiments that if the constituent particles are not sufficiently fine or are agglutiU" 
ated by the salt solution employed they will gravitate to the extremities of the descending 
)>8oudopodial procossos producing the same bulbous swelling as is produced in experimwits 
with serum by the descent of the inspissated albumen, etc. 

J A slide cell is made by cutting narrow strips of paper 1 inch in lengths dipping these 
into hot vaseline, laying them down transveisely upon the ordinary (1x3 inch) micro- 
acopio slide and then superposing upon this a hot slide. The slide cell may conveniently 
be divided up by strips into four compartments, and the paper used for the slips may 
conveniently be l/6th to l/8th mm. in thickness. Further, since microsoopio sHdes are 
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It will be seen that moat of the photographs which illustrate this paper are 
photographs of experiments made in slide cells. 

The fact that we have in vortical intertraction a conjunction of descending 
and ascending intertraction is particularly well brought out on Plate I in 
photographs la, lb and Ic. 

Methodof Demorntraiimj Horizontal Interlraction. 

Uncomplicated vertical intertraction having been ly*ought into view by the 
devices just described it remained to devise methods for the demonstration 
of horizontal intcrtraction. Any or all of the four following methods may be 
employed for this purpose. 

(а) We take a slide cell, lay it down on the bench and introduce into one of 
its (compartments from its nearer side sufficient concentrated salt solution to 
till it half full. We then, keeping the slide cell horizontal, turn the further side 
of tJio slide ctill to us, and fill up the remainder of the (compartment with a 
suspension of red blood corpuscles or Indian ink in serum. In a few moments 
a fringe*, or a close palisade of red or black streamers will be seen invading the 
.salt solution (Photograph 2). 

Much more picturesque and striking methods of demionstrating horizontal 
i 2 }tertraotion are the following. 

(б) We take a square cover glass and we then, in preparation for setting it 
afloat, draw its four edges lightly across a blCck of plasticeno. We then place 
a very minute fragment of the plasticene on the centre of th(j cover glass 
and press down a disc of filter paper very firmly upon it. This done we 
impregnate the paper disc with defibrinated blood or with serum containing a 
heavy charge of red blood corpuscles or Indian ink. Any excess of fluid beyond 
what the disc can absorb is then removed by blotting with filter paper. Wo 
now take any convenient shallow vessel and fill into it a concentrated salt 
solution and then 8<ct our cover glass afloat, turning the side which carries the 
filter paper disc downwards. After the lapse of a moment or two, black or 
red streamers will bud out all round the filter paper disc ; and these, growing 
rapidly, will emerge from under the cover glass and be carried out far over the 
surface of the salt solution in the manner shown in Photogi*aph 3. 

(c) We take as before a serum suspension of red blood corpuscles or Indian 
ink and now, using for the purpose a capillary pipette with a stem bent at a 

gcuerally, aa can be discovered by spinning them on a flat bench, convex on one face and 
concave on the other, it is advisable in making slide cells to dispose the slides with their 
convex faces directed upwards. 



590 


Sir A, E. Wrigbt. 

right angle and drawn out into a iiliforzn point, impose a drop of this 
suspension upon the naJced surface of a concentrated salt solution. Immediately 
the interior of the drop will begin to shape itself into horizontal streamers 
and these will gradually dispose of themselves into a pattern resembling a 
multiradiate star (Photograph 3). 

(d) By the aid of a cork cutter we cut out a number of discs from a sheet of 
filter paper, and then using a smaller sized cork cutter cut out the central 
area of each disc. The filter paper rings thus obtained are dipped into melted 
paraffin wax and are laid one over the other upon a microscopic slide. 
We then take another slide, heat it in the flame and then press it down 
upon these rings in such a way as to weld them together, and make 
sure that our miniature lifebuoy—as we may call it- shall float upon an even 
keel. 

We now set our paraffined paper lifebuoy afloat upon a saturated salt solu¬ 
tion and then, using again a pipette drawn out into a filiform point, introduce 
a serum suspension of red blood corpuscles or of Indian ink into the hollow of 
the lifebuoy using only just enough to cover the included salt solution. Here, 
as in the experiment with the filter paper discs, red or black horizontal streamers 
will bud out from the circumference of the ring, and will be carried out over the 
subjacent salt solution (Photograph 6). 

ExfefimenU showing the condiiiom which determines in the case where serum 
is deposited on the surface of a heavier salt sdutiony the development of descending 
apart from horizontal; or as the case may be, horizontal apart from vertical 
intertraction; or both forms of intertraction in conjunction. 

The more important conditions which determine the development of these 
several varieties of intertraction are the following 

1 . Mechanical obstacles may definitely bar horizontal intertraction. Such 
obstacles present themselves when as in intertraotion cells and slide cell com¬ 
partments disposed in the vertical plane the overlying covers the whole of the 
underlying fluid, and abuts directly upon the walls of the containing vessel. 
Here horizontal intertraotion being excluded, only descending intertraction 
can ocem. 

Horizontal intertraction is mechanicidly impeded also when an obstacle, 
such for example as a cover glass fixed upright in plastioene is set up in the 
path of a film or of a system of horizontal streamers of serum spreading out 
over the surface of salt solution. The serum on meeting such an obstructing 
cover glass will be banked up against it and will be drawn down all along its 
face in the form of a palisade of descending pseudopodial processes. The 
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horizontal intertraction which is in progress being here obstructed, vertical 
iutertraction substitutes itself for it. 

The same thing occurs where we impose serum upon a heavier salt solution 
in the form of a large drop. Then the central portion of the drop will because 
it is confined horizontally give vertical intertraction. 

2. A second operating force which determines the kind of intertraction 
obtained is the greater or less specific gravity of the salt solution chosen as a 
substratum. 

The influence of varying gravitational resistance can be best studied by 
aid of the procedures which serve for the demonstration of horizontal intertrac¬ 
tion. Making use of any of those we find that where saturated salt solution 
is employed as a substratum only horizontal intertraction is obtained. When, 
on the other hand, a salt solution which is only just heavier than the super¬ 
imposed serum is employed, both descending and horizontal intertraction 
come into view simultaneously. Again in such cases horizontal intertraction 
may be obtained in the first phase of the experiment, and in the second phase 
horizontal may give place to vertical intertraction, this change over being no 
doubt brought about by the serum having by loss of water become heavier, 
and the subjacent salt solution by dilution lighter. In other cases again the 
pseudopodial processes may from the outset be carried down diagonally from a 
floating disc of serum producing a pattern resembling a hen coop. 

The effect exerted by gravitational resistance upon vertical iutertraction is 
exhibited in photographs 6 and 7, 

3. A third operating force which determines the direction of intertraction is 
the attractive or repulsive force exerted by the walls of the containing vessel. 
The influences here in question are in reality those exerted by the concave or 
convex curvature of the fluid which lies alongside the wall of the containing 
vessel. These—and here I only resume what I said in my previous papers— 
may be studied by taking a vessel with naked and another with paraflined 
glass walls, filling into these, let us say, 8 per cent, salt solution and then in 
each case letting coloured serum flow gently down the walls on to the surface 
of the salt solution. 

In the case where the serum flows on to the surface of salt solution from 
naked glass walls it will immediately be banked up against the wall and will 
run round in the form of a crescentic rim. Pseudopodial processes will now 
descend all along this rim forming a palisade, and horizontal intertraction will 
manifest itself only at the point where the serum has been run in, and then 
only in the case where the serum is not sufficiently rapidly absorbed into the 
meniscus. 
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Where the serum flows off from parftfiSned walls on to the surface of the salt 
solution it will, if little in quantity, be immediately conveyed away in the form 
of a system of radiating striae. When a more generous quantum of serum is 
fed in, it will flow out over the salt solution in the form of a continuous film— 
a film from the confines of which streamers will presently emerge. Descend¬ 
ing intertraction will here be obtained only at those points where the 
serum happens, owing to its not being sufficiently rapidly conveyed away 
hy horizontal intertraction, to accumulate in sufficient amount to indent the 
sxirfoce of the salt solution. 

Conditions almost identical with those just described can be provided by 
using a somewhat deep crystallising dish and tilting it up so that its upper wall 
makes an acute and its lower wall an obtuse angle with the surface of the 
contained 8 pear cent, salt solution. If we now allow serum to flow in from the 
overhanging wall it win be held up in the re-entrant angle and only descending 
intertraction will be obtained. If, on the other hand, serum is run down the 
wall which slopes away from the salt solution the serum will be carried out over 
the surface of the salt solution by horizontal intertracition. 


Pa»t I1.--Pseux)opoi)1ai. Intertraction between Alcohol and Water, 
ANO between Water and Salt Solution. 

It has been sufficiently brought out above that pseudopodial intertraction 
is obtainable when senim and salt solution are brought into apposition. 
Further, as was mentioned in the first of my papers on pseudopodial inter¬ 
traction, such intertractiou can be obtained not only with serum but also with 
other albuminous fluids, and not only with albuminous solutions superposed on 
sS/lt but also with albuminous solutions superposed upon sugar and other crystal¬ 
loids. Further pseudopodial intertraction is, as was shown by my sometime 
fellow worker, C. G. Schoneboom,*' obtained also when solutions of crystalloids 
of carefully chosen strengths are brought into apposition. And there can in 
such cases—this also was pointed out by Schoneboom—by careful graduation 
of the strength of the superimposed solution be obtained in succession : pseudo¬ 
podial penetration, rapid diffusion with delimiting rectilinear wave front, and 
the classical similarly delimited slow diffusion of the text-books. 

The relarion between these different forms of interpenetration obviously 
invited further investigation ; and so did the question to whether pseudo- 

* ‘ Roy. 8oc. Proc.,* A, vol. 101 IlgiS2)* 
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podia! intertraction could be obtained when alcohol is superimposed upon 
water, and water upon solutions of salt and other crystalloids. 

ExperirmtUB showit)^ that Psetidopodial Intertraction mn be obtaimd between 

Alcohol and Water, 

We take a slide (jcII and till the four compartments, which 'we may 
label A, B, C and D, half full with water, and then, first sealing the 
compartments below with melted paraffin, fill the upper halves of the com¬ 
partments with suspensions of Indian ink in 25, 5i), 75 and 100 per 
cent, alcohol respectively. We then seal the upper ends of the compartnumts 
(Photograph 0). 

In compartment A the pseudopodial interpenetration begins in t he course of 
a few minutes ; in compartments B and C there comes into view first a narrower 
or broader band of what we may call molecular or diffusional interpenetration; 
a little later ascending and descending pseudopodial processes make their 
appearance at the upper and lower borders of that narrower or broader band. 
In compartment 1) we have a band of diffusional interpenetration delimited as 
in B and 0 by horizontal lines of demarcation. This band continues to broaden 
out slowly for half to three-quarters of an hour. By this time, when as we may 
assume the mixture of alcohol and water in this intermediate zone bears the 
required gravitational and surface tension relation to the alcohol above and 
the water below, ascending and descending pseudopodial processes make their 
appearance passing up or down from the upper or lower, or more usually 
both up and down from both the limiting surfaces of the diffusional band. 
Photograph 6, which was taken 10 minutes after the experiment was set up, 
shows in C/Omportment A well-developed pseudopodial intertraction; in 
compartments B and C less advanced pseudopodial supervening upon a 
preliminary diffusional interpenetration ; and in D a band of diffusional inter¬ 
penetration only. 

Horizontal pseudopodial intertraction Ixitween alcohol and water can also 
be obtained. It may be demonstrated by the aid of any of the procedures 
deisoribed in Part I of this paper. 

It will, for the reason that this immediately brings up certain questions of 
principle, be well to begin with the procedure in which a naked drop of alcohol 
is imposed upon the naked surface of water. 

When an alcoholic suspension of Indian ink is superimposed upon water in 
sufficient quantity to form a complete cap over the surface and to abut against 
the walls of the containing vessel, further horizontal spreading is, of course, 
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definitely barred. When, on the contrary, a drop of undHutid ktcoholic sua* 
pension is imposed upon a wateij-surface of larger extent, there is exerted 
upon it an unresisted horizontal traction. The drop is by oonsetjuenoe 
explosively disrupted. With a small drop a purely lateral explosion is wit¬ 
nessed ; with a larger one—for here the alcohol cannot be sufficiently rapidly 
conveyed ofi over the face of the water—downward are added to lateral 
explosions. Similar but less violent explosions follow when weaker alcoholic 
Indian ink suspensions—suspensions which may contain only 1 per cent, of 
alcohol—are imposed upon the surface of water. 

Such explosive disruptions being, of course, fatal to the development of 
pseudopodial intertraction figures a small amount of an agar agar solution 
was added to the subjacent water by way of a counteracting resistance. By 
this device typical pseudopodial intertraction figures are obtained with alcoholic 
suspensions of Indian ink containing a maximum of 2^ per cent, of alcohol. 

Better than the method just mentioned is the method of reducing the dis¬ 
ruptive forces exerted by water by lowering its surface tension by the addition 
of soap, lysol, or bile salts. Imposed by means of a capillary pipette upon 
water thus treated, Indian ink suspended in 50 per cent, or even higher 
percentages of alcohol gives beautiful intertraction figures (Photograph 4). 

Of course, what applies to a naked drop of alcohol placed upon a naked water 
surface applies also to a drop of alcohol encircled by a paraffined paper ring 
floating on water. Strong alcohol filled into the centre of such a ring produces 
a perfect fusillade of lateral and downward explosions which drive the life¬ 
buoy hither and thither over the surface of the water. When, however, the 
surface tension of the surrounding water has been duly reduced by the addition 
of soap, or bile salts, and when at the same time the surface tension of the 
alcoholic suspension has been duly increased by watering it down until it 
contains not more than 25 per cent, of alcohol, typical horizontal pseudopodii^ 
bud out all round the lifebuoy and develop into long streamers. 

When we pass to the filter paper disc method we pass, as reflexion shows, to 
conditions essentially different from those just dealt with. For in the filter 
paper disc the intracting forces of the water are antagonised by the mechanical 
resistance offered by the texture of the paper. In correspondence to this 
excellent intertraotion figures are obtained with fi.lter paper discs impregnated 
with even full strength alcoholic suspensions of Indian ink (Pliatograph ll). 

The device of adding soap or bile salts to water for promoting the develop¬ 
ment of pseudopodial interpenetration operates, of course, also in experi¬ 
ments on vertical and horizontal intertraction carried out in the slide oelii 
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of the height to which intertraoting fluidi 
m and the same capillary tube, there would appear to be a certain 
optimum difference of surface tension for optimum pseudopodial intertraction. 
For wh€to the difference of surface tension of the attracting fluids is very great, 
pseudopodial interpenetration is retarded, and the same holds true when the 
surface tensions of the fluids involved have been brought almost to parity. 
Illustration of the influence of the addition of bile salts or soap upon the 
development of vertical intertraotion is furnished by photographs 8 and 9. 

IniertraGtion betumn Salt Soluiims and Sugar Solutions and Water, 

Intertraction talfts place also between salt solutions and sugar solutions and 
water. There is a close analogy between pseudopodial intt^rtraction between 
water and alcohol and that between salt solutions and water. To begin with, 
when a naked drop of a watery suspension of Indian ink is imposed upon the 
surface of a saturated salt solution it is instantly disrupted. 

We might here, remembering what applies to intertraction between alcohol 
and water, have surmised that intertraction would have been obtained from 
naked or encircled drops of watery suspensions of Indian ink by simply diluting 
down the subjacent salt solution. And again we might, arguing from the fact 
that intertraction is obtained when filter paper discs impregnated with alcoholic 
suspensions of Indian ink are imposed upon a water surface, have anticipated 
that a filter paper disc impregnated with a watery suspension of Indian ink 
would have given intertraction when set afloat upon a saturated salt solution, 
Neither anticipation is realised for the reason that particles of Indian ink are 
under the influence of strong salt solutions instantly agglutinated and im¬ 
mobilised. When however, as in a slide cell placed vertically, the surface of 
co^ntact between the salt and the suspension is restricted, and when in addition 
ag^tttination is held in curb by diluting both the salt solution and the Indian 
ink suspension, pseudopodial intertraction is as is witnessed by photograph 
No: 7. 

The photograph in question shoivs the following;—With a 10 per cent 
dilation of salt in compartment A of the slide cell there is obtained during a 
period of waiting only a band of diffusional interpenetration— 
devete^ being here arrested by the agglutination and immobilisa-. 
tion of the particles of Indian ink on the line of junction with the salt. In 
B containing per cent, salt solution there are indications of 
and in compartments C and D containing respectively 6 and 

per salt solution there is well developed intertraction, 

exXV.—A. 2 T 
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But even when working in slide cells with diluted suspensions of Indian ink 
and salt solutions there is some difficulty in obtaining vertical intertraotion, 
and greater difficulty still in obtaining horizontal intertraction. 

On pondering these difficulties it suggested itself that, notwithstanding the 
fact that the employment of weak salt solutions is obligatory when dealing 
with Indian ink, it might still be possible to obtain with such solutions both 
vertical and horizontal intertraction and to obtain these results both regularly 
and quickly. The method that suggested itself was to diminish the surface 
tension of the watery Indian ink suspension employed so as to facilitate 
ihtertraction. This idea furnished, in point of feet, the solution of this 
particular technical problem. With suspensions of Indian ink to which a 
modicum of bile salts has been added, both horizontal and vertical intertraotion 
are obtained with quite weak salt solutions. 

Photograph No. 9 represents an experiment in which in compartments A and 
B Indian ink suspensions with added bile salt were superimposed upon 1J and 
2^ per C/ent. salt solutions; simple watery suspensions of Indian ink were 
superimposed upon the same salt solutions while in compartments C and D. 
Photograph 10 shows horizontal intertraction obtained by bringing a suspension 
of Indian ink in water containing bile salts into apposition with weak saline 
solutions. 

Attention will be drawn in a moment to the issue of control experiments in 
which water was superimposed upon watery suspensions of Indian ink to which 
bile salts or soap had been added. 

But, first, brief reference may be made to intertraotion between sugar 
solutions and water. All that requires to be said is that typical vertical and 
horizontal intertraction can be obtained by accoupling suspensions of either 
Indian ink or formalised red corpuscles with glucose solutions. Better results 
are obtained with 6, 10 and 20 per cent, glucose solutions than with the 
inconveniently viscid more concentrated solutions. 

PoitUs of a more general order. 

It remains to refer to the issue of the control experiments referred to above. 
In the experiments in question in which water was superposed in slide cells 
upon watery suspensions of Indian ink containing graduated quantities of bile 
;salts or soap, intertraction was never obtained. This, if it finds confirmation, 
would seem to make havoc of the theory which accounts for the development 
of tears on the walls of vessels containing fairly strong alcohol, by assuming 
that a fluid of robust er surface tension (such as wine from which alcohol has 
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evaporated) will by virtue of its superior tensional strength engulf a fluid of 
more tender surface tension (such as wine possessing its full quantiuu of 
alcohol). 

Finally, the following may to be said by way of summary. Inasmuch as 
the experiments recorded above have established (1) that alcohol and water, 
and water and salt and sugar solutions, attract each other in such a manner as 
to conquer gravitational resistance, and (2) that by tampering with the surface 
tension of one or other of the accoupled fluids molecular diffusion can be con¬ 
verted into intertraction, it would now seem legitimate to take up the position 
that slower or more rapid molecular diffusion, pseudopodial intertraction, 
hygroscopic attraction, the formation of tears in vessels containing moderately 
concentrated alcohol, and finally the osmosis through semi-permeable 
membranes of water in solutions of crystalloids and of alcohol into water are 
closely cognate phenomena, due in each case to a reciprocal attraction of either 
a solute for a solvent, or of one fluid for another. 

In (jonclusion I have to acknowledge with gratitude much assistance from 
R. M. Fry in carrying out the experiments, and have to thank him also for the 
photographs which illustrate the paper. 

EXPLANATION OF PHOTOGRAPHS. 

Pnara ». 

No. lA.—^Vertical (desoending and ascending) intertTactiou obtained by superimposing 
serum containing red blood corpuscles upon serum containing 10 per cent, of salt. 
No. iB.—Vertical (descending and ascending) intertraction obtained by superimposing 
serum upon serum containing 10 per cent, of salt and particles of Indian ink. The 
transverse line on the right in the photograph shows the original dividing line 
between the fluids. 

No. lo.—Vertical (descending and ascending) intertracUon .obtained by superimposing 
serum with Indian ink upon serum oontoining 10 per cent, salt; the original 
dividing line between the fluids is indicated by the transverse line on the right of 
photograph. 

No. 2.—Horizontal intertraction between serum containing Indian ink and 12 per cent, 
salt solution. 

No. 3.—Horizontal intertraction obtained by superimposing a suspension of red cor¬ 
puscles in serum tipon a saturated salt solution. 

No, 4.—Horizontal intertraction obtained by superimposing a naked drop of a suspension 
of Indian ink in 25 per cent, alcohol upon water containing bile salts. 

No. 6.-—Horizontal intertraction obtained by floating a parafl&ned ring upon salt solution 
and flUing into the interior of the ring serum containing red blood corpuscles. 


2 T 2 
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Platk 10 . 

No, 0.—VertioaJ intertraotion obtained by euperimposing upon water^ Indian ixdc auapended 
in a 25 per cent., 50 per oent.» 76 per cent, and 100 per cent, alcohol^ the order being 
from left to right. 

No, 7.—Vertical intertraction obtained by superimposing a watery suspension of Indian 
ink upon 10 per cent., 7-5 per cent,, 6 per cent, and 2*6 per cent, salt solution, the 
order being from left to right. 

No. S.'—Veniiioal intertraotion. In the ieft*hand compartment a suspension of Indian 
ink in 50 per cent, alcohol has been superposed upon water. In the right-hand com¬ 
partment the same suspension has beerv superimposed upon water containing soap. 

No. 9.—Vertioal intertraotion. In the two left-hand compartments a suspension of 
Indian ink in water has been superimposed upon 1^. per cent, and 2J per cent, salt 
solutions* In the two tight-hand compartments a suspension of Indian ink in water 
oontaimng bile salt has been supenmposed upon the same strength of salt solution. 

No. 10,—Horizontal intertraotion. Here a suspension of Indian ink in water containing 
bile salt has been placed side by side with 2^ per cent, and per (^t. salt solutions. 

No. 11.—Horizontal intertraotion. Here a disc of filter paper impregnated with a sus¬ 
pension of Indian ink in absolute alcohol has been set afloat upon water. 


NoIsb on a Differential Equation which occurs in the Two-Dimen'- 
sional Motion of a Compressible Fluid and ih^ Associated 
Variational Problems, 

By H. Bateman, F.R.S. 

(Received April 27, 1929—Revised June 28, 1929.) 

1. Introduction. 

In two recent papers* Prof, G. I. Taylor and Dr. C. F. Shannan have dis¬ 
cussed the flow of a compressible fluid by an experimental method and have 
formdated tentatively the criterion that no irrotational solution of the 
equations of motion exists when the velocity of the fluid at any point of the 
field of flow exceeds the local velocity of sound. They remark, however, that 
there appears at present to be no theoretical ground for supposing that this 
hypothesis is true in general. In this connection it may be pointed out that 
there is a change in type of the governing partial differential equation when 
the local velocity of sound is exceeded and the question naturally arises whether 

* Roy. Soo. Rroo.,’ A, vol. 121, p, 194 (1928); ‘ Aeronautioal Researoh Comntittee,' 
R.M., 1196 A 1196. 
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the problem is properly put when such a change occurs and the usual boundary 
conditions are retained. In order to present this question more definitely 
we take the case of steady motion in two dimensions and denote the velocity 
components at the point (a;, y) by w, % respectively and the density of the 
fluid by p. The equation of continuity is then 

|{p«) + i(pt,) = o. (1) 

When the pressure, p, is a function of the density and gravity is the only 
external force, Bernoulli’s equation takes the form 

= C (2) 

' P 


when n is the potential energy per unit mass and C is constant along a stream¬ 
line. Since the motion is steady we may write 


3C , 0C 

« _ -f t, _ : 

ax cy 


(3) 


and BO we have the equation 




du . 3v\ , , 012 


Writing dp/dp = c*, where c is the “ local velocity of sound/** we have the 
difierential equation 

/ « 9m /9v I 9«\ , . o 2.0V 012 , 012 .p.. 

which is derived from (4) by combining it with the equation of continuity. 
When the motion is irrotational we may write u ^ v = and, if the 
eflect of gravity is neglected, the equation takes the form 

In this case C can be regarded as a constant and c can be expressed in terms of 
and V with the aid of the relation connecting the pressure and density and 
Bernoulli’s equation. The resulting equation for <f> may be regarded as the 


* This is merely a convenient name. however, a small disturbance having the 
character of traveling wav^ is supei^KNMKi on the original flowso as to give a newirrotaflonal 
flow satisfying the hydrodynarenoal equations the quantity c can be regarded as the velocity 
of these waves relative to the fluid at the point (», y). 
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governing partial differential equation for irrotational flow; it may be trans¬ 
formed into a linear equation 


A 


&+2hA- 

ou^ ou ov 


BpL- 


(7) 


by taking u and v as independent variables and making use of Legendre^s 
transformation 

+ a: = dxl^u, y — 0x/St?. (8) 

Tbe ooefiSoients A, B, H are respectively — v®, c® — w®, uv. According to 
the usual convention* a differential equation of this type is said to be elliptic, 
hyperbolic or parabolic according as AB — H® is positive, negative or zero, 
and these adjectives may be applied also to the original non-linear equation.f 
The character of the equation depends, then, on the sign of the expression 

(c® — w®) (c* — V®) — mV = c® — M® — D® c® — y®, say, 


and so there is a critical velocity, given by the equation m® + v® = c®, at which 
there is a change in the character of the equation. When adiabatic conditions 
prevail, so that the relation between p and p is 


p/Po == (p/9oy 

where pg, y and pg are conetants, the relation between c and q may be expressed 
in the form 

where U and a are constants. If we suppose that at infinity m == U, = 0 , 
we have also c = a, p — po, so that p^ can be regarded as the density and a 
as the velocity of sound for the fluid at an infinitely great distance from the 
origin, that is, in the undisturbed steady stream. 

The critical velocity in the present case is given by the equation 

( 10 ) 


* See A. G. Webster, ” Partial Differeutial Ik^uations of “ M ats-t Physios,*’ oh, 0* 
t S, Benistain, * Math. Ann,,* vol, 69, p, 21 (1904;). In this paper and in ‘ Cfomptes 
Kendus,* voL 187, p, 778 (1903), a disoussion is given of the an^ytioal oharaoter of the 
solutions of an equation F(a;, y, z, p, q, r, s, <) «» 0 in which F is analytic in its arguments 

and satiaflea the inequality 4 ^ When thia condition ia aatisfied the 

equation is said to be of elliptio type. The notation used here is eeq^alned in | 2. 
The general theorem relating to the analytic character of the solution was announced by 
Hilbert, ^ Oongrto Intexnationales Math6matioiens,* Paris (1900), 
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If U ^ 0*6a, Y = f '4, we have 

2‘4?2==: 2^144 

80 that the critical value of q is lesH than a. 

2 . Sripplewsntary Conditions of EUiptio Type, 

A knowledge of the tyjH^ of an equation is important when an attempt is 
made to find supplementary conditions which will make the problem of solution 
one which is properly put so that there is indeed a solution and only one. 

For an equation of elliptic type these conditions usually take the form of a 
condition of regularity in a region R bounded by one or more closed curves 
and a simple boundary condition on each of these curves. When the equation 
is linear and of type (7) a solution x is said to be regular in R when /, dyjdu^ 
dx/dvy d^Jdu^, and d^jdudv are continuous functions of u and v in a 

region R in the at^-plane. When the equations is the more general equation 
F(a;, y, z, p, q, r, s^i) ^{) where F is analytic in ite arguments and j) = dz/(^so, 
q ^ dz/dy, r = d^zjdoc^f s = ^Hjdxhy, t — Bernstein assumes in hia 

general theorem that the derivatives of z to the first three orders are finite 
and continuous. He then proves that z is an analytic function* of x and y. 
He shows, moreover, that a hyperbolic equation, such as s = F(a?, y, 2 , p, y)> 
admits solutions which are not analytic functions of x and y and that a parabolic 
equation, such as r == F(a;, y, «, p, q), admits solutions which are analytic in 
X but not analytic in y. For a linear equation of elliptic type r + ^ — F(x, y, 
Zi Pi q), where F is analytic in its arguments, the solution z is analytic when its 
derivatives up to the second order are known to be finite and continuous. 
This theorem, which is due to Lutkemeyerf and Holmgrenj is an extension of 
a similar theorem proved by Picard§ for the case of a linear equation. Turning 
now to a consideration of appropriate boundary conditions we first consider 
equation (7). The boundary condition which usually occurs is that either y 
or its normal derivative 3x/3 v is assigned on the boundary,|l If there is more 

This means that z can bo expanded in a series oi powers of x — y -- in the 
neighbourhood of a point where it is regular, the series being convergent for 

I® “ sTol ly “ Vol ^ where k has some suitable value, 

t Bifiaertation, Gbttingen (1(102). 

t ‘ Math. Ann.; vol. 67. p. 409 (1903). 

$ * C. E.; vol 121, p. 12 (1896); ‘ J. Koole Pnlytechnique; cap. 00. p. 89 (18VM»); see 
also Paraf, * Thdse; Fatis (1892). 

II When the value ofis assigned the problem is called the pi'oblern of Diriohlot; accord¬ 
ing to S. Bernstein, ' Math. Ann,; vol, 69, p. 126 (1010), this problem is properly put for 
way elliptic equatimi of type (6) with analytic coefficients when the curve C in the 
(tCf y)-plane is convex. 
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than one boundary it may happen that the value of % is assigned on one and 
the value of ?x/^^ other, or it may happen that the value of x or 

is assigned on both. 

Such boundary conditions, combined with the condition of regularity in the 
region R, will be called conditions of elliptic type. The conditions which occur 
naturally in connection with a partial differential equation of hyperbolic type 
and render the problem capable of unique solution are often quite different. 
The characteristics* that satisfy the differential equation 

Ad^-2n dudv + B -= 0 (11) 

play an important part.f They generally form two families of curves Fj (w, v) 
— constant, F^ (w, v) — constant. In one type of problem^ which is properly 
put the values of x and 3x/3v are assigned on a curve C, which need not be 
closed, and it appears that the values which are really needed for the deter¬ 
mination of X at a point {u^^, Vq) are those associated with a portion of C cut off 
by the characteristic curves through the point {uq, Vq)* ^ ^^7 

type of problem for a hyperbolic equation which is properly put and a general 
description of properly formulated problems for such an equation cannot at 
present be given. The question we are interested in at present is whether a 
problem can be properly formulated when the conditions are of elliptic type 
and the equation is wholly or partly of hyperbolic type. A study of this 
question will be commenced in the later sections of this paper by a considera¬ 
tion of some examples. Boundary conditions for a region R in the (w, v)-plane 
are of little interest in hydrodynamic8§ but the cbaracteriatio curves in this 
plane have been used with some success in the treatment of hydrodynamical 
problems by Sfceichen and Praiidtl,j| 

The problems of hydrodynamicjs relate generally to a region S in the ay- 
plane and we shall now turn to a consideration of the equation (6) in such a 
region. 

3. An Associated Variational Problem, 

In many cases the supplementary conditions which must be associated with 
a partial differential equation to render the solution unique and existent are 

♦ See Webster, loc. cit. 

t They also play an important part in hydrodynamioe when U > 

X Tins is known as Cauchy’s problem, a method of solution being in(^oated by Eiomann. 
For an extensive discussion of Cauchy’s problem for hyperbolic equations reference may 
be made to Hadamard’s leotuies on the subject. 

§ A few oases may occur when q is constant along a given line or v 0. 

II A. Steichen, * Dissertation,’ GCttingen (1909). A brief account of this work is given 
In A<*keret’s article on the dynamics of gases in “ Handbuoh der Physiki” vol. 7, 
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indicated by an associated problem in the Calc\ilus of Variations/’ This 
mle must not be regarded as an infallible guide as there are many dangers and 
difficulties but it will, at any rate, be useful to see what information can be 
derived by replacing the hydrodynamical equations by a variational problem. 

Let us first consider a simple variational principle of type 




jj Q{q)dxdy = 0 


( 12 ) 


where === w® + t;2 and u = d<f>ldx, v = When is varied so that the 

variation is zero over any boundary which is not a stream-line the Eulerian 
equation is 


a <^4 

dx ’ cJy 0tJ 


-0, 


or 


^'(q) 


02f 
0X® ^ 0y® 


This equation is elliptic, hyperbolic or parabolic according as O'iq) ifl 

positive, negative or zero. For adiabatic? conditions the appropriate form of 
G is 

G ( 9 ) - [2a* (Y - 1) (U* - g*)]7^' (13) 


Another case of interest is that in which the relation between p and p is of 
Earnshaw’s type 

p = a — (3/p 


where a and (3 are constants. In this case 

0® -f- V® -f* -f 6^, say 

where c = a, w U, v 0 at infinity. The partial differential equation is 

and the variational problem is 

S j j {«* + v* 4 (j*)‘ dxdy = 0. (14) 

If we write ^ ^bz, where x, y and z are rectangular co-ordinates of a point in 
apaoe, the integral in (14) can be interpreted as h times the area of a sur&oe and 
the partial difieiential equation becomes that of a minimal surface and is 
elliptio if 6*> 0, i.e., if U* <«*. 

In this case the analogy between the equilibrium of a soap film and the 
motion of the fluid may be useful. The problem of Plateau for the soap film 
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is to find a oontinuoas soap film with a given boundary or with a number of 
prescribed boundaries. The conditions are in this case elliptic because the 
value of 2 ; is prescribed round the boundary of a region S in the xy-plane and 
the solution is required to be regular in this region. It seems, however, that a 
solution does not always exist when such conditions are imposed. This may 
be seen for example, by considering the case of a region S bounded by con¬ 
centric circles when z has prescribed constant values on the circles.* The 
required surface is then, presumably, a surface of revolution and must be a 
catenoid, the surface formed by the revolution of a catenary about its directrix^ 
Considering, then, a section of the surface by a plane through the axis of 
symmetry, the problem is to draw a catenary to pass through two given points 
in this plane and to have the axis as dmjctrix. It is known, however, that it 
is not always possible to draw such a catenary.f With certain positions of 
the two points two catenaries can be drawn and in a particular case only one. 
When only one catenary can be drawn the film joining the two circles in space 
is unstable. When the two catenaries can be drawn, one corresponds to a 
stable film and the other to an unstable film. In this latter case the require* 
ment of an absolute minimum enables us to decide which solution of the 
boimdary problem corresponds to the physical conditions. 

In this case, although we are dealing with an elliptic equation and elliptic 
conditions, the problem may not be properly put.J It is true that the boundary 
conditions are not precisely those which usually occur in hydrodynamics! 
but we should be on the look out for similar failures in hydrodynamical problems, 
and in the discussion of these problems it may be worth while to adopt the 
methods of the Calculus of Variations. This means that we should omit one 
boundary condition and consider the ’fanaily of regular solutions satisfying 
the other, detennining, if possible, the ** singular solution ” which corresponds 
to the envelope of the catenaries through one point. Attention should be 
paid also to any discontinuous solutions which might correspond to the Gold¬ 
schmidt solution, which consists of two lines perpendicular to the Airift an d 
^he portion of the axis between them. It is this solution which furnishes the 

♦ This means that the soap llhn is required to terminate on two given circles in space. 

t See Todhuntcr, “ Besearcbes in the Calculus of Variations ” ; G. A, Bliss, “ Calouhu 
of Variations ’* (Open Court Publishing Co., Chicago); Forsyth, “ Calculus of Variations ** 
(1027), p. 480. 

% The essential diiforonoe between this case and Bemstein^s case (the simple DiriobM 
problem) is that there are two boundaries. 

§ In hydrodynamics the value of ^ is generally assigned on one boundaxy and that of 
its normal derivative on the other. 
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surface of xninimuiQ area when there is only one catenary joining the two 
points. 

[Note added September^ 1929.~i#Variation problems of type 

have been considered recently by Bernstein* and Haar.f Bernstein regards 
the problem as regular when 

j f 

5? 3t?“ du 3iV' 

for the Eulerian partial differential equation is then of elliptic type, and if 

g2jp 

also > 0, the second order variation of the integral is positive. The 

question of the existence of a solution of the simple Dirichiet problem for a 
curve C in the (a?, y)-plane, which is not wholly convex, depends on the value 
of a certain index a determined by the form of the function F. It is 
interesting to note that a critical value of a (for which the problem may not 
be wduble) occurs for the function F corresponding to Earnshaw’s law, but 
nottfor the function F corresponding to the adiabatic law. 

Haar shows that a variation problem of this type is associated with an 
adjoint problem of the same type. It is easy to verify that when the 
function F is of the type considered in § 3, the function F for the adjoint 
problem is also of this type.] 

’ The appeal to the variation problem has proved rather disappointing because 
no immediate clear answer has been obtained to the question of the existence 
of a solution; moreover, the variational problem seems to suggest that the 
conditions are of elliptic type even when the associated partial differential 
equation is of hyperbolic type. It is possible, however, that the difficulties 
introduced by the envelope may occur before the equation becomes of 
hyperbolic type. If this is the case it is hard to see immediately what happens 
phjnrically. Does the motion become rotational or cease to be steady ? 

The association of a partial differential equation with a variational principle 
is sometimes useful because direct methods are now being used for the solution 
of problems in the Calculus of Variations. The method of Bayleigh and Ritz 
may be regarded as a typical direct method ; it is essentially a method of 

*** ‘Ann. EooJe Nornaale/ voL 29, p, 431 (1912). 
t * Math, Ann.,’ vol. 100, p. 481 (1928). 
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approximation in which a suitable finite series of orthogonal functions is used 
as an approximation to the desired function and the minimum problem is so 
reduced to an algebraic minimum problem^in which the variables are the 
unknown coefficients in the series. This method has been used with con¬ 
siderable success and can be readily extended to the case in which there are 
several unknown functions. Sometimes much labour can be saved by modify¬ 
ing the variational problem, indeed, experience tells us that the variational 
problem associated with a given partial differential equation is by no means 
unique. Some attention may be paid, then, to the study of the different 
possible variation problems, so that a suitable choice may be made when it is 
necessary to make lengthy computations. [An announcement has just 
appeared of a book by Dr. Lichtenstein, ‘ Qrundlagen der Hydromechanik, 
Berlin (Springer), 1929, in which the derivation of the hydrodynamical 
equations from Hamilton's Principle is discussed in some detail, and special 
attention is paid to the case in which there are waves of discontinuity as in 
the work of Zemplen, ‘ Math. Ann.,’ vol. 61, p. 437 (1905 ).—Added September, 
1929.] 


4. Variational Principles giiing the EqtuUions of Vortex Motion. 

In view of the importance in modern physics of variational problems it 
seems worth while to review the progress which has been made in the derivation 
of the hydrodynamitial equations for non-viscous flow from a variational 
principle and to add some new results. We may adopt as a guiding principle 
the property that, when the hydrodynamical equations are satisfied, the 
integrand in the variational principle is a linear function of the pressure** 
This is true in the cases already considered. Making first a slight extension 
of Clebsoh’s theoremf we derive the hydrodynamical equations for an invisoid 
compressible fluid from a variational principle 

^^hdxdydzdt^i) (15) 

in which 

L=/(p)-p[^+«^-i{«« + t;» + to*)] ( 16 ) 


♦ Referenoe may be made to a paper by R, Hargreaves, “ A Pressure-Integral as Kinetio 
Potential,” * Phil. Mag.,* September. 1908. 

t CreUe, vol 66 (1869); see also M. J. M. Hill, * Q. J. Math.,* vol. 17 (1881); ‘ Oamb. 
Trans./ voL 14 (1883); Lamb, ” Hydrodynamios,” pp, 229-230. 
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and 



(17) 


If a boundary B is always in contact with the same particles of fluid no restric¬ 
tions need be laid on the variations of the quantitie^s <f> and [3 on this boundary 
except that they must be small, but if there is a boundary B which jb not always 
in contact with the same particles of fluid, the variations of ^ and [3 should 
vanish on this boundary.* 

The Eulerian equations of the Calculus of Variations give (1) the equation of 
continuity 

+1W + (f») +1 (p») - 0, 


(2) the equations 



dt 


= 0 . 


which imply that the vortex lines move with the fluid so as to consist always of 
the same particles, and (3) the equation 

+ + =/'(p), 


which, when combined with the other equations, indicates that the dynamical 
equations 

du _3p ^ 

^ dt ^ dt ^ dt 8z 

are satisfied if the pressure, p, is given by the equation 

p^-pf{p) +/(P). 

It should be noticed that when all these equations are satisfied the quantity 
L is equal to p. 

The variational principle may be used in many equivalent forms. A simple 
equivalent form of L is 

L — — + + + +/(p), 

* In the non-stationary case this seems to suggest that the values of and ^ should 
bepreeoribed both at the beginning and end of the interval of integration with respect 
to t if the motion is not periodic, the boundary conditions suggested by the variation 
problem are not quite those which would be expected from physical ooneiderations.— 
(Added September, 1929.) 
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* 

but the first form ie preferable beoause it can be used also in tbe ease when 
n, V, w, <f>, a, p and p are varied independently. The Eulerian equations then 
give the equations (17) in addition to the others. 

When the motion under consideration is steady the variational principle 
may be taken in the form 

8 ff 1 L dxdydz = 0, 


and, of course, the time derivative may be omitted in the expression for d/dL 
When the motion is to be irrotational p may be set equal to zero and then 
becomes the velocity potential. The variational principle then indicates that 
the value of <f> should be prescribed on a boundary which is not a locus of 
stream-lines. This is precisely the type of boundary condition which occurs 
in hydrodynamics when the velocity of translation at infinity and the total 
circulation are prescribed. When the motion is not restricted to be irrotational 
the quantities <f> and p shoiild have assigned values on a boundary not made up 
of stream-lines. This introduces a slight difficulty beoause the quantities <f> 
and p associated with a given velocity field are not unique ; indeed, we may 
write + ap in place of ^ and — a in place of p. An attempt must therefore 
be made to write the expressions for u, t?, w? in a standard way and the plan we 
propose is to introduce a quantity s such that* 


0^ , -BiSf . 0^ , . d<l> . ,ds dk 


(18) 


where « s= ds/dt. These equations may be derived from a variational principle 


S III L dxdydz — 0 


where 


L=/(p)-p 




(19) 


and the quantities s, w, v, w and p are to be varied independently. The 
pressure equation is now 


[dp 


+ i (u* + ± i®) == constant 


( 20 ) 


♦ The quantity 9 is not unique for we may write 9 in place of 9 and -f 

— F(>) in plaoe of The chief advantage of the present plan is that h has a definite value 
and is generally zero at infinity. This makes the values of tf> and s quite definite at infinity 
except for additive constants. 
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and the boundary condition ia that ^ and 8 should have prescribed values on 
a boundary not composed of stream-lines. In the case of the two-dimensional 
flow of an incompressible fluid the condition dk jdt = 0 implies that s = 
where ^ is the stream-function and we have 


0®(J; 3*i}/ 

Si* + Wf 


dv 

' Si 


du 




In the special case when^(ij;) = 5 = where X and h are constants the equation 
reduces to one solved by Liouville.* When the upper sign is taken throughout 
the solution isf 




4 l*.aJ "•''Bv/ i 

j.. i)s 


where o -f* = F (a? + it/) and F is an arbitrary function, 

if fS ==: tbere is a solution of type 




XAr 


2 {(;'■ 


,X/a* 


In particular, 


and when n = 1 the component velocities u, v are given by the expressions 

__ 2y _ 23? 

A (a® + ^ A {a* + r^) 

which are very like those for a line vortex but have the advantage that they 
do not become infinite at the origin. We also have 



a tan 

X 


2a 

A(r* + a®) 


When the lower sign is taken throughout the corresponding distribution of 
velocity is 

A(oS-r»)’ *’“A(a*-r*) 

giving infinite valuesf of u and v on the circle r ^ a. There are thus two tjrpes 
of vortex motion, one in which the upper sign is taken throughout and another 
in which the lower sign is taken throughout. Brodetsky§ has worked out 


♦ ‘ liouville's Journal,’ vol. 18, p. 71 (1853). The general solution of liouviUe is quoted 
and used by S, Brodetsky, ‘ Proo. Interna. Congress Applied Mochanios,’ Delft, p. 374 

t G. W. Walker, ‘ Roy. Soo. Proo./ A, vol. 91, p. 410 (1916). 

t It should be noticed that in this ease ^ s ^ a tan"^?^, « ~ .. 

h X ,r r») 


S Loc. cit. 
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ttever&J cft 36 fi of vortex motion of the second type &iid infinite vnlues of the 
veJocity are not exceptional. We shall devote our attention, then, to vortex 
motion of the first type. 

Now in the case under consideration s is zero at infinity and we may expect 
in general that when s varies like an angle over the circle of infinite radius 
that 8 will be zero even though u and v have finite limiting values. 

On the assumption that i is zero at infinity and that adiabatic conditions 
prevail, the pressure equation (20) take^ the form 

:j^[(p/po)^"' _ 1] + ^ («2 ^ ^ ^2 _ u*) = 0 


where a is the velocity of sound at infinity. As before 

C« = dp/dp = a®(p/po)"’'’ 

and 80 M® ^ when 


M* + V® 


2a* 
Y + l 


^Y+1 


(U» - «*). 


This equation shows that when the motion is rotational and of the first type 
the local velocity of sound and velocity of flow at a point become equal for a 
smaller velocity of flow than when the flow is irrotational and the velocity at 
infinity is the same as before.* 

This result indicates that when the irrotational solution fails on account of 
the velocity of flow becoming equal to the local velocity of sound the flow 
probably does not change over to a rotational flow of the first t 3 pe because 
this would only make matters worse and give a velocity of flow greater than 
the local velocity of sound over a larger area. It is more likely that there will 
be a local production of waves and a consequent departure from steady motion. 
It is possible, too, that adiabatic conditions may no longer prevail. 

5. HyfefboUc Eqimtions with dliptic boundary conditions. 

We shall first consider the hyperbolic equation 


and shall enquire whether there is a solution which takes an assigned value 

♦ For rotational motion of the second type t^e word smaller must be rej^ooed by larger. 
I see no good reason at present for completely exoluding rotational motion of the second 
type if the infinite velocities do not actually occur in the field of flow but correspond to 
singularities enclosed by the boundaiy. 
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F (6) on the unit circle a; =: cos 6, ^ = sin 0 and con be expressed in the form 
V =;=/(»)+ (y) where / (a:) and g (y) are expressible as power series 

/(a:)= S a„a:", y{y)--- 2 p,y" 

n ““0 rt =»6 

which converge within the circle and on its circumference. If the given 
function F(0) can be expressed as a Fourier series 

p (0) = Uy + Uj cos 6 + ^2 cos 20 + . . . 

+ sin 9 + 62 sin 20 + . . . 

we should have 

F (0) =::/ (cob 9) + (sin 9). 

Now it is clear that a term like sin 29 cannot be expressed in the form 
SPrt sin "6 for the series 

2 sin 9 1 — ~ sin® 0 ^ sin^ 0 • • • !» 

2 2*4 J 

which looks as if it might be suitable for the purpose, represents 2 sin 9| cos 9| 
instead of 2 sin 0 cos 6 . When 63 — 0, 64 = 0 , . . there may, indeed, be 

a solution but this solution is not unique because 1 — a?® — y* is a regular solu¬ 

tion which is zero at all points of the unit circle a?® -|- y® = 1, and has continuous 
first derivatives throughout the circle, the second derivatives being finite. 

By laying down the condition that V should be expressible as a power series 
we shall be requiring more than is necessary for physical problems. The con- 
ditions of regularity which are usually imposed relate to the continuity of the 
function and its first derivatives in the specified region and the finiteness of the 
second derivatives which occur in the differential equation. 


6. EUiptic region completely surrounded by a hyperbolic region. 

The effect of a change from the elliptic to the hyperbolic type may be 
illustrated by means of the partial differential equation, 

which is elliptic when r < 1 and hyperbolic when r> 1. We shall write 
» =«= r cos 6, y as r sin 0, and regard (a:, y) as the rectangular co-ordinates of 
a point in a plane. 

We seek a solution which is such that V =/(6) when r — a and is regular 
fpr r < 0 in the sense that V, and ^ are continuous and ^ -f ^ finite. 
l{/(6) SB COB nO there is a solution 

V = cos nfi, (6.2) 

2 V 


VOIh OXXV.->A. 
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which satisfies the requirements if (na) ^ 0. Now,* if is the smallest 
positive root of the equation J„(^) = 0 we have > 1 and as « oo it 
seems that -► 1 * Hence, when a < 1, that is, when the circle r ™ a lies 
in the elliptic region, we have J„ {na) ^ 0 and there is certainly a solution of 
type (5.2), but when a > 1 and is equal to one of the quantities for which 
J„(wa) ™ 0 there is no regular solution of type V = F(r) cos nfi which takes 
the value cos nO when r = a. 


Again, when 


/ (0)S (A,j cos nO + Bft sin n0) 

a = u 


and a > 1 there is a difficulty relating to the convergence of the scries 

V = S (A„ cos nO + B„ sin n6), 

n~ 0 tfn [na) 

whicih gives the formal solution of the boundary problem. The behaviour of 
the wth term for large values of n may, in fact, be studied with the aid of the 
well-known asymptotic expressionsf for J„ (nr) for large values of n. 


7. A non4i7iear equation which changes in type. 

It now seems worth while to remark briefly on a non-linear equation which 
changes from the elliptic to the hyperbolic type as a point passes from one 
region to another. Let us form the equation with the general solution 

« = /t2 -f — y*)j + gb~ -/(x® — y®)] (7-i) 

where / and g are arbitrary functions of their arguments. These arguments 
are real when x® > j/® and are complex when hence we can expect a 

change from the elliptic to the hyperbolic type when the point (x, y) passes 
from the elliptic region, (marked E in fig. 1) to the hyperbolic region, 



Fig. 1. 

ic* > y® (marked H in fig. 1). If we write p r=s , gr = r == 
dh 

t = the differehtial equation is found to te 

ar 4- 2/b -f Bse c. 


* See WatBon’s ** Bessel FunotioDSt** pp* 485,516. 
t See Watson’s “ Bessel Functions.” 


dh 

§xby' 



Two-Dimensional Motion of a Compressible Fluid. 613 


where 

— g* {7? — i := a;® (x® — f) 

^ y\ cy — q + qyfl 


and it is easily found that 


ah -- W ^ (j/® — X®) {fy + 2^)^ 

so that the foregoing statements regarding the type of the equation are readily 
verified. 

It is easily seen that there are particular solutions which are regular within 
the unit circle although the interior of the circle is partly elliptic and partly 
hyperbolic. A trivial solution of this type is z = x and this is obtained by 
taking /(w) = g(u) = Another interesting regular solution is obtained 
by writing 

/(w)=^(M) = tan"%. 

This gives 

2: = (x® 4* cosec® X — j/®)* — cot X. 

When X is small cosec® x = + J + x^/15 + . . . cot x = + x/3 + . . . 

and so 


the function z is thus regular at the origin. It is also single-valued in the 
unit circle because for a given value of x the greatest value of y® is 1 — x® 
and with this value of y® the quantity under the square root is 2x® + cot® x, 
which is always positive. 

This example shows that in some cases, at any rate, the elliptic type of 
boundary problem possesses a regular solution in the region enclosed by the 
boundary even though in this region the partial differential equation is partly 
of elliptic and partly of the hyperbolic type. 


8 . Hyperbolic region. 
We shall now consider the equation 

3V 


(1 


2V 


2 x 


0* 


^ ^ ^ ^ ^dy 


( 8 . 1 ) 


wIimIi is elliptic when 1 — 3^ and 1 — have different signs and hyperbolic 
when these quantities have the same sign. There is a particular solution of 
type 

V = P„(x)P.(y). 


but we shall find it mcare convenient to work with another type of solution 

2 u 2 
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which is readily obtained by expressing the last solution in the well*lcnowBi 
form 

(*) P« (y) = - r P, + cos ^ V (1 - **) (1 ~ fW 

^ Jo 



and generalising this into 

V = 1 j^/ [xy + cos ^ V (1 - »*) (1 - y*)] 

Expanding/(») in a scries of powers of z we obtain a solution of type 

+ ,8,2> 

Let us now consider a simple boimdtug^ problem for the realm boimded by the 
circle as* + y* = 2 which lies entirely in the elliptic region’except that it passes- 
through four points (1, 1), (1, -1), (-1, 1), (_i, _i) at which two eUiptic 
regions and two hyperbolic regions are contiguous. At a point x == •v'2 cos 6,. 
y == \/2 sin 6 of this circle V takes the value 

F (6) = S o,F, (sin 26) 

n *• 0 

the series being certainly convergent when the series 

00 

^ wl®*! (8.3) 

is convergent. 

When the coefficients o, are unrestricted the series (8.2) does not necessarily 
represent a regular solution of the difierential equation even though it is 
convergent. Let us suppose, for instance, that a, « 1, that x*-fy» <2 
so that X* + y* - 1 < 1 and that (x* - l)(y» - 1)<0 so that the argument 
of the Ijegendre function has a modulus less than unity, then 

V = [1 - 2ay + (x» + y8 - l)]~i« (a, _ y)-i. 
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This solution is quite regular in the elliptic region defined by the foregoing 
inequalities but when it is continued into the hyperbolic region x® < 1, y® < 1, 
it gives a solution which is infinite on the line x = y. When, however, the 
coefficients are such that the series (8.3) converges, the function V represented 
by the series (8.2) seems to be regular at all points of the circle x® + 2 

and represents a solution which takes the value F(6) on the circumference* 
This function F( 6) is not a perfectly arbitrary function of 0, for it has the period 
n, but the chief point is that a solution with this boundary value exists and 
there is no evident reason for thinking that it is not the only solution. 

The convergence of the series (8,2) when the series (8.3) converges may 
be inferred from the fact that when x® < 1 and y® < 1 the quantity 
xy + cos . \/{l — X®) (1 y®) can be regarded as the cosine of a real angle 

and so has a modulus less than unity or equal to imity. The equation 


njt 

V,= (x®+y®-~l) 


P r _- 1 

*‘L(x® + y®-^l)0 

= ^ I + cos ^ V'(l — ic*) (1 — y*)J" 


indicates, then, that* 


The convergence of the series, in the elliptic region for which (x* — 1) (y* — 1) 
< 0, -f- y* > 2 follows from the fact that in this region 

p f- . 



At points X = cos 0, j/ = sin 9 on the circle x* + y* = 1 the solution (8.2) 
takes the value 


/(e) 


* 2»-l 


: L 

n»o 


2*4 ... 2n 


a„ sin" 26. 


The function /(6) is again of a special type but the boiuidary problem 
V =«/(6) at points of this circle still seems to possess a unique solution although 
the circle is almost wholly in the hyperbolic region. The points (1, 0), (0, 1), 
(~1, 0), (0, —1) on the circle belong, however, to the parabolic line which 
•eparates the elliptic and hyperbolic regions. 


• Th*equationakogive#(I ulyVn-i—xV.] 

and those relations may be used to discuss the convergenoe of the series for dV/dx and 3VS/y. 
When <» 1 or X* B 1 the series (8.2) reduces to a simple power series. 
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When we consider a similar boundary problem for a circle + y® = o®, 
which lies wholly within the hyperbolic region when a* < 1, the particular 
solutions of types P„(x) Q^(y), Q^{z) P^(y), Q^{x) Q^(y) are now regular within 
the circle and there is every likelihood that if there is a solution with a pre¬ 
scribed boundary value / (0), this solution will not be unique. Indeed, since 
Cauchy’s problem generally* possesses a solution in the hyperbolic region it 
should be possible to find more than one regular solution with the prescribed 
boundary values.f In all the cases that have been considered the question 
of uniqueness requires further consideration. 


9. Hypefbolic region completely surrounded hy an elliptic region, 
A particularly interesting case is furnished by the equation^ 

av ,s*v 


(1 




2r 


Sr 


iv. 


06 ® 


0, 


which is elliptic when r > 1 and hyperbolic when r < 1, The characteristics 
in this case are obtained by integrating the equation 

(1 

and so are the circles of type r = cos (0 — a) where a is an arbitrary real 
constant. 

The equation possesses an elementary solution 
V = [cos {0 -- a) — r]*** 

which is infinite on the characteristic curve with parameter a, this solution 
may be generalised by multiplying by an arbitrary function /(a) and inte¬ 
grating between suitable limits. If r = cos p one integral of this type is 

V = - [cos (a — 0) — cos p] / (a) da. 

When/(a) = cos wa, where n is an integer, we obtain the well-known particular 
solution 

V = f [cos 6> — cos p]"* cos nci) dw P„»j (r) cos nO, 

7Z J„|3 

where P« (r) is the Legendre fxinction. 

* Wlien the preacribed values of V and ()V/{5r are analytic functions of a? and y, (See 
Hadamard, loc, cii,, ch. 2.) 

t We may, for instance, add to any regular solution which satisfies the boundary con¬ 
dition, a new solution which is zero on the boundary and for which 0V/9r has a piescribed 
analytic value. 

X This equation occurs naturally when Laplace’s equation is transformed to toroidal 
co-ordinates. 
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If r and 6 are regarded as polar co-ordinates, this solution is regular at the 

origin only when w = 0, for when w > 0, -- and ^ are both infinite. If we 

ox cy 

are given that V := 1 on the circle r = a there is a solution 

regular in the circle if (a) 5 ^ 0. Now 

P-. (<■) > +(|r')'(^;—• l«-ll <2 

and so if 0 a ^ 3 we have (a) > 0. 

If a < 1 this is not the only solution that is regular in the circle r o for 
the differential equation 


possesses a second solution* 

+—( 2 ) +••• 


«av 


Iv 


which becomes infinite at r = 1 like log (1 — r). Consequently a more general 
solution which takes the value 1 on the circle r = a k 


P.,W ' '^S.,(a) 


where X and fjt are constants whose sum is miity. When 1 < a < 3 this 
second solution m\ist be excluded since it is infinite on the circle r = 1. In 
this case the question of uniqueness is rather hard to decide because there may 
possibly be a solution which is zero on a characteristic r = cos (0 — a) and 
has at the same time zero first derivatives at all points of this curve. To 
satisfy the requirements of continuity, however, this solution of the partial 
differential equation would need to be regular at all points within the character¬ 
istic circle. 

If we exclude the origin by a circle r -- b and consider a simple boundary 
problem for the annular region bounded by the circles r = a and r “ b there 
will be regular solutions V satisfying the conditions 

V =/(6) when r == a, V = gr (6) when r — 6, 
provided that the functions/(0) and ^(0) are suitably related. Thus, if 

V = (r) cos mQ 

♦ See Forsyth, Differential Equations,’* p. 241. The result is due to Heine, 
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where m is ati integer, the boundary conditions are satisfied if 

/ (0) = (a) cos w0, g (8) = (6) cos m0. 

Such a solution may fail to be unique when there is a solution P«-j (a) cos wG, 
regular in the annulus and vanishing on both boundaries. This will be the 
case^when (a) ^ 0 and (b) = 0. We shall now endeavour to show 
that this is not possible when 1 < a < 3 because for such values of a we have 
always P„« 4 (a) > 0. Let us suppose that for some positive integral value of 
n we have 


P,_^ (a) > P ,.5 (a) > ... > P^i (a) > 0. 

The difference equation satisfied by the functions Pn.-i(«) shows that 
{n + I) (a) + (n - J) P^.j {a) = 2tta P,,^^ (a) > 2n (a) 
the inequality being valid for a> 1. Writing this inequality in the form 
(n + i) [P„+, (a) ^ (a)] > {n ^ i) (a) - P,,^^ (a)] > 0, 

we see that it implies that p,.+, {«)>?„_,(«). 

Now if 1 < a < 3 


Pi (a)~P.j(a)=2j^ 


1.3/a - 1\* 1.3».5 ^a- 1\* 

2.4\ 2 / ■^2.4».6\ 2 / 

] . 3*. 6». 7/o - 1\* 
2.4®.6*.8\ 2 / 


and the terms of this series decrease continually in magnitude as we proceed 
from left to right, therefore, when 1 < o < 3 we have P, (a) — P_| (o) > 0, 
hence we may proceed by induction and prove that P«+j (®)^ 0" 

This result seems to indicate that if the circle r = o lies in the region 1 < r < 3 
there is no solution of type P,_i (r) cos n0 which is zero on both boundaries, 
though if 6 < 1 there may, perhaps, be a solution which is zero on the circle 

f = 6. 

It should be noticed also that there is no characteristic curve which lies 
entirely within the annular region and so it is not clear how the uniqueness of 
a solution can fail. 
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A new form of Calorimeter stiiiable for Deteminmg Heats of 
SohUiony mth an Application to Worked artd Annealed MetaU. 

By C. J. Satith, Ph.D,, M.Sc., A.R.C.S., Lecturer in Physics, Royal Holloway 

College, London. 

(Communicated by Prof, C. H. Descli, F.R.S.—Received August 2, 1929.) 

Introduction. 

In the course of a study of cold-worked metals it has been found desirable 
that some means should be devised for measuring the amount of energy 
stored in a metal when it is deformed beyond the elastic limit. During the 
process of cold-working a large part of the work done is <jonverted into heat, 
but the change in properties of the metal is such as to indicate that its potential 
energy has been increased. The increase is known to bo relatively small, 
and therefore difficult to measure. It should bo possible to determine it by 
dissolving the cold-worked metal in a suitable solvent and finding the heat of 
solution, any difference between the result and the heat of solution of the 
same metal in a fully annealed or unworked condition then representing the 
increase of potential energy. Such a method has not hitherto been applied 
with success, on account of the insufficient accuracy of the usual calorimetric 
methods, and the object of the present paper is to describe a calorimeter on the 
continuous flow principle originally due to Callendar, having an increased 
sensitivity when used for such experiments. A few measurements of the heat 
of solution of cold-worked metals, and of the same metal in the annealed 
condition, are included. The results show that the potential energy stored in 
cold-working amounts, for the metals examined, only to about 1 per cent, of 
the heat of solution. 

Some Earlier Types of CalotimeMr. 

The heat of solution of metals was a subject investigated by Salt* and 
Baker.f Baker employed a calorimeter in the form of a thin glass beaker of 
500 cx. capacity. This was supported inside a highly polished nickeled 
vessel, and the whole was screened from the influence of external fluctuations 
of tesmperature by surrounding it with a copper water jacket. The water was 
kept in motion by means of a stirrer. A copper lid was used to cover this 

♦ * Rep. Brit. Aasoc.,* 1898. 
t ‘ Roy. Soc. Proc.,* A, vol. 190, p, 529 (1901), 
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enclosure. Such an apparatus has a considerable water equivalent, and this 
was determined by the method of mixtures. 

Now when small differences are the subject of any piece of research the 
attempt should always be made to eliminate the possible errors, or at least 
reduce them to negligible amounts. Callendor* has shown that the errors 
of calorimetry can be largely avoided by the use of a continuous flow method. 
The present form of calorimeter was designed so that a continuous flow method 
could be utilised in helping to solve the present problem. 

The Calorimeter. 

The new calorimeter is shown in fig. 1. It consists of an inner tube 
which is made of very thin walled glass. This is surrounded by a somewhat 
larger tube B, the clearance between these two tubes being about 1*6 mm. 
By means of a gloss tube spiral the tube B is joined to another tube C, which 
leads to an exit tube D. These tubes constitute the calorimeter proper, but 
to reduce heat losses to a minimum the whole is surrounded by a wide glass 
jacket fused to the calorimeter and exhausted by means of a mercury vapour 
pump, and closed hermetically at E. This calorimeter is surrounded by a 
copper jacket, through which water from a thermostat passes continuously. 

The thermal reaction to be investigated takes place in the tube A, and the 
heat evolved is abstracted by means of a constant stream of water which is 
at the temperature of the thermostat, and enters the calorimeter at F. The 
water passes between the tubes A and B, where a spiral of copper wire serves to 
make it circulate around A. The tube A is made long in order to diminish the 
conduction of heat along it. The change in temperature of water when it 
has passed through the calorimeter is measured by means of a differential pair 
of platinum thermometers and Pg. The glass stirrer G facilitates the reaction 
and it should preferably just rest upon the bottom of the tube A, so that any 
solid matter is continuously moved until solution has taken place. 

The Thermostat, Circulaluig Pumf arid Constant Flow Apparatus, 

The thermostat is similar to that used by Callendar and recently described 
by the author.f No detailed description is therefore necessary in the present 
paper. 

In continuous flow calorimetry, as well as in other methods, it is always 
advantageous to pass water at the temperatxire of the thermostat around 

* ‘ Phil, Trans.,’ A, vol, 199, p. 55 (1903). 
t * Koy. Soc. Proc.,’ A, voi. 115, p, 5631 (1937). 
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fiiirroundinge. Such a flow of water is maiutained by means of the pump K 
(fig. 1). Inside a cylinder of brass, which is open at its lower end but closed 
at the top except for a delivery tube which leads to the jacket of the calori- 
meter, a small revolving paddle is placed in such a way that an upward stream 
of water is maintained, the water returning to the calorimeter by way of the 
tube L. 

A constant head of water is needed to provide a steady flow. The distilled 
water used in these experiments is supplied to the vessel M, as indicated, any 
excess finding an exit through an overflow tube. The water which is to be the 
calorimetric liquid passes from M to N, a long glass tube immersed in the 
thermostat, and flows through the capillary tube 0, which serves to restrict 
the flow. This tube is about 1 mm. in diameter and 10 cm. long. Since the 
tube is maintained at a steady temperature the flow of water is kept constant, 
since the viscosity of water is not affected to any appreciable extent by small 
temperature changes. The water then passes along the wider tube in N, and 
although the temperature may now change this will not affect the constancy 
of fl6w because the tube is wide (6 mm.), so that the retarding forces due to 
viscosity become negligible. Leaving the thermostat the water passes along 
a wide glass tube R, and then flows through the lead spiral S, where it assmnes 
the temperature of the thermostat. In transferring this water to the calori¬ 
meter along T the heat losses are made negligible by surrounding it with a 
wider tube containing water at the same temperature. The actual temperature 
of the water is recorded by means of a platinum thermometer Pj. 

The pump K also supplies a stream of water which passes through a brass 
cover H, surrounding the otherwise open end of the calorimeter. In this way 
the convection currents in A are reduced, and since all the upper portion of A 
is at one and the same temperature, any heat loss along this part of the 
apparatus must be very small. 

The Thermometers, 

Of the three platinum resistance thermometers used in this investigation, 
the one which indicates the constancy of temperature in the thermostat is 
about 20 ohms in resistance, and is constructed in the usual manner.* The 
thermometers and P 2 also have a resistance of about 20 ohms, and since 
they are used differentially are constructed without the usual compensating 
leads. Pjt is enclosed in a glass tube because it remains in water at constant 
temperature. The construction of the thermometer Pg presented condkieirable 
♦ Lang, * J. Sei. Inst.,* vd, 2, p. 228 (1225). 
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difficulties^ since it had to be used to record the temperature of water which 
was changing continuously throughout an experiment. Accordingly, the usual 
glass sheath was not used, but the wire, having been wound on a mica frame, 
was insulated from the water by means of collodion. This substance was dis¬ 
solved in ether and several coatings applied. Such a coating was able to 
withstand a pressure of 200 volts. Further, the thermal capacity of this 
thermometer was reduced to a minimum by using only the thiimest sheet of 
mica consistent with rigidity. The two leads from this thermometer passed 
along a glass supporting tube, the escape of water being prevented by means 
of sealing wax, placed as shown in the diagram, at the lower end of the mica. 

After some preliminary trials it was soon found that such a thermometer 
was not wholly satisfactory. Although several pieces of wire gauze were placed 
above the thermometer in order to mix the water, it was apparent that was 
not indicating the true mean temperature oE the outflowing water. Thia 
difficulty was eventually overcome by 
rotating the thermometer so that it 
functioned as an efficient stirrer itself. 

The time of rotation was about 2 sec., 
and the method of imparting this 
motion to the thermometer and at the 
same time preventing an escape of 
water is shown in fig. 2, A phosphor 
bronze tube A is capable of rotating 
about its axis inside a steel collar C. 

The two faces of these tubes which are 
in contact are smeared with tap grease, 
there being an excess of grease in the 

small recess B. The whole is mounted in a steel framework. A small ball-race 
P and the spring S serve to keep the joint water-tight. 

Calibration of the Thermometers, 

The platinum resistance thermometer P 3 was calibrated in the xisual way, 
and had a fundamental interval of six ohms. The thermometers P^ and Pj 
which constituted the differential pair, coxild not be calibrated in this manner 
owing ti) the wax used in the construction of PThe difference in resistance 
cotresponding to a small rise in temperature (about 2 ° C.) was therefore 
determined^ using the calorimeter as an ordinary continuous flow apparatus* 
A small heating coil was covered with sealing wax and placed in A. It was 
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heated by means of a current supplied by a battery of three accumulators. 
The energy dissipated per second was calculated from observations on the 
potential difference across this coil and the current in it. This potential 
difference was measured by means of a Rayleigh potentiometer, using a 
Weston Cadmium cell as a standard of E.M.jF. The current was deduced from 
observations on the potential difference across a standard one ohm coil included 
in the heating circuit. 

The heat loss along the leads of the heating coil did not exceed the other 
experimental errors, for two determinations having the current twice the value 
in one as the other gave results which were consistent to within two parts 
in a thousand. In this particular piece of research it was not essential to 
calibrate the thermometers more accurately, since in the actual experiment 
the changes in temperature .were nearly always identical. 

The Preparation of the Coppery Zinc and Brass, 

The copper which was used was specially prepared from electrolytic copper 
by Mr. E. A. Atkins, to whom I wish to express my appreciation for this very 
valuable assistance. The copper was supplied in the form of wire (22 S.W.G.). 
These annealed and hard-drawn copper wires broke under loads of 24 lb. 
weight and 49 lb. weight respectively. For the purpose of these experiments 
the copper wire was annealed in vacuo in a high frequency induction furnace, 
after having been cut into lengths of about 2 cm. The zinc, which was supplied 
commercially, was obtained in the form of sheet, the thickness of which was 
O'l mm. It was cut into pieces about 2 cm. long and 0-15 cm. wide. These 
were annealed in hydrogen at 380° C. for two hours. The brass wire was of the 
commercial variety (22 S.W.G.), and contained 62*4 per cent, of copper. It 
was cut into piec.es about 2 cm. long, and annealed in hydrogen at 700° C. for 
two hours. No volatilisation of zinc from this brass was observed. 

The Choice of a SolveiU. 

In work of this nature it is at once apparent that no gaseous products must be 
formed as a result of the chemical action between the metal and solvent. 
This fact at once precludes the use of such acids as sulphuric acid, and directs 
the choice towards nitric acid, bromine water, or such aqueous solutions as 
those of cupric ammonium chloride, although the gaseous products formed 
by the action of concentrated nitric acid on metal are, under suitable condi¬ 
tions, completely soluble in the acid.*** Gladstonef showed, however, that nitric 

* Roy. Soo. Proo.,’ A, vol. 107, p. 422 (1926). 
t * J. Iron and Steel Inst.,’ p, 407 (1923). 
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acid is not a suitable liquid when one wishes to compare the heat of dilution of 
an alloy with that of a mere mixture of the metals in the same proportion, 
because the products of the reaction are different. 

In his work Gladstone was able to use aqueous solutions of ferric ammonium 
chloride or cupric ammonium chloride, for the above objections cannot be 
raised against these, and the reaction was rapid. This latter condition was 
valid in his case, because the metals used were in the form of filings. In the 
present research these solutions were tried, but the reactions were so slow that 
these reagents were discarded. 

In the experiments by Herschkowitsch*^ a solution of bromine in potassium 
bromide was used. A few preliminary experiments showed that a very strong 
solution was necessary, the solution which 
was finally used containing 231 grammes of 
bromine and 182 grammes of potassium 
bromide per litre. The amounts used in 
each experiment were copper 40*8 c.c,, brass 
40*8 c.c., and zinc 27*8 c.c., diluted with 
26*7 c.c. water. 

When dealing with such concentrated 
solutions of bromine, several difiiciilties are 
experienced. If the solution is stored in a 
large bottle and poured into a measuring jar 
prior to its transference to the calorimeter, 
some bromine is lost every time this opera¬ 
tion is performed. Now the consequent 
change in the strength of the solution, whilst 
it may not be sufficient to produce a measur¬ 
able change in the heat of the solution of 
any given metal, will produce errons owing 
to the existence of the heat changes which 
are associated with the diluting of the 
solution containing the final products of the 
reaction. In order to overcome these 
difficulties the apparatus shown in fig. 3 was constructed. The bromine 
solution is contained in a large bottle A, fitted with a conical glass joint held 
in position, as shown, by means of sealing wax placed around the outside of 

♦ »BuU. Acad. Roy. Beige,* p. 1066 (1003). 
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the joint. A delivery tube leading to the tap C extends to the bottom of 
the liquid; the glass trap B is made in the form shown, and contains 
bromine solution of the same strength as in A. When*the solution is being 
delivered below C, the glass tap attached to B is closed, so that any air 
entering the space above the bromine solution in A is saturated with bromine 
vapour. 

The form of pipette used in this experiment is also shown in fig. 3. The 
bulb D was joined at its upper end to a glass trap F, similar to B ; its lower 
end was attached to a two-way tap T. This tap was fitted with a long capillary 
tube G, which reached to the bottom of the calorimeter, and also with a tube H 
provided with a conical joint K. By opening the taps C, T, and E, the solution 
could be transferred to the pipette D. E was then closed and T turned so that 
the solution emptied itself through 6 : the air entering the pipette was saturated 
with bromine vapour, so that the strength of the solution coming from D was 
unaltered. Before actually transferring any solution to the calorimeter the 
pipette was washed out with the solution ; suitably-placed marks, X and Y, 
enabled a known volume to be transferred to the calorimeter. 

Details of Experimenlul Manipulation. 

The metals and solution having been prepared, it was found that after a 
lapse of about two hours the temperature of the thermostat and calorimeter 
had become constant. At the beginning of the work it was decided to maintain 
a temperature of 20® C. in the thermostat, this being the temperature generally 
adopted in such experiments. The temperature could be maintained constant 
within 0 • 003® C. for periods of an hour at a time. The actual experiment only 
lasted thirty minutes, so that the temperature of the calorimeter could be 
considered constant. 

The mass of water flowing per second was determined from observations on 
the mass of water which collected in a weighed conical flask over a period of 
five minutes. This flow was also constant to within 0*1 per cent., a fact which 
showed the constancy of the thermostat temperature, since a narrow tube 
controlled the flow of water. The fact that during an experiment the tem¬ 
perature of the water passing around A varied by 2^ C, did not alter the rate 
of flow of the water was tested by observing the mass of water flowing under 
such conditions. 

When in use the thermostat and calorimeter were surroimded cotton 
wool, evaporation from the thermostat being prevented by covering the 
latter with a polished lid. 
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Before introducing the metal into the calorimeter a known quantity of it is 
allowed to remain in a glass tube resting on the outer jacket of the calorimeter ; 
this tube rests under a layer of cotton wool. By raising the double-walled lid H 
the metal could be introduced into the calorimeter. The lid was then replaced 
in position, and 15 seconds after the introduction of the metal the spot of 
light from the galvanometer had moved nearly 1 cm. on a scale placed at 1 m. 
distance away from the galvanometer. This fact showed how rapidly the 
heat was transferred from the calorimeter vessel A to the thermometer P 2 . 

In measuring the difference in resistance between the two thermometers 
Pj and Pj, it was decided to make observations at intervals of half a minute at 
those times when the temperature was changing rapidly. It was found 
possible, by sliding the jockey along the wire of a Callendar Griffiths bridge, to 
maintain the spot of light on the galvanometer scale so that its maximum exoui> 
«ion from the zero was not more than 1 cm. 

The graph shown in fig. 4 is the result obtained by dissolving ()'50() gramme 
of annealed brass in 40*8 c.c. of the prepared solution. All the graphs which 





Fio, 4. 


were obtained during these exj^eriments were of the same shape. The area 
of the graph is a measure of the heat of solution. The following table is a 
synopsis of the results obtained :— 


2 X 


vot; cxxv.—A. 
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1 Voliiine 

1 of 

i Solvent. 

i 

Heat of Solution (oala). 


Metal. 

Mass of 
Metal. 

1 

2 

Mean, j 

Difference 

per 

gramme. 

Copper^ 

f Annealed. 1 

^ 1 
Gramme, i 
1 000 ! 

o.c. 

40*8 

737 

736 

736 


1 Hard Drawn. ... 

1000 

40*8 

747 

746 

746*6 

10*5 

Branfl 

r Annealed. 

0*500 

40*8 

458 

467 

467*6 

— 

[Hard Drawn. 

0*600 

40*8 

462 

462 

462 

9*0 

Zinc ij 

1 Annealed. 

0*300 

27* 8* 

428 

426 

427 

_ 

Hard Drawn. 

0*300 

27* 8* 

429 

429 

429 

6*7 








• !bri tli6se ttfo cases 26'7 «,o. f>f weter added in order to decrease the rate at which the 
metal diesolved. 


The above table would indicate that the error in these experiments is about 
0 • 3 per cent. The mean values, however, for the worked and annealed metals 
differ by about 1 per cent., so that it may safely be concluded that the difference 
which has been measured is a real one. 

The author would like to take this opportunity of thanking Prof. C, H. 
Desch, F.R.S., for his guidance and encouragement during the course of these 
experiments, which were carried out in the Metallurgical Research Laboratory 
of the University of Sheffield. 


Appendix. 

The Potential Energy of Cold-Worked Metals, 

By C. H. Desch, F.R.S. 

The direct determination of the energy stored in a metal during the process 
of cold-working is extremely difficult. The only satisfactory measurements 
are those of Farreh and Taylor,* who determined the heat evolved dxiring 
deformation, and found the difference between the total work done during 
the process and that converted into heat. Their results, re-caloulated to give 
calories per gramme, are shown in the table below. Russell,! basing his 
calculations on the assumption that a part of the metal is actually liquified 
during deformation, arrived at a value of 2*27 calories-gramme for the energy 
.stored in steel in its most severely cold-worked state. Spring! measured the 
difference of electrolytic potential between specimens of several metals in the 
annealed and cold-worked states respectively, and from his values the difference 
in energy has also been calculated and expressed as calories per gramme of 

* ‘ Roy, 8oc. Proo.,’ A, vol. 107, p. 422 (1926), 
t * J. Iron Steel Inst./ p. 497 (1923). 
t ‘ Bull Acad. Roy, Belg./ p. 1066 (1903). 
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metaL Although Spring’s work was carried out with great care, it is open 
to the objection that measurements of electrolytic potj^ntial are unusually 
liable to be affected by chance differences of surface, and too much weight 
must not be assigned to the figures obtained. In the present investigation 
the differences in the heat of solution in bromine have been determined. This 
method has the disadvantage that the heat of solution is large compared with 
the differences of energy to be measured, so that the calorimetric method 
employed must be a delicate one, but this is compensated for by its freedom from 
large thermal losses, which make the direct determination of the heat evolved 
during deformation so troublesome. 

The figures in the table show only a rough agreement as to the order of the 
quantities involved. In comparing the values obtained by different investi¬ 
gators, it must be remembered that the bars used by Farren and Taylor were 
only pulled in a tensile apparatus, the elongations being relatively small, 
whilst Spring and the author have used cold-drawn wires, the section of which 
has been reduced 95 per cent, or more. Microscopical examination and 
mechanical tests indicate that the later stages of cold-working have a more 
profound effect than the earlier, so that a much larger value might be expected 
if the method of direct measurement could be applied to wires during their 
passage through a series of dies. The values in the table have been obtained 
by multiplying the values of Tj -Ti on p. 436 of Farren and Taylor’s paper 
by the specific heat of the metal. The maximum value obtained in each 
series of experiments has been taken. 


Metat. 

Putential energy, 

expressed as calories per gramme of 
metal. 

Smith. 

Hassell. 

Spring. 

Taylor and Farren. 

Copper . 

10-6 

— 

— 

'' .—... 

0 073 (17 jwr cent, reduc¬ 
tion). 

Iron . 

—- 

2-27 


0*144 (14 jxu- cent, reduc¬ 
tion. 

Tin . 

— 

— 

0-43 

— 

Brass . 

90 

— 

— 

— 

Zinc .‘ 

6-7 


— 

— 

Aluminium, Polyccyst. 

— 


— 

0*083 (18 per cent, reduc¬ 
tion). 

„ single oryst. 



“— 

0*11 (30-rt per cent, reduc¬ 
tion ). 

Silver . 

— 


2-09 

.— 

Cadmium . 

— 


0-83 


Lead . 



0*27 



Work on the determination of the heat of solution is being continued, and 


means will be adopted to increase the accuracy of the method. 


2x2 
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Sulphide Colours on MetalUc Copper. 

By P. Burn Constable, M.A., D.So., PI 1 .D., FJ<C., FJnst.P., Fellow of 
St. John’s College, Cambridge. 

(Communicated by T. M. Lowry, P.R.S.—Reoeived June 8, 1929.) 

In view of the criticism of Tammann and Koster’s investigations,* by 
Evans,t who remarks that they seem to have applied the interference theory 
to their results wrongly, it is evident that further investigation is necessary. 
The sulphide colour sequence differs considerably from the oxide sequence of 
coloturs, and spectrophotometric observations were made to trace the cause 



Fig. 1—Apparatus.—A, Ground joint admitting loads to the rod K supporting the oopper 
film, enabling a known current to be passed through it via the ammeter M and 
resistance N, the voltage drop across the film being measured by the mUlivoltmeter L. 
B, Plane glass windoM^ through which the copper film may be observed through the 
spectrophotometer. C, Store for hydrogen sulphide. D, Chamber* with pressure 
gauge E, for mixing gases. F, Liquid air trap oommunicating with the McCleod 
gauge P. G, Liquid air trap protecting hyvac pump. H, Iodine, contained in a tube 
which may be cooled by li(j[uid air, to obtain low pressures of iodine vapour in the 
apparatus. 1, Nutting photometer to vary intensity of light from the comparieon 
source F. J, Spectrometer with triply divided field. P, McCleod gauge for measuring 
pressure in reaction chamber. R, 400 c.p. Osram lamp iilumioatmg the two rods 
E and F. 

♦ * Z, anorg. Chem.,’ vol. 123, p. 220 (1922). 
t ‘ Roy. Soc* Proc.,’ A, vol. 107, p. 234 (1926). 
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of ike divergence. The attack of a mixture of pure hydrogen sulphide and 
oxygen in equal volumes on pure metallio copper is rapid, and depends on the 
nature of the exposed surface, but the time for two complete colour sequences 
to be produced is of the order of three minutes. It is thus evident that no 
accurate photometric observations can be obtained, unless the progress of the 
reaction be stopped at various stages by removing reacting gases from the 
vessel by a pump. In practice it was found that there was some difficulty in 
getting complete sequences in this way. Thus it is necessary to slow down 
the rate of production of the colour sequences, and this was accomplished by 
coating the metal with an invisible oxide film. The cold activated metal 
was left in air for periods varying from 6 minutes to 1 hom*. The oxide film 
so formed reduces very considerably the rate at which the colour sequences 
are produc-ed, so that they may be observed conveniently with the spectro¬ 
photometer, in the apparatus here described, while the reaction is in progress. 
If the surface be exposed to air for too long a period, the brightness of the 
colour sequence is much diminished. 

Apparaim. 

The previous method* used for the study of oxide colours, suffers from the 
obvious disadvantage that the reaction has to be stopped to observe the colour 
of the oxide film by spectrophotometric means. The present apparatus was 
designed to enable spectrophotometric observations on the reflected light to be 
carried out as the reaction proceeds, while the resistance was obtained from a 



direct-reading millivoltmeter showing the potential difference across the 
copper film when a measured small current was passed through it. 

The spectrometer J (see flg* 2) was arranged in a momiting so that it could 
be moved, and replaced in exactly the same position. This is very necessary 
♦ Cf. * Roy. Soo. Proo./ A, vol 117, p. 376 (1928). 
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for the nutting photometer must be focussed before each experiment, because 
the movable supported film E cannot be replaced in exactly the same position, 
as flexibility in the connecting wires is desirable. Thus a photometer adjust¬ 
ment, focussing on E and moving P till the images of both coincide in the 
field of the instrument, is carried out at the commencement of each experiment 
before the spectrometer is placed in position. The standard F, reflecting 
white light, was made of burnished steel. 

The Sulphide Colours. 

The copper films were uniformly activated in situ by alternate oxidation 
and reduction, as previously described {he. eit. p. 207, fig. 2), and were allowed 
to cool in pure hydrogen gas. Pure hydrogen sulphide, saturated with water 



Fia. 3.—Speotrophotometer Observations on the Befieotad light. 

A. Metal. D. Purple. H. Greenish Silver. K. Orange. 

B. Slightly reddish. E. Bluish. I. Silvery white. L. Reddish purple. 

0. Red biwm. P. Bluish silver. J. Yellowish. 
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vapoxir waa admitted from the vessel D into the reaction chamber, followed 
immediately by air. Observations were made with pressures of 6 cms. Hg 
hydrogen sulphide and 70 cms. Hg air, and the metal was exposed to air for 
30 minutes before the reaction, so that during the five minutes that spectro- 
photometric observations were being made, the form of the intensity wave¬ 
length curve should not alter appreciably. 

A beautiful sequence of colours was produced, and the resistances and 
corresponding conductivities, for each mean time interval for which the 
spectrophotometric observations were observed, were recorded. 

The intensity wave-length curve for a given rod activated by three continued 
oxidations and reductions, gave a value for the area of the film approximately 
2-4 times the plane area by the interference method; using this result with 
the known positions of the absorption bands, the refractive index of the mixed 
oxide sulphide film is 2. ^ 

Some dif&culty was again experienced in getting a completely homogeneous 
film, and some films seemed to react quicker on the side with the more intense 
illumination. But in the main the evidence seemed to be against the photo- 
sensitiveness of the reaction. Of the results obtained only those with com¬ 
pletely homogeneous films ar<^ recorded. 

The typical curves in fig. 3 show the intensity wave-length curves for the 
reflected light from the copper film. The values of the equivalent air thickness 
calculated from \ and \ are plotted against the oondxictivity change of the 
film in fig. 4. The curves drawn in fig. 3 are plotted in fig. 4, curve L Other 



4.—Fall in Conductivity with increase of Oxide Film Thioknea#. 
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curves were obtained with activated and sintered specimens of the metal 
curve II). 

In these cases the fall in conductivity and the thickness of the film are 
directly proportional, and we have strong evidence that the interference 
colours are of a similar nature to those produced during the oxidation of copper.* 
The principal conclusions obtained from the investigation are summarised 
below, some rough experiments being made with a series of copper surfaces 
to show the effect of an increasing partial pressure of oxygen. Fig. 5 shows 



Fia. 5.—Henution VelcKjifcy and Paitial Pressure of Oxygen at 15“’ C. 


that the reaction velocity is a maximum when the oxygen is somewhat in 
excess of the hydrogou sulphide. Experiments were made at temperatures 
up to 330“ C. 

My thanks are again due to Prof. T. M. Lowry, F.R.S., for his kindness 
in providing apparatus, and to the Govermuent Grant Committee of the Royal 
Society, and the Research Fimd of the Cliemical Society for grants out of 
which some of the apparatus used was purchased. 

Summary, 

1. The colours produced when a mixture of hydrogen sulphide and oxygen 
or air act on copper are confirmed as true interference ooloms by spectro- 
photometric observations of the reflected light from films of increasing thickness. 

2. The brightness of the silver colour of the first order is very characteristic 
of these sulphide colours, and the reflecting power of this film is considerably 
greater than that of the original metallic surface. 

• ‘ Roy. Soo. Proo.,’ A, p. 570 (1827). 




DecompoBition of Potmsium Hydrogen Oxalate HemihydraUi. 635 


3. If the copper surface be reduced at low temperature in situ before the 
reaction, and then air admitted for short periods, it is found that the rate of 
formation of the sulphide film is greatly reduced owing to the formation of an 
mvisible oxide film (confirming Vernon’s and Evans’ conclusions). With 
long exposures to air before admitting hydrogen sulphide the colours formed 
became very dim, and scarcely a single order of colours could be gone through 
before blackness of the film supervened. High temperature reduction (about 
600^ C.) results in a copper surface, which can be exposed for hours with 
impimity, the rate of formation of sulphide colours being only very slightly 
decreased, owing to the slowness of low temperature oxidation of surfaces so 
prepared, 

4. With a fully activated surface the maximum reaction velocity occurs 
with more oxygen present than is equivalent to the hydrogen sulphide. 

5. Though there appears to be no temperature coefficient of reaction velocity 
over the range 0^ to 180® C., the velocity of sulphide colour formation is 
enhanced at 200® C., and at 330® 0, is very rapid, being six times faster than 
oxidation. 


The Decomposition of PotaHshirn Hydrogem Oxalate 
Ilemihydrate, 

By J. Humk, B.Sc., and J. Colvin, Ph.D., The University, Leeds. 

(Communicated by H. Whytlaw Gray, F.R.S.—Keceived July 27, 1929.) 

In a previous communication, Topley and Hume* described the results 
obtained in an experimental study of the decomposition of calcium carbonate 
hexahydrate and showed that they could be most reasonably explained by 
assuming that reaction occurred only at the interface separating the two solid 
phases, CaCOa. GH^O and CaCOa. In addition it was assumed that this 
interface advanced through the crystalline particle with constant velocity 
in all directions ; that is to say, the interface advanced as an expanding spherical 
surface, described about the nucleusf as centre. Since the latter assumption 
is inherently improbable, it was decided to investigate a reaction the inter- 
facial nature of which would be beyond question and which would be sus- 

* ^ Roy. Soc. Pro(J.,’ A. vol 120, p. 211 (1928). 
t Hume and Colvin, ‘ Phil. Mag./ in the press. 
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ceptible to direct observation. After considerable searoli a suitable reaction 
was found in the decomposition of potassium hydrogen oxalate hemihydrate, 
i.e,, 

2KHC2O4 . HaO —^ 2KHCa04 + HgO. 

The transition temperature of the hemihydrate, according to Hartley and 
others,* is in the neighbourhood of 6*4® C. 

ExperinwrUaL 

Suitable crystals of potassium hydrogen oxalate hemihydrate, in the form of 
clear thin plates, may be prepared by mixing equivalent solutions of potassium 
oxalate and oxalic acid, cooled to 3® C. Experiment showed that the most 
convenient concentrations were 18*4 gms. of potassium oxalate monohydrate 
in 100 c.cs. of water and 12*6 gms. of oxalic acid dihydrate in 320 exs. of water. 
In these concentrations there is no danger of separation of either of the solutes 
when the solutions are cooled to the temperature of mixing. The hemihydrate 
is thrown down in a few minutes ; but the mixture requires to be kept at 0® C. 
for about 24 hours to give crystals of suitable size. Since potassium hydrogen 
oxalate is unstable in contact with its aqueous solution except in presence of 
potassium tetroxalate dihydrate, f ^ small quantity of this latter substance 
also separates with the hemihydrate crystals. 

The crystals of hemihydrate when dried and examined microscopically 
appeal’ as transparent plates of the shapes indicated in fig. 1, a, b. For con¬ 




venience the edges of the crystal have been labelled with the letters a, 6, c 
d and e. Above the transition temperature decompowtion proceeds and ia 
first evidenced by the appearance of black dots at the edges of the crystal. 
As these dots increase in size it can be seen that they are bounded in genered 
by edges parallel to the edges of the crystal. Pig. 2, a, b and c are micro¬ 
photographs showing this phenomenon as decomposition proceeds through a 
crystal. Since the interface separating the two phases is so distinct it becomes 

* ‘ a. Chem. Soc.,’ vol. 103, p. 1747 (1913). 

t * Amer. Chera. J,/ voL 84, p. 153 (1906). 
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posaible to measure the rate of advance by means of a travelling mioroBcope, 
fitted with an eyepiece carrying a cross-wire. 



Kicj. 2a. 



Fia. 2 b 



Fio. 2c. 

The experimental method was as follows. Oystals of the hemihydrate were 
removed from their mother liquor, dried rapidly between filter paper, avoiding 
fracture so far as possible, and placed on a cover slip enclosed in a constant 
temperature cell attached to the stage of the microscope. A Zeiss travelling 
microscope fitted with a 17 mm. objective and a x6 eyepiece was used for 
observation. When a suitable partially decomposed crystal was found, the 
ooverslip was rotated until an edge of the interface coincided with the cross 
wire. In this way, the rates of advance of the different edges of the interface 
were determined. 

Resits, 

Plotting the position of the interface against the time of observation shows 
clearly that the rate of advance is constant for any given edge. Two typical 
graphs are given in fig, 3, a and b. Almost the only variation from a straight 
line was of the type shown in the graphs, fig. 3, c and n. In these experi- 
mente, the advancing interface stopped completely for a time, as is shown 
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by the horizontal portion of the curve, altiiough the earlier and later portione 
are parallel straight lines. 



In the experimental method used, the crjrstals under observation were in 
contact with air containing water vapour the; concentration of which was 
subject to some uncertainty. Before proceeding farther it was therefore 
essential to determine to what extent the linear rate is affected by the presence 
of water vapour. To test this point, measurements of the rate were noade on 
the same batch of crystals in the usual way in the microscope cell (Table I. 
series 1) and also with the crystals surrounded by phosphorus pentozide 
(Table I, series 2). Finally the measurements were repeated under the most 
extreme conditions. A rapid stream of air—17 litres per hour—dried by 
phosphorus pentozide and maintained at the temperature of the cell, was 
passed over the hemihydrate crystals, which were surrounded by phosphorus 
pentozide (Table I, series 3). The results contained in Table I show that the 
presence of water vapour in the surrounding air prodnoes no appreciable effect 
on the linear rate at the temperature of the experiments (20° C.). 


Table I. 


Edge of interface parallel to. 

a. 

6. 

d. 

e. 

r 

Series 1 1 

1-30 

1*60 

2S3 

2*08 

Linear rate in cmB.-/ 

2 i 

1-43 

l-7d 



»ec.-* X 10* L 

3 

— 

167 

1*93 

1*93 




Decompodtion ofPotcMdum Hydrogen OxqlcUe Hemihydrate. 639 

In view of this iresult, the method used in series 1 was adopted for the 
subsequent work* 

Measurements of the linear rate at 20® C. in directions perpendicular to the 
edges of the crystal were made and t)q)ical results are given in Table II. 


Table IL 


Edge of interface 
parallel to. 

1 a. 

b. 

r‘. 

d. 

e. 

r 

1-54 

1-75 

1*48 

2*77 

2-67 

Idnear rate in cms.v 

1-47 

1*63 

1*41 

2-82 

2-67 

X 10* L 


ISI 

1-40 

2*71 

— 


Since each of the velocities tabulated above was measured on a different 
crystal—although all the crystals belonged to the same batch—it is evident 
that different velocities of advance are associated with the various directions 
in the crystal. Nevertheless in any one direction the rate is reasonably 
constant. 

When two batches of crystals prepared in the same way as far as possible 
were examined, it was observed that there wens more or less marked differences 
in the crystal habit. Hence comparison of the linear rates for the two batches 
was made. The mean rate for each edge in Table II, also the inean rates 
from Table IV, which were obtained with a second batch of crystals, are given 
in Table III. 

Table III. 


Edge of interface parallel to. 

a. 

6. 

c. 

d. 

1 

Linear rate in cms. / 

Herioe J 

1-50 

ISO 

1-43 

2-76 

»ec.-> X lo* \ 

M 2 ; 

1-61 

2*12 

3-86 

3-29 

Eatio of rates 1 /2 


0-93 

0*78 

0-67 

0*84 


Clearly the rates associated with the different directions in the crystal vary 
very considerably from batch to batch. 

The Temperature Coefficient, 

Since it was found impossible to prepare two batches of crystals which were 
perfectly comparable^ the measurements necessary for the determination of 
the temperature coeflScient of the linear rate were carried out on crystals taken 
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from the same batch. The results of the measut^aents aie giv«a in detail 
in Table IV. 


Table IV. 


Edge of inteTfaoe parallel to. 

Batee in oms. flee.-* x 10*. 

h. 

c. 

d. 



2*10 

302 

3*40 



217 

3-88 

3S3 



2*17 

3*72 

2-83 

Temperature 20*0° C. < 


208 

3-92 

3-42 



217 


318 



2 00 


3-46 



— 

— 

2-89 


r 

6-22 

11-3 

12-20 



7-00 

10-7 

III 

Temperature 24 • 83^* C. .-j 


6-50 

11-6 

15-3 



6*67 

— 

16-7 

1 

- 



9*8 


The mean rates for each edge and the temperature coefficient are given in 
Table V. 


Table V. 


Edge of interface parallel to. 

Eatee in cms. aoo.‘“* X 10*. 

i 

b. 


c> 

d. 

1 

Temperature 20*00® . 

212 


3*86 

3 29 

180 

Temperature 24*83® . 

6*36 


11*2 



Ratio . 

^ 3*00 


2»0 

3-05 




From Table V the energy of activation for edges parallel to the c face is 
38,000 calories and for d, 49,000 calories. In addition, experiment has shown 
that in all probability the energy of activation is affected to a considerable 
extent by the changes in the crystal habit noted in different batches. 

Diaousaion of ReavUa. 

Summarising the results of the previous sections, it has been shown that the 
reaction proceeds at the interface separating the solid phases, that the interface 
is bounded by edges parallel to the edges of the crystal, that each interfacial 
edge advances with a characteristic velocity, unaffected by the presence of 
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water vapour and finally that the reaction poseeases a high temperature 
coefficient. 

In the course of the experimental work described in the preceding sections 
it was noted that the nuclei almost invariably form at the edges of the crystal^ 
and preferentially at the corners. Cases of nuclei forming in the centre of a 
face were observed but these constituted a very small proportion of the total 
number. 

Considering the data presented in Table III, it is highly probable that the 
differences in behaviour in the two batches are due to slight variations in the 
conditions during cr 3 mtaUisation and growth. Moreover the effect is specific 
to the various edges. That is to say, the ratio of the rates for corresponding 
edges is not a constant—Table III, line 3. Associated with this variation, 
there is a difference in the frequency of occurrence of any given interfacial 
edge, so that whilst one batch yields a large number of c edges, another batch 
3 deld 8 very few. In many crystals the edges a and e are completely sup* 
pressed, yet in these, on decomposition, many a and e interfacial edges may occur. 
That is to say, suppression of crystal edges is not necessarily accompanied by 
suppression of corresponding interfacial edges. Since it was thought that the 
most probable cause of the differences in the linear rates from one batch of 
crystals to another was the adsorption and subsequent occlusion of either of 
the reactants, potassium oxalate or oxalic acid, by the crystals during growth, 
two batches were prepared, one in presence of excess of potassium 
oxalate and the other in presence of excess of oxalic acid. Micro¬ 
scopic examination of the two batches showed that the crystals were entirely 
different in habit and gave distinctly different rates on decomposition. In 
view of this, and since local changes in concentration are inevitable during the 
growth of the crystals, the constancy and reproducibility of the linear rate for 
any given interfacial edge for crystals from the same batch, are satisfactory. 

The observation that the interface is bounded by edges parallel to the edges 
of the crystal has been made by Kohlschutter’*' in the case of the transformation 
of mercuric iodide. The association of characteristic linear rates of advance 
of the different interfacial edges may be compared with the occurrence of 
characteristic rates of growth of crystal faces, which have been measured by 
Bentivoglio.f 

Having obtained convincing evidence that the reaction is interfacial in 
nature and that the interface advances at a linear rate, it became of great 

* ‘ Koil. Z./ vol. 42, p. 254 (1927). 
t * Hoy. Soc, Proc./ A, vol 115, p. 59 (1927). 
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interest to determine the form of the curve obtained for a mass of decomposing 
crystals, in order to compare it with that obtained for the decomposition of 
calcium carbonate hexahydxate. In this latter reaction the linear advance of 
the interface was hypothetical and was not susceptible to direct observation. 

ExperimerUal, 

The most convenient method for determining the mass rate of decomposition 
is the spiral spring quartz fibre balance of the type described by Whytlaw-Gray 
and Topley.* In order to obtain a true measure of the extent of decomposition 
it is essential that the water liberated during the decomposition should be 
removed immediately from the mass of crystals. Under atmospheric pressure, 
the water remains entangled in the crystals and evaporates much more slowly 
than the true reaction rate ; Lenc<^ the balance case must be evacuated. As 
we have indicated previously, the potassium hydrogen oxalate hemihydrate 
crystals are invariably mixed with a number of crystals of pota^ssium tetroxalate 
dihydrate, the decomposition of which on the spring balances would lead to 
erroneous results. Fortunately it was shown that under the experimental 
conditions, no appreciable loss of water occurred from crystals of potassium 
tetroxalate dihydrate in V2 hours, a period more than sufficient for the complete 
decomposition of the hemihydratci. 

Crystals were removed from the mother liquor, dried rapidly between filter 
paper and sized by sieving. A suitable quantity of the crystals was placed on 
the pan of the balance, which was then lowered into a thermostat maintained 
at 19‘97 ± O'OU C. After the lapse of 10 minutes in order to allow the 
establishment of temperature equilibrium the balance case was evacuated by 
a Pfeiffer oil pump through a stop-cock, which was clewed when the pressure 
was sufficiently reduced. » The readings of the extension of the spring, which 
were referred to a fixed reference point, were then commenced. The measure¬ 
ments of the extension were made by means of a travelling microscope, fitted 
with a 4^-inch objective, which allowed an accuracy of reading of 0-002 mm. 
The spring, which had a linear weight-extension curve had a sensitivity of 
1*34 mm. per milligram. 

Two series of experiments were carried out, firstly using phosphorus pentoxide 
in the balance case to absorb water vapour and secondly using a mixture of 
anhydrous copper sulphate with copper sulphate monohydrate to maintain 
a small but constant pressure of water vapour in the case. 

The results of these experiments are best given graphically. Fig. 4, a and B, 
* ‘ Pyi. Mag.,’ vol. 4. p. B73 (1927). 
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are corves obtained by using phosphorus pentoxide. Fig. 4, o and|D, were 
obtained by uaing the mixture of anhydrous and monohydrated copper sulphate. 
It was noted under the microscope that crystals which had been removed 
VOL. OXXY.~a. 2 T 
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from their mother liquor, dried and kept in a dry test tube at 0* C., showed over 
a period of about 14 days, an increasing number of interfaoud edges which 
stopped after a short advance. This effect was sought in the mass reaction on 
the spring balance and the curves, A, b and c, given in fig. 6, give the results of 
three runs, carried out, respectively, 2, 6 and 9 days after preparation of the 
crystals. 

Diamssion of Remits. 

In every case the curve is of the sigmoid t}rpe associated with many solid 
reactions."' Beferring to fig. 4 , curves a and n obtained using phosphorus 
pentoxide, have the same maximum slope although the curves are not coincident. 
Comparing these results' with curves c and d, it is evident that in presence of 
the mixture CUSO4-CUSO4. HgO the maximum slope of the curve is much 
lower and is attained after a much more prolonged induction period. 

In the case of calcium carbonate hexahydrate, Topley and Hume derived 
values for the linear rate by solving the decomposition curves on the assumption 
that the spherical particles, in the advanced stage of decomposition are enclosed 
in a complete envelope of resultant. From a microscopic examination of the 
crystals of potasshun hydrogen oxalate hemihydrate, it is clear that this pro¬ 
cedure would not be justifiable. In the first place the crystals are plates of 
such thinness (0*02 mm.) that the reaction may be regarded as two-dimensional, 
».e., the fraction decomposed is simply that fraction of the upper surface of 
the crystal which has become opaque. Furthermore in the last stages of 
decomposition, the imdecomposed area is bounded by rectilinear interfacial 
edges. Hence for simplicity it was decided to solve the decomposition curves 
by regarding the final stage as due to either (1) a contracting rectangle or (2) 
a contracting circle. 

Case 1 . The Contracting Rectangle .—If the length of the crystal be m and 
its breadth n, and the mean linear rate of the advancing interface u, then D, 
the fraction decomposed is given by the expression 

D r= — — to)}, (1) 

m 4 n 

where f is the time of observation andfo> arbitrary zero time, corresponding 
to an hjqpothetical state in which the rectangular crystal (m x ») is bounded 
by n complete interfacial edge. By taking two points on the experimental 
curve, the equation may be solved for tt, the linear rate. 

'*£oe.eiS(. 
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Solving ctiTve a in this way, the value m = 1‘27 x lO^^cms. 8ec.“^ is 
obtained. This rate is much lower than that measured directly under the 
microscope for the same batch of crystals, namely, 2'72 x 10~® cms. sec.~^. 

Case 11. The Contracting Circle .—In this approximation the <»y8tal, 
regarded for simplicity as a rectangle of length m and breadth n, is replaced by 
a circle of equal surface of radius a given by the expression 

a — Vm. n/n. 

Then D, the fraction decomposed, is given by the expression 

D = 2m (< — to ) /a — M*(< — (2) 

where t and tg have the same significance as before. The values of m, obtained 
by solving curves a, b, c and d at 86 per cent, and 90 per cent, decom¬ 
position, are contained in Table VI. 


Table VI. 


Curve. 

Absorbent. 

Rate XU cms. X 10*. 

A 

P.0, 

2*31 

B 

C 

P.O. 

Cu80,-CuS0,. H.O 

219 

1*3.1 

D 

Cu80,-<:!u80,.H,0 

1-37 


The mean rate observed directly is 2*72 X 10"® cms. sec."^. 

There is a noticeable difference between the linear rates in presence of 
phosphorus pentoxide and those in presence of CUSO4-CUSO4. HjO as derived 
by expression (2). Now the one factor which has been changed in the two sets 
of exqieriments is the pressure of water vapour in the balance case. But 
it has been shown in a previous section that the linear rate is unaffected by the 
pressure of water vapour, hence the difimrenoes between the two sets of curves 
must be sought elsewhere. From this it must be concluded that the rate of 
nucleus formation is decreased by the presence of water vapour. Moreover 
the decreased rate of nucleus formation is supported by the more prolonged 
induction period, and by the diminished maximum slope, which are oharacter- 
istio of curves 0 and n. Clearly the most important condition for the pro¬ 
duction of the state in which equation (2) is valid will be a high rate of nucleus 
formation. As this condition is best fulfilled in presence of phosphorus pent- 
oxide it is to be expected that the solution of curves a and b should yield 

2 Y 2 
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values of u, the linear rate, approximating most doaely to those directly 
observed. 

In view of the simplifjdng assamptfons, the agreement between observed 
and calculated values is satisfactory and serves to justify the analogous pro¬ 
cedure in the case of calcium carbonate hexahydxate, in which a contracting 
spherical envelope most closely accorded with the expenmental conditions. 
In the analysis of the curves it is to be noted that the solution does not involve 
a knowledge of the zero time for the reaction. This is of great importance 
since the zero time is subject to great uncertainty owing to the irreproducibility 
of the rate of nucleus formation. This point has also been emphasised by 
Boginsky and Schulz* in a study of the decomposition of potassium perman¬ 
ganate in the solid state. 

With reference to fig. 6, the direct observation that the number of stopped 
interfacial edges increases with the age of the dried crystals is confirmed by the 
progressively increasing length of the induction period preceding the attain- 
meut of the maximum rate of reaction. If this effect is to be attributed to the 
cracking of the crystals it must be recognised that these cracks are not com¬ 
parable with the discontinuities produced by mechanical fracture of the 
freshly dried crystals, in that the cracks do not appear to be seats of nucleus 
formation.f In many cases a stopped interfacial edge will after a lapse of time 
begin to advance as a whole (v. fig. 3, c, d), which excludes the possibility of 
the advance being due to the formation of a new nucleus. 

The energy of activation of the reaction appears to be of the order of 40,000 
calories, which is close to that found by Topley and Hume for the decomposition 
of calcium carbonate hexahydrate. For this latter reaction, Kassel| has 
siiggested that the high energy of activation noay be explained by the reaction 
occurring in several stages with intermediate formation of lower hydrates. 
Whilst this is plausible in view of the large nmhber of combined.water molecules, 
it seems extremely unlikely that a similar e^lanation would be applicable to 
the dehydration of the potassium hydrogen oxalate hemihydrate. 

• ‘ Z. Phys. CbetQ.,’ vol. 138, p. 21 (1928). 
t Hurae and Colvin, <oc. ck. 
j * J. Amer. Chem. Soc.,’ vol. 61, p. 1136 (1929). 
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On the Turbulent Wahe behind a Body of Revolut%on. 

By L. M. Swain, M.A., Fellow of Newnham College, Cambridge. 
(Communicated by L. Prandtl, For.Mem.R.S.—Received August 7, 1929.) 


§ L Prof. Prandtl, in his paper* presented to the Second International 
Congress for Technical Mechanics, Zurich, 1926, shows that if certain assump¬ 
tions are made, it is possible to obtain the equations of. motion for the turbulent 
region behind a body, placed in a uniform stream, in such a form that they can 
be integrated. Taking the case, where the undisturbed stream is parallel to 
the axis of a?, he shows that the interchange of momentum between the fluid 
particles, due to turbulence, may be allowed for by introducing into the equations 


of motion a term representing the 


‘‘ apparent stress in 



where u is the mean velocity at any point parallel to Oa:, y is distance from 
the axis of x and I is a length called by Prandtl “ MischuUgsweg ” (mixing 
distance) or “ mean free path ; it is not constant but varies from point to 
point, A form related to this was found by G. L Taylor in his paperf on 
“ Eddy motion in the atmosphere.” 

It has been pointed out by Jeffreyst that if A is the “ apparent viscosity,” 


the term introduced into the equation of motion by Taylor is A whereas 


Prandtl introduces the term 


TyV"S-y 


)■- 


further the difference between these 


two terms represents the momentum lost during migration owing to the 
differences of pressure. Taylor takes this loss into account. Prandtl assumes 
that for a first approximation the pressure may be treated as constant and hence 

0 ( 0w\ 

no momentum is lost during migration and we get the form ^ ^ j. 

This form for the “ apparent stress ” does not however allow the equations 
of motion to be integrated, as 1 is an unknown function. Prandtl makes the 
further assumption, that for large Reynolds’ numbers the motions in sections 
perpendicular to the direction of flow are mechanically and geometrically 
similar. With the aid of this assumption be shows that in the wake behind 
a solid body the “ Hischungsweg ” I is approximately proportional to the 


* * Prooeediags of the Seoond latemational Congress for Applied Meohaidos, Zarioh, 
1026,’ p. 62. 

t ‘ JM. Trans.,’ A, vol. 216, p. 1 (1916). 
t ‘ Proo, Oamb. Phil Soo.,’ vol 26, p. 20 (1929). 
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breadth of the wake. It ie then poeaible to express / in such a form that the 
only undetermined factor in it ia an absolute constant. 

This paper deals with the wake behind a body of revolution. The two- 
dimensional case of the wake behind a cylindrical body has been worked 
out by H. Schlichting and his results will shortly be published in a (Jerman 
periodical; they are similar to those obtained in the case of the body of revolu¬ 
tion. Prandti (loc. ci^) in his paper obtains a first approximation to the motion 
for both cases, but the results obtained experimentally for the cylindrical body 
showed a slight deviation from those predicted theoretically; it appeared that 
as the body was approached the boundary of the wake lay outside the predicted 
boundary. The work in this paper was undertaken at Prof. PrandtPs sug¬ 
gestion to see whether a second approximation to the motion would give a 
wake lying outside that obtained from the first approximation ; this appears 
to be the case. It is found that the boundary is of the form 

y = 005* + pa:"*, 

where a, p are constants; the second term becomes more significant as the 
body is approached. The components of velocity at any point of the wake 
are also found. 

§ 2. We consider a body of revolution held at rest with fluid streaming past 
it with velocity U. We take a fixed axis Or along the direction of flow, the 
origin being some fixed point in the body on the axis of symmetry. The exact 
position of this point will be discussed later (p. 657). Distance perpendicular 
to the axis of symmetry is denoted by y. 

At a great distance behind the body let the components of the mean velocity 
be U + «> where w, v are small compared with the undisturbed flow U. We 
assume further, as is usual in the theory of PrandtPs boundary layer, that the 
variation of the velocity perpendicular to Ox is large compared with that along 
Ox. As a first approximation to the apparent stress due to turbulence, we 

( 2 \8 

and the variation of the pressure parallel to the axis of x is 

neglected. The equation of motion perpendicular to Oy may also be neglected 
in the first approximation. The justification for these assumptions will be 
discussed later (p. 656). The equations of continuity and for the motion parallel 
to Ox give respectively 

^ (y«) +(H = 0. (i) 
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Aiidtiieir equation which will be useful later is the impulse equation **; 
it can, of course, be obtained by integrating (ii), but is more easily obtained 
directly, 

Tidce a right-circular cylindrical surface in the liquid, everywhere at a great 
distance from the body and with its axis along Ox, The difference between 
the momentum entering and leaving thk cylinder per unit time is equal to the 
resistance of the body. We thus obtain the equation 

P + Vy dx ^ ^pc^¥V^ 

Jo Jo J-oo 

where ipCj^FU* is the resistance of the body and Voo is the velocity perpendicular 

to Oa; at a great distance from the body. 

From (i) we have, 

(yw) dy, since v = 0, when y = 0, 


and hence 


Thus finally, 


Uy d* = ~ I Uy rfx - ^ (yu) dy, 
J-® J-« Jo y ox 

= ~ ru(U + «-U)ydy, 

Jo 

“ — f Vuydy. 

Jo 

[ (m* + Uu) ydy — ~ ic„FD®. 


Since the variation perpendicular to Oy is large compared with Oiat along Ox, 
it is clear from (i) that v is small compared with u. Further if u' be the deviation 
from the mean velocity perpendicular to Ox, Prandtl shows in his paper that 
on the boundary of the turbulent region y = 6 (x). 


and at any point 


v' X 5^ x U ^ 


, jdu ^ ,tt 
O X Igp. oc 


where « ie a mean value of the velocity u and hence 

u|^ocl|. (iv) 

We now endeavour to deal with the equation of motion by the method of 
euodeeaive approximation. We require some quantity in terms of which we 
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can meaauie the order of magnitude of the terms and it seema obvious that we 
should choose Ijx, as we are dealing with motion far behind the body and 
hence 1 ]x will be small. With this assumption, the first approzimation to the 
bounds^ of the turbulent region will be y equal to some power of x, say, 

y — of', where n has yet to be determined. We may then assume u = af 

as a first approzimation, where r has to be determined. 

If we write rj = y/of, (iii) gives as a first approximation 

f 0 :^''+’'/ (yj) Yj = const., 

Jo 

a. 2 «+T _ const., 

and hence 2n + r = 0 and so w = at;'®*/( yj). 

We have further from (iv), 

?a:-8*/(7i) oc xU"-\ 

and hence we see that 

I oc 

But we have seen that i oc 6 « and hence 

n — 4n — l, 

Thus a first approximation to « is 

We are now in a position to consider the magnitude of the various terms in 
(ii), regarded as powers of sc. They are respectively 

a!~i, aj-J, 

Hence for the first approzimation equation (ii) may be taken in the simplified 
form 

and the velocity may be written 

u = u(^j*Xx(f). 

This and subsequent forms are chosen so that results may easily be expressed 
in non-dimension^ variables. We have furtiter 

* Prandtl (loe, eit,) arrives at this iwult by a slightly different method. 
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where e is an absolute constant and must be determined from the experunents. 
We further may write 



where vj = yj(cj^xf. 

Substituting these expressions in (iii), we have 
— f Xx — i 

H) d7] 

where ' denotes differentiation with respect to t), or integrating once 

73®Xi + ScSjXi'* = B. 


Now Xi. Xi “list both be finite on the axis of symmetry vj = 0, hence B = 0. 
Then by replacing yj by (3c*)* yj, the equation simplifies to 

^ ■'jXx-l-Xi'* = ^. 

± tXi'/Xx* = >3*. 

±2tXi* = fy)*-2A, 

Xi = - (i>}‘ - A)*. 

For the boundary conditions, we have 

(a) « SB 0 on the boundary of the turbulent region, yj = yjq, say, 


«• 1»0 


(b) resistance W = c«,FpU*/2 = — 27rp | \Juy dy. 


n-o 


du 


We notice further that on the outer boundary = 0 and on the axis of 
symmetry ^ s 0, while oo, as a consequence of the form of Xi> 

From (a) we have immediately, yjg* = 3A, and from (6) 

^ i = (S.')*A.(8A)''£«t(.-!)■*, wl«r. >-,3^. 


and finally 


A =. 0'56 (3c*)-*. 
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From (i) we have 

~ f Jc («y) 

«>3 = — (c„F)S j ^ 

Thus, for the first approximation, we have 

I, = - i {c„F)i asi j% ^ [U (c«^)‘x-» X, (Tl)]d>J, 


= 3(c„F)«a;-S7,x,. 

since v is finite for v) = 0, 

The boundary of the turbulent region is 


Yj = (3A)», 
or 

?/ = 1 - 41 (3c*)* (cj?®)*. 


§ 3. We now proceed to the second approximation and require first to see 
what form we must assume for u. The more accurate form of (iii) is 



+ M*) y dy = const. 


If we assume that the second order term in u qc we see by evaluating the 
second order terms in the expression that «t « — 

We hence assume 




When we substitute this expression in (ii), it is clear that for the second approxi¬ 
mation we retain terms of order ®~*. Now if I contained a term in x”*, we 
should obtain a new term on the right-hand side of (ii) of order by com¬ 
bining this part of I with the first approximation for u. Let us therefore write 
Z =a c (c«F®)* -1- c, (cJF)* »“* where c, is as yet undetermined. Substituting 
in (ii), we now get for the second approximatiou 

hg + Xg [>) +‘6c* 4- Xi"}] + 6c*x»"Xi' 

= _2x,*-6cCi{2^-|-2xx'Xi"}.. 
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If we multiply yj as before by (3c®)l and put in the value for Xv equation 
becomes 

2yj (Jy)» - A) Xs" + 3 (^v)* - A) Xa' - 4y)‘x2 

= 27j‘ (iv}« - A)* 2 - A) (§>,* - 2A), 

or in terms of z 

3a (2 _ ])&+4 (2 - 1) & - 8xa - 4A* (* - 1)* 

4- 4 £l A* (z - 1) (& - 2). 

c 


This is a hypergeometric equation, its complementary function is 


.. ^ -P /I + VM 1 - v'97 , ^ 

Xi ( g > g > 'S > * 


+ ajjS~*F 


1 + — 1 — -v/o? 

6 . ’ 6 



where aj, 02 are constants and F denotes the hypergeometric function. It is 
found that the particular integrals corresponding to the two terms on the right- 
hand side are both polynomials in z. Their coefficients are easily evaluated 
by direct substitution. We finally get as the complete solution 


/' I + V97 
\ 6 



4 OjS i F 


1 4 \/97 
6 


4 4A‘ (0-0041 - 0-269Z + 0-3692* — 0-128z» 4 0-02272*) 

44«lA*(i-:J 2 + u **) approximately, 
c 

If we assume that it still holds that 6 oc f , we have the following boundary 
conditions 

(a) u must be finite for >j = 0, i.e., for z = 0, 


(ft) M = 0 

(«)|S=.o 


j for the boimdary tq = ^ (<vr)* or 

J z = 1 4|^(<VF)1®-*. 


It follows from the form of x* that for tj = 0, 
Prom (o), we have a, = 0. 




a*M 

55 * 


-*■00. 
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From (b) 

»~*Xi(>3o + ^0 ? [c»F]*»"‘) + {cJP')*®"‘X 2 (lo) = 0 approximately, 
c 

®~*lai(’)o) + + (Ci»F)*®~*Xa(lo) = 0. 

C 

Xa(^o) = 0. 
or 

X 2 (z) ==0 for 2 ; =: 1. 


The two particular integrals are zero for z = 1, but the hypergeometric 
1+V97 


senes 


f(- 


t ^ ; zj does not vanish there ; hence = 0. 


Frpm (c) 




^>)oXx" (vjo) + = 0, 

and after some calculation this gives 

cjc = 0 ■ 60 A* approximately. 

Hence the outer boundary is 

>J=v)o(l+0-60A«(c,rF)**"*). 

or with the original magnitudes 

y = 1-41 (3c*)* (c,Pai)*[l + 0-187 (3c>)-«(fl*P)*»-» 

For the second approximation, the additional term in the transverse velocity 
is given by 

v»j = n {c„F)a:-* j” >j (4x, + yjxa') dij 


since v is finite for x] » 0. Hence v is easily evaluated since Xt ^ a polynomial 
in »)*. 

Below are shown the graphs of Ui, Uj, Vi, where 
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I is the curve i4i/A*. 

II is the curve of the quadratic in Wj/A* for the case Icth, 
in is the curve of the quartic in 
IV is the curve Wj/A* for the case f oc 6. 
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Lamb* found by means of Oaeen's equations that for a sphere, the velocity 
in the wake along the axis varied as at a great distance from the body. 
This result has now been generalised by Goldsteinf for any body of revolution. 
It mxist however be remembered that Oseen’s equations give good approxima¬ 
tions to the motion for small Reynolds* numbers, whereas the assumptions 
made in this paper hold for large Reynolds* numbers. It is known that the 
type of motion can abruptly change as the Reynolds* number is increased. 

§ 4. We now return to the various assumptions made on p. 648. First as 
to the assumption that it is sufficiently accurate to take the “ apparent str^ ** 

aaZ®(^) . The complete vector form given by PrandtlJ for the “apparent 

stress ’* in cartesian co-ordinates is 

where v denotes the vector velocity. 

The greatest possible orders of magnitude ^^ ^ 

' respectively. The additional terms that could occur in the adequation of 

Bw 

motion from Vv + are 2 They finally lead to terms 



which are both at least of order They will therefore not require to bo 
taken into account yntil the third approximation is evaluated. 

Secondly, the equation of motion perpendicular to Oa; was neglected. It is 
clear that in this equation it will be sufficient to take the second factor in the 

“ apparent stress ” as ^. The equation may then be written 


(0 + „)||+,|s = _iS£+ 




iBp , 10 




(vi) 


• Lamb, ‘ Hydrodynarfios ’ (6th ed.), p. 677. 

t ‘ Roy. Soc. Pro®.,’ A, voL 123, p. 216 (1829). 

t ToUmian, ‘Z. angew. Math, und Meoh.,’ vol. 6. p, 468(1»26), 
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The orders of magnitude of the terms are 



Hence dp/dy is at least of order a?"** and so p of order Thus it is not neces¬ 
sary to take account of bp/dx in the x-equation xmtil the third approximation is 
reached* By keeping in the terms of order ^ in (vi) and integrating, we find 


jPmliVlUi P\}imnahry ^ ® ^ (c^^F) p ~ * 


The other point that was raised on p. 648 was the question of the position 
of the origin. It is to be some fixed point on the axis of symmetry. At very 
great distances from the body, no effect is produced by moving the origin a 
finite distance e, as e is then small compared with x. In general, if the exact 
position of the origin is left indeterminate, we must replace x by x + «• From 
the first approximation to the boundary we should then get 

iy a (x + e)f, 
oc X* + + • • •» 


and hence an additional term that would come between the second and third 
approximations. Similarly wo obtain for the velocity 


u _Ji!—. 



= - U ^ (i >5» - A) {(iTj* - A) - tx-i (>)• - 2A)}. 


and hence a term between the second and third approximations. We ate 
thus left with an undetermined constant e; this is ultimately to be expected 
and desired, as the shape of the body must effect u in the region nearer the 
body. 

It seems clear that equation (i) cun be solved to any order of approximation 
required. Each successive approximation will lead to a hypergeometric 
equation, of which only the particular integral, which will be a polynomial, 
will be admissible for the solution. 

§ 5. In obtaining the second approximation, it might be assumed that I 
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atill varies as xK This involves putting Cj = 0. ^Rie second peitioular 
integral disappears and we have 



1 + V97 
6 


1 -\/97 
6 





14-V9? -l-\/97 


6 


i; 




4- 4A«(0-0041 - 0-2693 + 0-3693* - 0-128*? + 0-0227**). 
As before % = 0, = 0. 

If we now assume the boundary to be given by 


or 


v)== %(l + 


3 = 1 + 

c 


the condition (c) gives as before 

^rio Xi'M + (3A)-* =0, 

leading to 


0-22 A*. 


Hence the form of the boundary differs only in the magnitude of the numerical 
factor multiplying the power of a;~ *. The forms for u, v are somewhat simplified. 

It is possible to make a still more general assumption in obtaining the second 
approximation. 

We write as before 

1 = 0 (c^X)i + <5j {Ci,P)* xi, 
but take for the outer boundary 

or 

3 = 1 

c 

where c^, e are arbitrary constants. 

We obtain the same form for X 2 m that given above and find as before 

s= Oj — 0. 

Condition ( 0 ) now gives us 
leading to 

3--1*9i2i = o-66A» 

e c 
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We can thus choose one of the constants e, Cj arbitrarily and this leaves us 
with the desired freedom mentioned on p, 667. 

In conclusion, the author would like to express her thanks to Prof, Prandtl 
both for originally proposing the problem and for many valuable suggestions 
while the work was in progress; she also had the opportunity of discussion 
with members of the Kaiser Wilhelm Institut ftir Stromungsforschung in 
Gottingen, 

Summary. 


The shape of the turbulent wake behind a body of revolution in a uniform 
stream is discussed and the distribution of the velocity in the wake is con¬ 
sidered. The work is an extension of results given by Prof, Prandtl in his 
paper presented to the Second International Congress for Applied Mechanics, 
Zurich, 1926. The turbulent motion is assumed to introduce an ‘‘ apparent 


stress 



where u is the mean velocity along the axis of x and y is 


distance perpendicular to that axis; Z is a length called by Prandtl “ Mischungs- 
weg ” (mixing distance). It is shown that I ^ and then using the approxi¬ 
mations generally made in Prandtrs boundary layer theory, the equation of 
motion for the wake is obtained in such a form that it can be integrated by 
successive approximation. Taking the resistance of the body in a stream II 
to be the first approximation gives:— 

(i) for the boundary of the turbulent region 


{3c^)i (c^x)K 


where c is an absolute constant, which must be experimentally evaluated; 
(ii) for the velocities, 


where Xi {'^l) = — — A)*, yj = y/(cj?a;)i, A = 0*56 (3c*)"With the help 

of the eecond approximation, the boundary is obtained in the form 


y = 1'41 (3c*)» (c,^*)* {1+0-19 (3c*)-»(c,P)* *-«}, 


and additional terms occur in «, v varying as a:"*,*"* respectively. The 
correction to the boundary becomes more significant as the body is approached 
and gives a new boundary lying outside the original one. 


2 z 


VOL. OKV.—A. 



G60 


Electron Scattering in Mercury Vapour, 

By F, L. Arnot, B*8c., Trinity College, Cambridge. 

(Communicated by J. Chadwick, F.R.S,—Received August 12, 1929,) 

Introductum, 

When a beam of homogeneous electrons passes through a gas some of the 
electrons will collide with gas molecules, and be scattered out of the beam. 
The collision may be elastic, in which case the electron suffers only a change 
of direction (the loss of energy is inappreciable); or it may be inelastic, in 
which case the electron loses some of its energy besides being deflected. Thus 
if we examine the velocity distribution of the electrons scattered at a particular 
angle, 6, two main groups of electrons will be found, the elastic group and 
the inelastic group. 

Except in the case of ionisation, the electron can only lose an appreciable 
amount of energy in discrete amounts corresponding to the excitation potentials 
of the gas. The inelastic group may therefore be subdivided into a number 
of groups corresponding to the different excitation potentials of the gas. The 
relative sizes of these subsidiary groups will depend upon the relative prob¬ 
abilities of excitation of the different states of the gas molecule. The prob¬ 
ability of a collision resulting in a high state of excitation of the atom is 
usually small compared to the probability of a resonance or ionisation collision. 
Thus the inelastic group resolves itself into two main subsidiary groups ; one 
group consists of the electrons which have ionised the atom, and the other 
group is composed of electrons which have caused resonance transitions in the 
Atom. 

The object of the experiments described in this paper is to find how the 
intensity of the elastic group and of the inelastic group varies with the angle 
through which the electrons are scattered. This will depend primarily upon 
the variation in the field of the atom with distance from the centre. Under 
any central field of force that decreases as we proceed outwards, the intensity 
of the elastic group per unit solid angle, 1^, will decrease as 6 is increased. 
If the field falls off according to the inverse square law the relation between 
f,, and 6 is given by the well known expression for the scattering of a-rays 
by a bare nucleus. 


1,, Qc cosec,^ 6/2. 
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If the field falls off according to some higher power of the distance, then I* 
will not fall off with 0 so steeply.* It is not possible to find a simple power 
law of force that is true for all parts of the atom. As we proceed outwards 
the law of force changes. Between the nucleus and the K-ring of electrons 
the inverse square law holds. Beyond the K-ring the partial shielding action 
of the inner electrons causes the field to fall off more sharply. The relation 
between I<. and 8 will thus depend upon the velocity of the electrons; for 
the greater the velocity the more deeply will they penetrate into the atom. 

Very little work has so far been done on the scattering of slow electrons. 
Langmuir and Jonesf have obtained evidence by an indirect method that in 
a number of gases the electrons, after a single elastic or inelastic collision, are 
scattered through quite small angles. We should expect this result on any 
central field theory of the atom. They found that falls off more steeply 
with 6 as the velocity of the primary electron beam is increased. Dymond 
and WatsonJ have made the first direct determination of the shape of the 
scattering curve for slow electrons. Using helium as the scattering gas, they 
found that U falls off with 6 very much more gradually than would be expected 
if the field varied according to the inverse square law. As stated above this 
means that the outer field of the helium atom falls off according to some higher 
power of the distance than the square. Concerning the relative niunbers of 
elastically and inelastically scattered electrons, they found that, for electrons 
of 200 volts energy, many more electrons were scattered elastically than 
inelastically at large angles ; while at small angles the number of inelastically 
scattered electrons approximated in number to the elastically scattered 
electrons, and even exceeded the latter when the initial velocity of the electrons 
was raised to 400 volts. 

Mott§ has recently worked out the theoretical scattering curve for the 
elastically reflected electrons in helium on the basis of the wave mechanics, 
and finds that this fits very well with Dymond and Watson’s experimental 
curve. Dxiring the progress of the present work a paper has appeared by 
Homwelltl in which a rough qualitative measurement of the scattering in 
He, Ne, Hg and Nj, has been made. The present investigation deals with the 
angular scattering of electrons of about 80 volts energy in mercury vapour. 

♦ Bee Darwin ; ‘ Phil Mag.,’ vol 27, p. 499 (1914). 

t Phya. Eev,; vol. 31, p. 367 (1928). 

t * Roy. Soo. Proc.,’ A, vol, 122, p. 671 (1929). 

§ ‘ Nature,’ vol. 123, p. 717 (1929); also ‘ Proc. Camb. Phil. Soc.,’ vol. 26, p, 304 (1929). 

II * Phy». Rev.,* vol 33, p. 669 (1929). See also coneotion in letter to Editor, * Phys. 
Eev..’ vol 34. p. 162 (1929). 
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Eosperimentdl. 

The apparatus is shown in a vertical section in fig. 1. Electrons from the 
oxide-coated platinum filament, F, were accelerated through the coUimatwg 



cylinder, C, passing through the holes, H, each of 1 mm. in diameter. The 
Faraday cylinder, K, and its outer shield, Z, were supported on the bent 
quartz tube, T, passing through a wax joint in the ground glass stopper, G. 
The quartz tubing was coated on the outside with tin-foil connected to the 
shield, Z. By rotating the groimd glass stopper, G, the Faraday cylinder 
could thus be set at any angle to the electron beam. The distance between 
the slit and the centre of the bulb was 1 cm., was 0’25 mm. wide and 
5 mm. long and S 2 was 0 ■ 25 mm. wide and 1 mm. long. By appl}dng retarding 
potentials between the Faraday cylinder and the shield, Z, the velocity distri¬ 
bution of the electrons scattered at any angles could be determined. 

The inside of the bulb and the portion of the outlet tube up to the plate, P, 
were coated with magnesium by evaporating a small piece of magnesium wire 
on which was wound a nickel beating coil. A small wire not shown in the 
figure was sealed through the bulb and bent so as to press firmly on the mag¬ 
nesium coating. Tests showed that a good contact was made. The inside 
coating of the bulb, the shield, Z, and the plate, P, were all connected to one 
side of a galvanometer, the other side being connected to the cylinder, C. 
This ensured that the scattering took place in a practically field-free space, 
while the galvanometer recorded the intensity of the electron beam. The 
horizontal and vertical components of the earth’s magnetic field were balanced 
out separately by means of large Helmholtz coils. The filament and Helmholtz 
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coils were run off independent storage batteries of large capacity so as to 
ensure these currents being constant. 

The apparatus was exhausted through a liquid air trap by means of a 
mercury diffusion pump backed by a rotary Gaede pump. The air pressure 
inside the apparatus was probably well below 10"® mm. of Hg, the McLeod 
gauge reading zero. The apparatus was perfectly tight showing no rise in 
pressure over night. During a run the pumps were kept going with no liquid 
air on the mercury vapour trap. The pressure of mercury vapour inside the 
apparatus was therefore that corresponding to room temperature,* i.e., about 
10"® mm. of Hg. The mean free path of an electron at this pressure is about 
30 cms,, so that the probability of an electron making two collisions in the 
bulb before entering the Faraday cylinder was very small. 

The electron beam which could always be clearly seen was quite sharp 
and passed through the bulb with practically no divergence, its diameter of 
cross section being about 1 mm. Incidentally it may be mentioned that the 
oxidC'Coated filament, which was covered with a dark positive-ion sheath, a 
fraction of a millimetre in thickness, emitted electrons not uniformly but in 
quite sharp beams which showed practically no tendency to diverge. The 
filament emissions used varied for different runs from 0*2 to 2*0 milliamps. 
The strength of the electron beam varied from 1 to 10 microamps. 

During each reading of the electrometer, which was worked at a sensitivity 
of 1,600 mm. per volt, the strength of the electron beam as recorded by the 
galvanometer was noted. The electrometer readings were then divided by 
the galvanometer readings so as to correct for any variation in the strength 
of the beam. As a rule this variation was only a few per cent. At different 
times throughout the experiment several runs were made with liquid air on 
the mercury vapour trap. In each case these tests showed that there was 
present only a single sharp electron beam represented by a peak at 0^. There 
was therefore no appreciable scattering of the primary electrons from the 
walls of the bulb. In these tests the retarding potential between the Faraday 
cylinder and the shield, Z, was between 20 and 40 volts for 80 volt electrons. 
If the retarding potential was reduced below about 12 volts quite large currents 
were obtained at all angles due to secondary electrons from the plate P (or 
the shield Z for angles near zero) being specularly reflected from the walls 
of the bulb (see below). 

Angles were read by a protractor and arm attached to the ground glass 

^ A» the main object of the experiments was to observe the relative scattering, the 
temperaiaie was not measured for each run. 
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joint, G, to an accuracy of about 1°. When the Faraday cylinder was set to 
receive electrons scattered at an angle 0, then owing to the finite width of 
the slits Sj and Sj (0'26 nun.) electrons scattered between 0 4-1*5“ and 
G — 1'5“ were collected. The error introduced by the length of the slits 
varies with 6, being 3“ when 0 is zero, and zero when 6 is 90“. 

Tests of the homogeneity of the primary electron beam were made by 
setting the Faraday cylinder at G = 0° and applying retarding potentials 
between it and the shield, Z. It was found that about 95 per cent, of the 
electrons had a velocity within one volt of the mean. 


Results : —(1) Velocity Distributimi at a Fixed Angle. 


Fig. 2 shows the velocity distribution of electrons scattered at 10°. The 
electron current to the Faraday cylinder in arbitrary units is plotted against 



the retarding potential in volts. The initial velocity of the primary electron 
beam was 82 volts. It will be seen that there are three main groups of 
electrons:— 

(1) Those which have been elastically scattered, represented in magnitude 
by the ordinate E. 

(2) Those which have, in the process of being reflected by the atom, excited 
it to the resonance or some higher level. This group is represented 
by R, 

(S) Those which on being scattered have ionised the atom, represented 
by I. 

The resonance potential of mercury vapour is about 5 volts and the ionisation 
potential 10*4 volts, The position of the kinks agrees quite well with these 
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values. The curve continues quite flat down to a retarding potential of 
about 12 volts, when it begins to rise steeply showing the presence of a large 
group of very slow electrons. These are mainly secondary electrons originating 
from the slits and from the point where the primary beam strikes the shield Z 
(or the plate P for larger angles). Their presence causes no trouble as they 
can be completely eliminated by a retarding potential of about 15 volts. 

For retarding potentials greater than that of the primary beam a small 
positive current was observed. This is due partly to positive ions diffusing 
out of the path of the electron beam to the slit Sg where they are then 
accelerated into the Faraday cylinder, and partly to a photo-electric effect from 
the Faraday cylinder. In the angular distribution curves (see below) this 
positive current was, except at large angles, so small compared to the negative 
current that it could be neglected. At small angles it was less than the 
experimental error involved in reading the negative currents ; at large angles 
(6 > 40®) a reading of this positive current was taken at each angle, and the 
negative current corrected accordingly. 

The flat top to the kink at (V^ 10 *6) volts, representing the group of 

electrons which have made ionising collisions, is interesting; for it implies 
that when an 80 volt electron, in being scattered through 10®, ionises a 
mercury atom practically no energy is carried away by the ejected electron. 
If the ejected electron had an equal probability of carrying away any fraction 
of the excess energy we should expect a very gradual rise beginning when 
the retarding potential was 10-5 volts less than the initial velocity of the 
primary beam, and extending down to zero retarding potential. 

When the primary electron causes ionisation of the atom it must interact 
closely with the ejected electron. On classical momentum considerations 
the amount of energy that the primary electron gives to the ejected electron 
will depend upon the angle through which the primary electron is scattered. 
If it is scattered through a small angle it can give the ejected electron only 
a small amount of energy. We cannot treat this problem quantitatively 
because of the binding force between the electron and the atom, but wc know 
that if the ejected electron carries away a large fraction of the excess energy 
the primary electron should be scattered through a large angle. It is hoped 
later to investigate this point more fully, and if possible to obtain a relation 
between the angle through which the primary electron is scattered and the 
fraction of the excess energy carried away by the ejected electron. 
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(2) Angxdar Distribution of Scattersd Electrons. 

Headings were taken at intervals of 6"^ on both sides of the electron beam. 
By this means the angular zero could be determined to within an accuracy 
of half a degree. At each angular setting two readings were taken, (1) with 
a retarding potential of (Vq —* 3) volts, and (2) with a retarding potential 
of (Vo ““ 40) volts, where Vo is the initial velocity of the primary electron 
beam. The first reading gives the elastically reflected electrons, and the 
difference between the two readings gives the inelastically reflected electrons. 
The latter includes, besides the electrons that have made excitation collisions, 
also those that have made a collision resulting in ionisation. The length of 
path for collision is a function of the angle of scattering. The effective length 
of path is the length of the electron beam intercepted by the beam entering 
the Faraday cylinder, which is defined by the slits and Sg. If d is the 
width of this beam where it intersects the electron beam at the centre of the 
bulb, then the effective length of path for collision is d/sinO. We must therefore 
multiply each angular reading by sin0. The value of d is 0*75 mm. 

Fig. 3 is a typical curve showing the angular distribution of the elastically 
and inelastically scattered electrons. The velocity of the prinoary beam was 
82 volts. It will be seen that the number of electrons scattered at an angle 6 
decreases rapidly as 6 is increased. The elastic scattering curve falls off 
more sharply than it does in helium, for the same velocity of the primary 
beam.* We may explain this by assuming that the outer field of the mercury 
atom falls off according to a lower power of the distance than does that of the 
helium atom. 

The electrons that have made inelastic collisions fall off more sharply than 
do the electrons that have been elastically scattered, the curves crossing 
each other at a certain value of 0. Below this value there are more inelastically 
scattered electrons, while at larger angles there are more elastically 
scattered electrons. This point has been carefully checked with quite con¬ 
sistent results. The value of 0 where the curves cross is 15® for 82 volt 
electrons. 

In their general characteristics these results for mercury-vapour are in 
accord with those of Bymond and Watson for helium. The main difference 
is that in mercury vapour the curves cross for much lower values of the velocity 
of the primary beam. To make the curves cross at 5® in helium the velocity 
of the primary beam must be raised to over 400 volts. Owing to the scarcity 


* See Dymond and Watson, loc. eit. 
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of the experimeutal data at present available, and to the laok of any satisfactory 
theoretical treatment of the inelastically scattered electrons, it is difficult to 



Fio. 3.—(1) Elastiio CJolBsion; (2) Inelastic Collision; (3) Coulomb Scattering Curve. 

say what is the significance of this. It may be connected with the very much 
lower value of the excitation potentials in mercury vapour. The results of 
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Dymond and Watson show that as the velocity of the primary beam is increased 
the probability of an impact being inelastic increases, and the point where 
the curves cross moves to greater angles. One might expect then that the 
same effect as is obtained by increasing the velocity of the primary beam 
might be produced by emplojdng a gas, such as mercury vapour, which has 
lower excitation potentials. 

At angles greater than 56^ there appear to be present abo\it equal nmnbfsrH 
of elastically and inelastically scattered electrons. At these large angles, 
however, the currents are so small that very little reliance can bo placed upon 
these results. The difficulty of measuring these currents is still further 
increased by the presence of the positive drift for which correction must be 
made (see above). All that can be said definitely is that neither the elastic 
nor the inelastic curve shows any tendency to rise again. Readings were 
taken to 130°. 

The ordinates of fig. 3 are in arbitrary units, and therefore the curves only 
show the relative scattering per unit solid angle. The absolute value of the 
scattered current at any angle may be obtained from fig. 3 by multiplying 
the ordinate at that angle by 3 • 2 X 10’*^*, The value so obtained is the current 
received by the Faraday cylinder in amperes. This value is for an electron 
beam of 2*06 X 10“”* amps., and a vapour pressure of 0*0012 mm. of Hg.* 
If do is the effective solid angle subtended by the Faraday cylinder at the 
point of collision, and ie is the current received by the Faraday cylinder when 
set at an angle 0 to the electron beam, then the total scattered current is 
given by 

2^ r * • A 

— t 0 am 6 dO. 

* do> Jo 

We must therefore multiply the ordinates of fig. 3 by 2n sin QdQjdoi, and 
numerically integrate the curves so obtained. The value of d6 is 3° and the 
value of do is 7 * 2 X 10“"* of the total solid angle around the point of collision. 
A certain error is introduced owing to the necessary extrapolation of the 
curves to zero angle. The error introduced by the extrapolation to 180° is 
negligible. On carrying out this integration we find the value of the total 
scattered current to be 1 *87 x 10"'® amp. for the elastically scattered dectrons, 
and 1*94 X 10 ® amp. for the inelastically scattered electrons. We see that 

* Corresponding to a temp, of 20® Cl Obtained from the International Critical Tables, 
vol. 3, p. 206. 
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inelastic coUiiuonB and elastic collisions are about tjequally probable under 
these conditions. The ratio 

Inelastic collisions _ 1-94 X 10""^ _ 

Elastic collisions "" 1-87 x 

Adding the currents for the elastically scattered and the inelastically scattered 
electrons we obtain the total scattered current 5*7 x 10”** amp. The 
whole of this scattered cur3fent is due to collisions in a path of 0*75 inm. (see 
above). By dividing the total scattered current by the current in the electron 
beam we obtain the probability of collision in a path of 0*75 mm. The 
value obtained is 1 *85 X 10”**. The mean free path of an electron in mercury 
vapour at a pressure of 0*0012 mm. of Hg. is therefore about 40 cms. 

In fig. 3 is also drawn the theoretical curve f 9 r clastic scattering by a pure 
Coulomb field. This is given by the function coaec,^ 0/2, where 0 is the angle 
of scattering. In the figure this curve is fitted to the experimental curve 
at 90®. The Coulomb scattering curve actually falls off very much more 
steeply than does the experimental curve, blit owing to both curves being 
so steep this difference in slope is not very marked in the figure. It is, however, 
clearly brought out by the following table, in which the ordinates of the 
Coulomb scattering curve have been proportionately reduced so as to fit the 
experimental elastic curve at 6 == 16®. 


B 

i : 

iV\ 1 

! 

’ 

10°. j 

If)'. 

1 

j 20'. 

25^ 

Experimental curve. 

1 t»U) 

430 

210 

120 

1 74-0 

Coulomb ourvo. 

10,700 

!_ 

1,100 

210 

07 

2-8 


It is obvious from this table that the experimental readings could not be 
fitted to the Coulomb curve, but it is interesting to note that the elastic 
scattering curve for mercury vapour deviates less violently from the inverse 
square law scattering curve than does the curve for h(4ium given by Dymond 
and Watson. This implies that the outer field of the mercury atom resembles 
a Coulomb field for more closely than does that of the helium atom. 

In conclusion I wish to express my thanks to Sir Ernest Rutherford and 
Mr. P. M. S. Blackett for their interest and many helpful suggestions during 
the course of this work; also to Dr. Chadwick for his helpful criticism of this 
paper. 
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1. Introduction. 

The research doscrilied in this paper on the Crystal Structure of Ice was 
undertaken for various reasons. 

In the first place data on the subject in the literature are very conflicting, , 
as is also the case for those on the crystallography of ice. As the available 
structures for ice were appearing in text-books and elsewhere as representing 
the true facts it was deemed advisable to redetermine the structure in an 
effort to And why the existing models are so dissimilar and if possible to arrive 
at a structure on which more reliance could be placed. 

It was hoped also that if the uncertainty regarding the structure and 
crystallographic features of ice could be eliminated valuable data might be 
available for such problems as the physical properties of ice, constitntion of 
water, flow of glaciers and anomalous meteorological haloes. And further 
with the rapid advances that the subject of Ice Engineering is making in 
Canada the question of the arrangement of the oxygen and hydrogen atoms in 
the crystal of ice is of more than passing interest to workers in that field. 

This paper contains brief surveys of the data available on the cr}rstal struc¬ 
ture and crystallography of ice. Two sections on new experimental work are 
presented, the first dealing with single crystal rotation, oscillation, and Laue 
photographs leading to a complete structure for ice, and the second describing 
a series of powder photographs testing the structure at various temperatures 
between 0“ C. and —183® C. The positions of the diflraoting centres in the 
unit cell of ice have been determined with great certainty. Estimated intensi¬ 
ties agree satisfactorily with values osculated for either oxygen atoms or 
divalent oxygen ions at these positions. Ctttain arguments, partly of an 
hypothetical nature, are put forward in an attempt to show that the structure 
probably is ionic in nature, and to find the most |urobable positions of the 
hydrogen ions. Finally a short discussion is included on certain relevant 
points arising in connection with this work. The bearing of the model proposed 
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for ice on various other subjects is not included, partly because of its hypothe¬ 
tical nature, and also because further experimental work is in contemplation. 

II. Literature Survey on the Crystal Structure of Ice, 

Previous experimental work* on the crystal structure of ice includes Lane 
photographs taken by Rinne in 1917 and interpreted by Gross in 1919, 
spectrographic data published by St. John in 1918, and powder measure¬ 
ments made by Dennison in 1921. In addition, Sir , William Bragg, on 
theoretical grounds, proposed a structure in 1922. Finally, AminofiE in 1921 
added the hydrogen atoms to the structure of Gross in an attempt to calculate 
the radius of the hydrogen atom, and some experimental work has been carried 
out at Leidenf to which the writer has been unable to find a reference. 

Rinne’s photographs were obtained by selecting an optically homogeneous 
piece of ice from a frozen water surface and passing the X-ray beam through 
it at right angles to the freezing face. The sample was kept fix)zen with liquid 
air. Prom the symmetry of the spots on his photographs (which is that of 
space group De), in conjunction with the crystallographic data of Norden- 
skioldjj Rinne concludes that ice is dihexagonal pyramidal. He gives the 
axial ratio (c : a) as about 1 *6. 

Gross carried these deductions further by taking a duplicate photograph of 
rook salt, determining the wave-lengths giving rise to the spots on the ice 
photograph, and comparing relative intensities. He decides that ice is 
dihexagonal bipyramidal (space group Defc^) with two molecules in the unit cell. 
The dimensions of the unit cell are given as 

Co = 6-53 A. ao = 3*46 A. c : a 1 *62. 

This cell is shown in fig. 1. The co-ordinates of the oxygen atoms are 0* 0, 0; 
h h Tkese equivalent points do not correspond to a possible arrangement 
in either (dihexagonal pyramidal) or De^* (dihexagonal bipyramidal), and 
as a matter of fact, the space group cannot be determined from these data 
alone. One set of possible equivalent points for Ce/ is §, U; i, J, U -f 
and for i* |i i I h i- Either of these is compatible with the structure 
psroposed. In U is an imdetermined parameter, which in is equal to 

♦ Bixme, ‘ Ber. Verb. Oea. Wiaa. Math.-Phya.,' vol. 69, p. 67 (1917); Grosa, ‘ Oeatr, Min. 
Qeol,’ p, 201 (1919); St. John, ‘ Proo. Nat. Acad. Sci.,* vob 4, p. 193 (1918); l>enniaon, 
‘ Phya. Rev./ vol 17, p. 20 (1921); Bragg, W. H., * Proc. Phya, Sots. London,’ vol 34, 
p. 98 (1922): Aminoff, * Geol F6r. FOrh.,’ vol 43, p, 389 (1921), 

t Astb^ and Braj^, * Annual Rep. Ohem. Soc,,’ vol 21, p. 232 (1924). 

$ N<»dwttkiold, * Pogg. Ann./ vol 114, p. 612 (1861). 
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The additional symmetry required by the latfca? apace pwup is contained in 
the moteonle. 



Amin off places the hydrogen atoms in the unit cell of Gross at the points 

0,0,P: O.O(l-P); i.Ki + P). 

St. John’s speotrographic photographs were obtained by oscillating single 
crystals of ice over known angular ranges. The specimens were obtained by 
allowing a pan of water to freeze slowly in an unheated room during the winter. 
The temperature at which the photographs were taken was about —16° C. 

Dennison carried out his powder experiments at —183°C. A luM glass 
capillary containing water was frozen by |dunging it into liqmd air. tube 
was rotated continuously during exposure to X-rays. 

Sir William Bragg deduced his structure by taking the hexagcmal altenwlxve 
to the diamond structure, replacing each carbon atom by an oxygen ion, and 
altering the dimensions of the cell by a factor proportional to the ratio between 
the densities of ice and diamond. The hydrogen ions were jdaood on ^ lines 
joining the oxygen centres, one of the former between eaoh pair of the latter. 

The structures of St. John, Dennison, and Bragg are suhilar m they 
agree on four molecules in a unit cell with construction points 0, D, 0 ; 
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I, U; i, f, I; 0, O, (1 + U). Bragg gives the parameter U as J. It is 
undetermioed in the invesi^ations of St. John and Dennison. The space 
group is not mentioned. The unit cell is shown in fig. 2, the spheres repre¬ 
senting the positions of the oxygen centres. 




The dimensions of this cell, according to the different observers, are set forth 
in Table I. 


Table I. 


Observer. 

c. (i). 

i 

(Id (A). 

C : a. 

St. John . 

6-06 

4-74 

1-403 

DenniBon.... 

7*32 


1-617 

Bmgg ... 

7'34 

4*52 

1-63 
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. The structures of Dennison and Bragg are praotioafly identioai, and illt«D|l|^ 
calculations for Bragg’s structure agree, in general, mih estimations 
by Dennison. 

In reviewing these data it will be seen that they reduce to throe structures, 
those of Binne, Gross, and Ami noff; St. John; Dennison and Bragg. Further¬ 
more, these structures axe entirely distinct from one another. To quote 
Wyckofi,* “ the sets of axes of these units are not merely rotations of one 
another through angles of 30° or integral multiples of one another; there is 
consequently a serious conflict among the reported experimental data on ice. 
Because of the danger of twinning in the crjrstals used in making both the 
Laue photographs and the ^>ectrometer measurements, the powder data are 
the most reliable. These data alone arc probably insufficient to establish the 
structure of ice; consequently nothing definite can be considered as known 
about its atomic arrangement.” 

III. Literature Survey on the CrystaUoyraphy of Ice. 

The literature on the crystallography of ice is so voluminous that a complete 
survey would be out of all proportion to the work with which this paper 
primarily is concerned. A very complete review of the data is to be found in 
Dobrowolski’s “ Historja Naturalna Lodu ”f from which more than one 
hundred references to the subject may be obtained. 

There seems to bo little doubt that ice most commonly crystallises in the 
hexagonal system.j; Against this Mttgge§ claims to have found trigonal 
symmetry for the basal plane, and this is supported by a number of other 
observationsll purporting to show that ice should be classed as rhombo- 
hedral. In addition a few specimens have been examined that appear to he 
cubic.^ 

* “ The Streotme of Orystels," p. 266 (1924). 

t p. 121 (1023). 

t See for example:—Bentley, ‘ Monthly Weather Review,* p. 212 (1001) and Aug., 
Sept., Oot., Nov., Doc. (1007); Smithson, ‘Annals Philos.’ vol. 6, p. 340 (1828); Seoohi, 
‘ Bull moteorol. Osserv. Coll. Romano,’ vol. 16, p. 73 (1876); Ledolt, ‘ Siti.-Ber. K.-K. 
Akad. Wise. Wien. Math.-nat.,’ vol. 7(1861); TyndaU,“The Form of Water in Oteuds 
and Rivers, Ice and Glaoiers,” London (1878); Holland, ‘ Nature,’ voL 80, p. 206 (1880). 

g MUgge, ‘ Centrl. Mineral,’p. 137 (1018). 

II See for exampleClarke, ‘ Trans. Camb. Phil 8oc..’ vol I, p. 209(1822); Brewster, 

• Phil. Mag.,’ m, vol 4, p. 245 (1834) ; Abioh., ‘ Pogg. Ann.,* vaL 146, p. 476 (1872). . 

% See for exampleHatty and Rom6 de I’Isle (quoted by Smithson, foe. ciJ.) 
Barendreoht, ‘ Z. Phys. Chem.,’ vol. 20 (1896); Wall4rant ‘ Bull Soo. Frang. MiniT^' 
vol 31, p. 217 (1008). 







Flu. 11. 
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cit) places ice in the dihexagonal pyramidal class of the 
hexagonal system with an axial ratio (c: a) of I * 617 or 1 * 400 depen^g on how 
he identifies the faces present on his crystal. Kenngott* oalculates this 
ratio as 1*633, 1*622, and 1*689 from data of Clarke, Galle, and Smithson, 
respectively. 

The disagreement among the reported observations can be emphasised very 
well by an examination of the data furnished by various crystallographic 
authorities who, it is asstuned, have reached their conclusions after a critical 
survey of the available papers. Thus,t Groth and Dobrowolski give 
it as ditrigonal pyramidal; Lewis as hexagonal bipyramidal ; and 
Dana as hexagonal, probably hemimorphic (diliexagonal pyramidal) with 
c;a=== 1*4026. 

From this it appears that, although ice is probably hexagonal, it is impossible 
to place it in a particular class with any certainty. Leaving out of consideration 
the high presstire modifications of Tamman and Bridgman,J ice may be 
capable of exhibiting polymorphism under ordinary conditions. 

I V. Pari I.—Single Crystal Rotation^ Oscillation, and Lam Photographs of Ice. 

Apparatus .—The rotation and oscillation photographs to be described later 
were obtained with a Miiller spectrograph and circular camera. The camera 
was adapted for use at temperatures below zero in the following way. The 
camera itself was enclosed in a coil of lead tubing packed in wool. The lower 
end of the coil dipped into an ebonite tray fixed at the bottom of the camera. 
A constant stream of methylated spirits was allowed to flow through a worm 
packed in a mush of solid carbon dioxide and methylated spirits and then 
through the coil arouxid the camera into the ebonite tray. From the tray it 
oveifiowed into a receiver. The bottom of the camera was practically closed 
by a brass tray fixed to the goniometer arcs. This brass tray was bathed with 
the melbtylated spirits in the ebonite tray and rotated with the arcs. The top 
of tike camera was closed with an ebonite cover. 

The X-ray tube was of the gas-filled type used by Shearer and described by 
The anticathode was of copper. A filter of nickel foil was used 
wh^ Ibsirable to remove the line from the radiation. 

> * N. Jshtb. t Mineral,’ vol, 2, p. 184 (1886). 

t Cabemischo Krystallographie,” vol. 1, p. 66 (1906); DobrowoLaki, ioc, ci<, 

LeWlSp ^ p.403 (1899); Dana, “ Deaoriptive Mineralogy,” p, 206 (1892). 

J ‘ Z. phy$. Chem,,’ vol. 72, p. 609 (1910); Bridgman, ‘ Proc. Amer. Aoad,,’ 

vol. 

I ” and Crystal Stmoturo,” p. 34 (1924). 

VOX*, CdtJCV,~A, 3 A 
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Ice Crystals ,—All attempts to grow single crystals of ice with well developed 
faces failed. Only needles cotJd be obtained. 

The crystals finally employed in this investigation were found in commercial, 
artificially frozen, ice by Mr. Green and the writer while preparing experiments 
for a lecture on “ Ice by Sir William Bragg at the Royal Institution. This 
ice is made up of small prisms, each of which, on examination in polarised 
light, proved to be a single crystal. Fig, 3 (Plate 11) is a photograph of apiece 
of this ice, the largest prism visible having a cross-sectional diameter of about 
2*5 cms. 

These prisms were mounted with one of the crystallographic axes coinciding 
with the axis of rotation of the spectrograph by means of a-angles calculated 
from random rotation photographs.* This method of setting had to be 
resorted to because Laue photographs showed that the faces present on the 
prisms in the ice block were not true crystallographic ones and even the long 
axis of the prisms did not coincide with the long crystallographic (c) axis. 

Photographs rotation photographs about the c and a axes are 
shown in Plate 12, figs. 4 and 6, respectively, that about the c axis being 
somewhat mis-set. 

A complete set of photographs for 10° oscillations about the a axis over a 
range of 90° was made. Since there is no ambiguity in the identification of 
spots on the c axis rotation photograph it was uimecessary to take oscillations 
about this axis. 

Laue photographs (see Plate 11, fig. 6) with the X-ray beam perpendicular to 
the basal plane were obtained from samples of naturally frozen ice. This ice 
was grown on the surface of a basin of water exposed to the atmosphere during 
cold weather. Clear, flawless areas were selected, small specimens cut from 
them, and the X-ray beam sent through them at right angles to the freezing 
face. 

The temperatxire of the air in the camera during the rotation and oscillation 
photographs was about —20° C. The specimens for the Laue photographic 
were kept frozen with solid carbon dioxide (—78*6° C.). 

Radius of Circuhr Camera .—The radius of the circular oan^ra was stan¬ 
dardised from rotation photographs of rock salt and mica. The value obtained 
was 2 *855 cms. with an accuracy of about 1 per cent. 

Dimensions of Unit Cell, Number of Molecules per CeU, and Space Group ,— 
The symmetry of the Laue photographs (fig. 6) is that of space group 
so that the crystal at once can be referred to hexagonal aaros. 

* Bemak ‘ Boy. Soc. Proc.’ A, vol. 113 (192^). 
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From the rotation photographs the dimensions of the tinit cell are ^ 

ao=?4*53gA. co==?7*4lA. c;a = 1*634* 

The volume of this cell is equal to 1*320 X 10*^ cc* 

Taking the density of ioe at 0® C. as 0*9168* and the coefficient of cubical 
expansion as 0*00016,f the density at —20^ C. is equal to 0*9196. 

The number of molecules per unit cell is given by p V/NM, where p is the 
density at —20® C., V is the volume of the cell, N is the mass of the hydrogen 
atom (1-65 X 10“*^), M is the molecular weight (18); and it is equal to four. 
The oscillation photographs proved the absence of reflections from the 
following planes:— 


0001 

ll2l 

22il 

03Sl 

1451 

0004 

10l4 

2024 

0003 

1123 

2213 

0353 

1453 

0ll4 

1124 

2154 

0005 

1125 

22^5 

03S5 


0224 

1254 

22l4 

0007 

1127 




0354 

13l4 

2354 






04i4 

1454 



It thus appears that 

is halved when I is odd, 

OSSl is halved when I is odd, 

1461 is halved when I is odd, 
hkil is halved when I is equal to 4. 

Since the symmetry of the Laue photograph is that of space group Dq the 
possible space groups for ice are Dg;^, Dg, Ce^, and De;i4 because these four 
appear as Dg in a Laue photograph. 

An examination of these space groups shows that, of the observed halvings, 
those of mn2ml are alone characteristic of a space group, so that the other 
missing reflections must be associated with the particular positions of the 
diffracting centres in the unit cell. 

Of the possible space groups Oe can be eliminated because no case in this 
group is possible with mm2ml halved when I is odd. Ce»^ which does show 
this halvings is impossible with four molecules in the unit oelL 

The number of possible space groups is thus reduced to two, namely, 
<ditrigonal bipyramidal) and (dihexagonal bipyramidal). 

♦ Bames, H. T„ ** Ice Engineering,” p. 26 (1928)* 
f Barnes, H. T., loc, ciL, p. 46, 

J Astbury and Yardley, * Phil. Trans./ A, voL 224 (1924). 

3 A 2 
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For each of these two space groups the followiug two sets of eqtiivalent 
points are possible* :— 

1. 0,0,U; 0,0,i»-U; 0,0,i + U; 0,0,U. 

2. il,U; m-V; + i, U. 

In Dsft* the molecule must be given a triad axis of symmetry perpendicular 
to the (0001) plane. In the molecule must possess three planes of symmetry 

parallel to the (llSO) planes and intersecting in a triad axis perpendicular to 
the (0001) plane. 

A possible choice between the two space groups is made later. 

Geometrical Stracture Factor.—Substituting the co-ordinates of the first set 
of equivalent points given above in the general expression for the geometrical 
structure factor and simplifying, the following expression for the structure 
factor is obtained: 

S = 2coa27cUi(l + e"«) . (1) 

From this equation, when I is odd, S is equal to zero, so that no reflections 
should be observed from any planes in which I is odd. Actually, with the 
exception of the halvings already mentioned, all planes reflect when i is odd. 
Consequently, this structure factor, and the set of equivalent points from which 
it is derived, cannot represent the positions of the diffracting centres in ice. 

Substitution of the second set of equivalent points leads to the following 
expression for the geometrical structure factor: 

s = (^) 

+ e (nr) ^ ^nms _ (2) 

Putting h = h=. m, equation (2) becomes 

S = 4 cos 2« VI (1 + e*") 

= 0, when I is o^d, 

_ gZirim 8 cos 2 TT U/, whfin {is even. (3) 

This agrees with the observation that mm2ml is halved when {is odd. 

Equation (3) is a convenient form of (2) to use for the determination of the 
unknown parameter U, because reflections hrom all planes for which {is equal 
to 4 are missing. 

* Wyokoff, “ An Analytical ExpiesBion of tbs Results of the Theory of Spaci' Groups,” 
pp. 169 and 169 (1922). 
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Substituting I — 4, equation (3) becomes 

S = 8 cos 8 7t U. 

Now, since S must be zero in this case 

cos 8 TC U = 0 

since has a finite value. 

Hence U — xfl6, where a? = 1, 3, 5, 7, 9, 1], 13, or 15. 

An examination of the structures arising for aU these values of x shows that 
they reduce to two, because identical arrangements are obtained when x is 
equal to 1, 7, 9, or 15, and when x is equal to 3, 6, 11, or 13. Therefore, it is 
necessary only to decide between and 5C = 3. 

When 1 the distance between two centres such as (J, U) and (^, |, 
J U) is equal to f Cq (2-78 A), while for a; = 3 it is equal to J (0-92 A.). 
Now the diameter of an oxygen atom is of the order of 1*20 A. and that of 
a divalent oxygen ion is about 2*64 A.**® Even if some uncertainty exists 
with respect to the accuracy of these values, it will be seen that, when a? 3, 
the resulting distance is too small, particularly since no addition for the 
hydrogen atoms has been made to the oxygen radii given. 

It follows, therefore, that the value of the parameter U is The equivalent 
points of the diffracting centres in the unit cell of ice are thus 

i» h j h h ^ > h h ^ I h h 

This unit cell is shown in fig. 7, The spheres represent the positions of the 
diffracting centres at these equivalent points. 

Substituting ^ for U in equation (2), the structure factor becomes 

8 = 2i sm — |e V a ' — c V a ( 4 ) 

when I is odd, and 

S = 2cos~|e ' 8 / + e ^ 'j, (6) 

when I is even. 

By the necessary substitutions it will be seen that these expressions agree 
with all the observed halvings. 

Intensity Estimations.—The estimation of the intensities of the spots 
appearing on the a axis rotation photographs was made visually* 


* See Glocket, MatenalprUfung mit ECntgenstrahlen,'* p. 274 (1927). 
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Assuming all the scattering to be due to the oxygen atoms (or ions), integrated 
intensities were calculated with the accepted expression 

I X NS*F2. 1 + , coB* _g g 1 _ (6) 

sm 20 I) 

where 

I ie the integrated intensity, 

N is the number of planes co-operating to give a particular spot, 

5 is the geometrical structure factor calculated with expressions (4) and (6) 

above, 

1 + cos^ 20/8in 20 is the polarisation and Lorente factor, 

6 is the glancing angle, 

F is the variation of the scattering power with sin 0 calculated from Hartree’s 
data* for the oxygen atom and for the divalent oxygen ion, 

‘ Phil. Mag./ vol 60, p. 289 (1926). 
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D is a correction taking into account the obliquity of the diffracted rays to the 
filnij and the obliquity of the various planes to the axis of rotation. Its 
values were obtained for the various spots from a chart prepared by 
Cox and Shaw* in this Laboratory. 

Visual estimations of intensity do not represent the true integrated intensities 
for the following reason. Suppose a comparison to be made between two spots 
of the same uniform shade of grey but of different areas. On a visual estimation 
both spots would be given the same value (say, medium) whereas the inte¬ 
grated value for the one with larger area would be greater than that for the one 
of smaller area. For this reason calculated integrated intimsities must be 
corrected for the relative areas of the spots to give values (lomparable with those 
estimated by eye. 

On the films employed for intensity estimations the individual spots were 
of fairly uniform intensity and their areas were practically constant for any 
one layer line. The average area of spots on the various layer lines was found 
and expression (6) for the calculated intensities was multiplied by A^/A*, where 
Ao is the average area of spots on the zero line, and A^ is the average area of 
spots on the ccth layer line. The numerical values were ()’71 for the first layer 
line and 0*50 for the second layer line, taking the average area on the zero line 
as MK). 

The estimated and calculated values for the intensities are set forth in 
Table II. The first column gives the indices of the planes producing the spots. 
Where two or more sets of indices are bracketed together it means that those 
planes give rise to spots which are not separable on the complete rotation films 
employed for the visual estimations. Column 2 gives the observed intensities 
while columns 3 and I show the values calculated, in 3 for scattering by divalent 
oxygen ions and in 4 by normal oxygen atoms. One or other of these forms of 
oxygen has to bo assumed for the purpose of calculation. The columns of 
calcidated intensities do not differ very much from one another and both agree 
well enough with the observed values to confirm the positions of the diffracting 
centres in the unit cell. The calculations for the ionic structure agree slightly 
better with observed intensities and reference to this will be made later. 

A few points about some of the individual calculations for Table 11 should 
be noted. 

In the first place all visual estimations were made before the calculations 
were commenced in order that there should be no unconscious bias affecting 


♦ Unpublished results. 
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Table II. 
Zero Line. 


Plane. 

L 

(Obfiorvod.) 

1. (Ionic, 
calculated). 

0002 

Very strong... 

4020 

Olio 

Very stroniz... 

2780 

0ll3 

Strong ... 

2950 

Olll 

Strong . 

I960 

0ll2 

Medium fitn^ng . 

1290 

0223 

Medium strong ... 

888 

01l5 

Medium. 

680 

0220 

Medium....... 

476 

0000\ 

0332/ 

©221 

Medium. 

377 

Medium.. 

354 

osSo 

0220\ 

01I«/ 

01l8\ 

osSer 

0008\ 

0227/ 

04l3 

Medium (minus). 

340 

Weak medium 

288 

Weak.. . 

63 

Weak.' 

67 

Weak. 

52 

042s i 

Weak. 

41 

0226 ' 

Very weak . 

23 

04io\ 

Very weak . 

21 

04ll/ 

0117 

Very weak . 

IS 

0228 

Very vcrv weak . 

16 

1 


L (Atomic, 
oalcolatod). 


3100 

1750 

1800 

1190 

760 

508 

417 

29B 

291 

218 

251 

264 

115 

90 

02 

100 

26 

32 

23 

37 


First Layer Line. 
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Table II—(continued)* 
Second Layer Line. 


Hone. 


I. 

(Obaerved). 


I. (Ionic, I. (Atomic, 

calculated), calculated). 


2033 

2030 
2032 
2183 

2031 
2035 
21BO 
2240 
2036\ 
2185/ 
2isr 

2242 

2182 

2038\ 

2246/ 

23S3 

2187 

23S0\ 

2381/ 

2136 

2382 

2037 


Medium afcroug . 

1800 

1170 

Medium strong . 

82^ 

512 

Medium. 

760 

460 

Medium. 

695 

612 

Medium. 

560 

347 

Medium. 

435 

398 

Weak medium . 

200 

188 

Weak medium . 

270 

246 

Weak medium . 

248 

285 

Weak medium ... 

230 

150 

Weak medium . 

200 

204 

Weak medium . 

195 

135 

Weak. 

68 

169 

Weak. 

60 

136 

Weak. 

5 

11 

Very weak . 

43 

78 

Very weak . 

25 

38 

Very weak . 

21 

44 

Very weak . 

20 

36 


the intenoity estimations of any of the spots. No alterations in the estimated 
values were made after the calculated values were obtained. 

The values calculated for (2020) and (202l) were divided by 2 because these 
spots occurred in pairs on the film due to slight mis^setting of the crystal. The 
visual estimations were made on only one of each pair so that the number of 
co-operating planes was half that in the general expression. The values for 
(2137), (2353) and (2028) were divided by four (instead of by two) because 
their areas were about four times (instead of twice) the average of those on the 
zero line. These planes give rise to the last three spots on the second layer line. 

An examination of Table 11 shows that the agreement between observed 
values and those calculated (particularly for an ionic lattice) is very satis¬ 
factory. Theoretically the lowest calculated value in any group of spots having 
the same visual designation should be higher than the highest value calculated 
for the next group in a lower category visually. 

The only divergences from this rule for the ionic lattice are for (OlIS) and 
(2137). On the basis of calculated values, (0ll3) should be placed in the 
“ very strong ” group instead of “ strong,” and (2l57) should be “ very very 
weak ” instead of ” weak.” These discrepancies are not serious because it is 
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difficult to estimate grades of blackness close to the centre of the film [(0113)], 
and the estimation of relative areas becomes very uncertain at the end of the 
second layer line [(2l57)], 

For the atomic lattice the disagreement with the rule given above is rather 
more marked. On the basis of calculated values the following planes should 
be raised one group in the column of visual estimations : (03S0), (0258), (1450), 
(1256), (2028), (2350), while (0225), (13i5), and (1452) should be raised two. 
These anomalies are in addition to the two noted for the ionic lattice which 
are also present in the column of atomic values. 

The reason for the difference between the two sets of calculations is to be 
found in the fact that the F-curve for atomic oxygen (8 electrons), is higher 
than that for the oxygen ion (10 electrons) for large values of sin (1, although 
it is lower of course by 2.units for sin 0 equal to zero. 

Caution must be exercised in deciding between the atomic and ionic lattit;e 
because, although the agreement is somewhat better for the ionic, it must be 
remembered that two electrons from the hydrogen atoms in the atomic lattice 
have not been taken into consideration. 

It is to be noted, however, that ice has a very small coefficient of expansion 
(0*00016) and an enormous energy of dissociation, both of which properties 
indicate a lattice exceptionally resistant to thermal and electrical influence. 

Consequently the ionic type of lattice seems to be the more probable so far 
as the evidence goes. 

Finally, regardless of whether the lattice is considered to be of an ionic or 
atomic type, the agreement between observed and calculated intensities 
completely establishes the positions for the diffracting centres given above. 

The Complete Having now determined the positions of the 

diffracting centres it becomes of interest to consider all possible arrangements of 
HjO molecides about these centres in an attempt to find that which is most 
probable. 

It has been shown above that the space group for ice is either or 
in the first of which the molecules must possess a three-fold axis of symmetry 
perpendicular to the (0001) plane, and in the second the molecules must in 
addition be given three symmetry planes parallel to (ll20) intersecting in the 
triad axis. 

Considering each molecule of HgO by itself there is only one general arrange¬ 
ment compatible with a triad axis in the moicciile. The symmetry must be 
possessed by the oxygen atom (or ion) and the hydrogens must be placed on 
the three-fold symmetry axis. Six special cases satisfying these conditions are 
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conceivable ; three in which the oxygen and hydrogen exist as atoms and three 
as ions. 

The atomic arrangements, in addition to the evidence already quoted against 
them, are improbable with the dimensions found for the unit cell. Three cases 
can be considered. In one the hydrogen atoms are placed one above and one 
below the oxygen atoms. In the other two both hydrogens are placed above 
(or below) the oxygen atom. In the first case the unit cell w^ould have to 
contain two hydrogen atoms on the axis through the points (J, and 

(J, §, and between these centres. Taking the diameter of the oxygen atom 
as about 1 •20 A. the distance available is about 1*58 A. Now the radius of 
the (1, 1) orbit of the hydrogen atom is of the order of 0 -54 A,* so that a 
distance of about 2‘16 A. is necessary for this arrangement. 

The other two cases require four hydrogen atoms to be placed betw'oen the 
oxygen atoms at (J, f, and (^, f, in one, and between the oxygen atoms 

(h (f) h 1^) other. Following the same line of argument 

as before, the distance required in each case is 4*32 A. and those available are 
respectively 1-58 A, and 3*43 A. 

Three arrangements similar to those considered above are conceivable in an 
ionic lattice. In these cases, however, the space required by the hydrogen 
ions will be very much less, so that all three arrangements can bo considered 
as possible. They are represented at A, B and C in fig. 8. The oxygon ions 
are represented by pyramids on equilateral bases in order to emphasise the 
three-fold symmetry and to distinguish between molecules pointing up and 
down in the cell. In A the protons are placed on opposite sides of the oxygen 
ions, while B and C represent the two possible ways of placing them on the 
same side of the oxygen ions. The dotted ellipses localise the individual HgO 
units. 

An inspection of these three diagrams shows that not one of them is very 
probable. As already indicated the most likely arrangement of the hydrogens 
and oxygens in ice will be that which is the most symmetrical and electrically 
balanced. From the point of view of electrostatic forces alone the HgO units 
shown at A, B and C in fig. 8 are not in equilibrium with one another. 

There remains one other way of considering the relative arrangement of 
hydrogen and oxygen atoms (or ions). It is shown at D in fig. 8, and is reached 
by considering the symmetry of each oxygen atom in relation to those by 
which it is surroimded. 

An examination of the structure arising from the placement of oxygen 
* Andrade, “ The Structure of the Atom,'* p. 194 (1927). 
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atoms at the equivalent points proposed for ice shows that each is sturounded 
by four others situated at the points of a regular tetrahedron around the first 




as centre. A three-fold axis of symmetry perpendicular to the (0001) jdane 
thus passes through each oxygen atom. Now if hydrogens are placed sym¬ 
metrically between the oxygen atoms, one of the former between each pair of 
the latter, this symmetry can still be maintained. I^ere will also be twice 
as many hydrogens as oxygens in the structure, which, of course, is a necessary 
condition. 

At D in fig. 8 two cases are considered in which the positions of the hydrogens 
ore indicated by black and white spheres respectively. The hydrogen placed 
on the triad axis through the oxygen atom must be common to each arrange¬ 
ment in order not to upset the three-fold symmetry. The three blaok spheres 
represent the positions of hydrogens on the lines joining the oxygen centres. 
This arrangement introduces three symmetry planes parallel to (ll20) inter¬ 
secting in the triad axis. This is the molecular symmetry required by space 
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group Dth- If the hydrogens are displaced to the positions occupied by the 
white spheres these planes of symmetry are lost, but the arrangement still has 
a throe-fold axis of symmetry perpendicular to the (0001) plane. This is the 
molecular s)munetry reqhired by space group 
There is sufficient space in both of these structures for either an ionic or 
atomic arrangement. In neither case is there any reason for moving the 
hydrogens oS the lines joining the oxygen centres. This latter is obviously 
the more symmetrical and probable arrangement. The arguments in favour 
of an ionic structure have already been given. 

From this it follows that ice belongs to one of the space groups or ; 
that Da** is the more probable with'one hydrogen placed on the line joining 
each pair of oxygen centres and half-way between them ; and that the structure 
probably is ionic in nature. 

The complete structure is shown in 6g, 9. Eight unit cells are represented, 



Fio. 9. 


the boundarieB of one being indicated by A, C, D, E, F, G, H, and its four 
molecules by 1* 2, 3, 4. The oxygen ions are represented by the tetrahedra, 
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while the protons are placed at the centres of the spheres, Tetrahedra are 
employed to emphasise the molecular symmetry required by space group 
and the difference between molecules pointing up and those pointing down in 
the cell. The dimensions of the tetrahedra are not to scale. If the oxygen 
ions arc given a diameter of 2*64 A, a drawing of the structure of ice is too 
confusing and a three-dimensional model is necessary to show the structure. 

IV. Part JI--Powder Photographs of Ice at Temperatwres between 0*^ C. and 

-183^ C. 

Apparatus .—The powder camera employed for these measurements is shown 
in fig. 10, Briefly the method used was Os follows. Methylated spirits from a 
constant temperature bath were allowed to flow continuously through a thin- 
walled copper tube passing through the centre of the camera. A very imiform 
layer of frost grew on the outside of this tube. The frost layer was kept at a 
uniform thickness of about 1 *5 mm. by means of a sharp edge. The tube was 
rotated continuously during exposure and, by previous adjustment, the frost 
on one side of the tube coincided with the axis of the camera. Powder lines 
were thus obtained on one half of the circular film. The camera was then 
moved to a second, previously determined and fixed, position in which the 
other side of the frost covered tube was in the X-ray beam. The powder lines 
were thus obtained on the other half of the film. 

For temperatures between 0*^0. and —78-5^0 the constant temperature 
reservoir consisted of a transparent Dewar flask constructed with a glass spiral 
tube connecting the inner with the outer wall in such a way as to allow the liquid 
to pass out of the bottom of the flask. A nozzle making a loose fit in the top 
of the copper tube connected the reservoir with the powder spectrograph. The 
temperature in the reservoir was kept constant to 2® or 3® C. by regulating the 
flow into it of two streams of methylated spirits, one at room temperature and 
the other after passing through a mush of solid carbon dioxide and methylated 
spirits. 

A temperature of about —78®C. was obtained by passing methylated 
spirits through the tube in the camera directly after passing through a worm 
packed in solid carbon dioxide and methylated spirits. 

Because of the increasing uncertainty about the temperature of the frost 
sample with decreasing temperature, the photograph at liquid air temperature 
(—183® C.) was taken kindly by Dr. Mtiller in a special camera of his own. 
Distilled water in a small glass capillary was frozen by immersion in liquid air. 
The tube was rotated continuously during exposure to X-rays and wm kept 
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at tie desired teinj)eratiire bj allowing a constant drip of liquid air to fall 
on it. 

All the photographs were taken with a copper anticathode in the X-ray tube. 
The line was removed from the radiation by a filter of nickel foil. 

ifesufos.—Photographs were taken with the sample at about — 9® C., 
— 13° C., 78° C., and — 183° C. The one at liquid air temperature is shown 

in fig. 11 (Plate 12), The others are identical with it and the structure is the 
same as that found in the single crystal study at — 20° C. described in IV. 
Part I above. 

The spacings giving rise to the lines on the photograph at — 183° C. were 
calculated and compared with those for a cell of dimensions : == 4-466 A., 

Cq — 7-293 A. (c : a = 1-633). The agreement for those planes involving a 
measurement of about 3 cms. on the film is better than 1 per cent., while for 
those involving measurements of more than 0 cms. the agreement is to within 
2 or 3 parts in 1,000, The reason for selecting these cell dimensions will be 
brought out in the Discussion later. 

V. Discussion. 

A check on the dimensions found for the \mit cell of ice in the single crystal 
studies described in Section IV, Part I, is afforded by calculating ideal values 
at various temperatures. This was done by assuming four molecules per cell 
and taking the density of ice at 0° C. as 0-9168 and the coefficient of cubical 
expansion as 0 - 00016. The value for the ratio c : a (1 * 633) was assumed to be 
correct. The largest source of error in the measurements is the radius of the 
circular camera. But an error in this factor would introduce an error of the 
same relative magnitude into the values of both and so that the c : a ratio 
is not affected by the accuracy with which the radius is known. 

Values for the cell dimensions calculated on this basis are shown in Table III. 


Table III. 


Temperatuiti (“ C.). 

o. (L), 

Ca (^0* 


0 

4‘61 

7*36 



4-50 

7*355 


^-183 

4*406 

7*293 


The values at — 20° C. (Uq = 4-50; — 7-366) agree with those found 

from the single crystal rotation photographs (ao==4-53a; C0=s7*41) to 
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better than 1 per cent. This is about the accuraciy with which the camera 
radius was determined. 

That these ideal values are very near the truth is shown by the very good 
agreement obtained between spacings observed for tlie lines on the powch*r 
photograph at 183” C. and those calculated with the dimensions of the unit 
cell at this temperature given in Table III. (See Section IV, Part IT.) This 
indicates that the discrepancy between the values found at — 20"' and those 
of Table HI at this temperature is to be found in the value for the camera 
radius. Confirmation is obtained from the fact that although the powder 
photographs at - 9, — 13, and — 78“ C. and at — 183“ (\ wen^ taken on two 
different spectrographs, values of 20 show very good agreement, whereas both 
sets are from 1 to 2 j)er cent, higher than those calculated for the corresponding 
spots on the single crystal rotation photographs. 

Because of the danger of inadvertently employing twinm^d crystals a few 
remarks about the ice specimens should be made. An examination of tht^ 
individual prisms from whifdi the rotation photographs were obtained showed 
that, in large specimens containing small ellipsoidal cavities in tlieir interior, 
the general shape and orientation of tlu^se cavities was always the same for any 
one specimen Examination of individual prisms in polarised light showetl no 
evidence of the presence of more than one crystal. 

That the samples of natural ice used for the Lauc photographs were single 
crystallographic units is showm by th(' fact that rotation photographs about the 
a axis, obtained with the same specimens from which the Lane pictures wer^ 
obtained, are identical wdth those furnished by the prisms of commercial ice. 
This evidence is borne out by the fact that the symmetry of the Lane photo¬ 
graphs is the same, as that found by Rinne. 

The series of pow^der photographs at various temperatures described in 
(Section IV, Part II, shows that the structure of ice does not change botwecjr 
0“ C. and — 183“C. Consequently although the Lane photograplis were 
taken of specimens at — 78-5“ C. the symmetry is the same as that at — 20“ C., 
the temperature at which the rotation photograplus were made. 

The structure for ice proposed in this paper is practically identical with those 
of Dennison and Sir William Bragg. If the corner of the latter’s unit cell Tie 
moved from the point (0, 0, 0) in his complete structure to the point (f, 
the resulting cell is the same as that found in the present investigation, 

Rinne’s deduction of the symmetry as dihexagonal pyramidal depends on 
Nordenskiold’s crystallographic data, which are meagre and uncertain. The 
structure proposed by Gross is based probably on insufficient data, and that 

VOI*. exxv.—A* 3 B 



692 


W, H. Barnes. 


due to Aminofl is dependent on that of Gross. It is more difficult to reconcile 
the dimensions of St. John with those found in the present work. The experi¬ 
mental work of St. John was carried out with great care, and since the publica¬ 
tion of Dennison’s values, he has remeasured his plates and found no reason 
for altering the dimensions given in his paper. The powder photographs 
described in the present paper were undertaken with a view to testing the 
structure at about — 15° C. (St. John) and — 183° C. (Dennison) because of 
the possibility that the two investigators worked with different modifications 
of ice. Although no change in stnjcture has been found between 0° C. and 
— 183° C. the mass of conflicting crystallographic data in the literature on ice 
makes it possible that different modifications may exist under slightly different 
conditions. Otherwise no explanation can be offered for the dimensions found 
by St. John. 

Since the divalent oxygen ion has the same number of electrons as neon, 
their electronic configurations probably are similar. The structure of neon 
is given schematically by Main Smith as (2,224). It is possible that the 
tetrahedral nature of the symmetry exhibited by the oxygen ions in the 
structure for ice proposed in this paper is due to the arrangement of the four 
(2, 2) orbits about the nucleus. 
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VII. Sumwry. 

1. An investigation of the structure of ice by means of X-rays and single 
crystals is described. 

2. Brief literature surve)^ of data on the crystal structure and crystallography 
of ioe are included. 

3. The types of apparatus, and crystals employed, are indicated. 

4. The interpretation of Laue photographs, single crystal rotation photo¬ 
graphs about the principal crystallographic axes, and oscillation photographs, 
is carried out. 

5. The spac/C group is found to be (dihexagonal bip)rramidal) or 
(ditrigonal bipyramidal) with the probability in favour of the former. 

6. The dimensions of the unit cell are found to be Up 4 * 535 A., Cp — 7 • 41 A., 
c : a 1 • 634. 

7. The number of molecules per unit cell is four. 

8. The geometrical structure factor for two sets of possible equivalent points 
is given, and one set is shown to be incompatible with observed halvings. 

9. The equivalent points for the diffracting centres in the unit cell are found 

to be I, ; J, his y A* 5 h i—A** 

10. Intensity calculations for the proposed structure are shown to agree with 
visually estimated intensities, 

11. The placing of the hydrogen atoms is discussed. 

12. Arguments in favour of an ionic lattice are put forward. 

13. A complete structure for ice is proposed. 

14. The accuracy of the cell dimensions is indicated. 

15. A series of powder photographs are shown to prove that no change in the 
structure of ice takes place between 0° C. and — 183® C. 


3 B 2 
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The Behaviour of Electrolytes in Mixed Solvents. Part L —The 
Free Energies and Heat Contents of Hydrogen Chloride in 
Water—Ethyl Alcohol Solutions. 

By J. A. V. Butler, D.Sc., and C. M. Robertson, PIi.I)., University of 

Edinburgh* 

(Communicated by J, Kendall, F.ll.S.—Received July 2, 1929*) 
Introduction. 

Previous studios on the effect of a change of medium on the properties of 
dissolved electrolytes have aimed at correlating the behaviour of the electrolyte 
with the mean physical properties, e.y., dielectric constants, of the mediiun. 
Wliilo this approach may be justified in the case of solvents containing molecules 
of only one kind, it is not sufficient to regard a mixed solvent as a uniform 
medium affecting the dissolved ions solely through the effect of its dielectric 
constant on the electric forces between them. For the electric fields of ions 
exert a differential attraction on molecules possessing different degrees of 
polarisability and since the more polarisable molecules must tend to congregate 
round the ions, the properties of the latter cannot depend solely on the mean 
properties of the medium. Studies on the behaviour of ions in such cases will 
throw light on the interaction between ions and solvent molecules. 

The present paper gives the results of measurements of the free energies and 
heat contents of hydrogen chloride in water-alcohol solutions, obtained by 
determining the electromotive forces of cells of the type 

Hg [g) \ HCI {m), AgCl (s) Ag 
1 water-alcohol 

The free energy change in the cell reaction : 

1^2 ig) + AgC! (s) HCI (m) + Ag 

is given by 

AF - EF - 23,074 E calories, (1) 

where E is the electromotive force, and F the electrochemical equivalent. 
Knowing the temperature coefficient of E, the heat content change in the 
reaction can be found by the use of the Gibbs-Helmholtz equation : 

AH EF + FT (dEidT). (2) 

The electromotive forces of this cell were therefore determined at 15°, 26° 
and 35°, using a series of solvents containing 25, 50, 76, 96 and 100 mole, per 
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cent, alcohol, and in each solvent a series of hydrogen chloride concentrations 
up to m = 1.* 

The free energy of transfer of hydrogen chloride from a solution (1) to a 
solution (2) is given by 

AFo)^{.)--(E.-E,)F. (3) 

We can thus obtain the free energies of transfer of hydrogen chloride— 

(1) in a given solvent from one concentration to another, 

(2) at a given concentration from one solvent to another, 

and, making use of the temperature coefficients, the corresponding changes in 
heat content. 

In ideal completely dissociated solutions the free energy of transfer of a 
moh of a binary electrolyte from a concentration to a concentration in 
a given solvent is given by 

(Eg — E,) F == 2RT log 

In actual solutions these free energy changes are expressed in terms of the 
activities as determined by the equation: 

= — (Eg — Ej) F 2RT log (4) 

the values being defined by the condition that in the limit, at very 

small concentrations. 

If Eq is the value of E, when = 1 (t.e., in a solution of unit activity) we 


have 


Eq “ Eq "f- 2RT/F log o-Q, 

(•">) 

and if we define Eq' by 


Eo' = Eq + 2RT/F logwj, 



it is evident that E^' becomes equal to Eq when z.e., at very small 

concentrations. 

The value of Eq is thus obtained by det(*rmiiung from the experimental data 
the values of Eq and extrapolating to zero concentration. The manner in 
which the extrapolation was carried out is described at a later stage. 

The mean activity coefficients are defined by the equation ™ Y 2 W 2 , so 
that by (5): 

2BT/F. log Eq ^ (Eg f 2RT/F. log m.,) 
or 

)ogy, = F(E„~E„')/2RT. (7) 

• In this paper m u the uumbor of gram-molecules of hydrogen chloride in 1000 grams of 
the solvent. 
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Experimental. 

1. Preparation of Materials and Electrodes, 

v4Zco/»oL™Commercial absolute alcobol was allowed to stand for a week over 
freshly burnt quicklime in 4ditre flasks, which were shaken every day.* The 
alcohol was then refluxed on a water bath for 8 hours and then slowly fraction¬ 
ated, the middle portion being collected separately. The corks used were 
covered with tin foil to protect them from alcohol vapour. The distillate was 
protected from water vapour by calcium chloride tubes and was stored in amber- 
coloured winchesters. 

The product had a density 0*78496, and refractive index = 

1*36146. 

Hydrogen Chloride and ^Concentrated “ A.R.’’ hydrochloric 

acid was diluted with distilled water to specific gravity 1 * 10 and distilled from 
a Pyrex flask having a ground glass stopper. The side tube was plugged into 
a condenser with glass wool, no corks being used, and the constant boiling acid 
was collected in a resistance glass bottle. The composition of the distillate, 
determined by precipitation as silver chloride, was within 0*1 per cent, of that 
given by Hulett and Bonner.f 

The weaker alcoholic solutions were prepared by diluting the weighed amount 
of the constant boiling acid with the calculated amounts of water and alcohol. 
The more concentrated solutions were prepared by passing dry hydrogen 
chloride gas into the solvent. 

Hydrogen chloride was prepared by the action of pure concentrated sulphuric 
acid on pure dry sodium chloride. The gas was passed through a wash-bottle 
containing concentrated sulphuric acid, then through a tube a metre long 
containing phosphorus pentoxide and finally through a tube tightly packed 
mth glass wool to remove any particles of phosphorus peutoxide which might 
possibly have been carried over. The gas was passed into the solvent which 
was kept cold in an ice bath to retard esterification and protected from atmo- 
pherio moisture by calcium chloride tubes. 

Since, as Kailan:[: has shown, this solution is not stable, owing to the slow 
formation of ethyl chloride and water, alcoholic solutions were used immediately 
after preparation and a fresh solution prepared for each experiment. 

Hydrogen ,—Hydrogen was prepared from pure AsT zinc and hydro- 

♦ Danner, ‘ J. Amer, Cbem. Soc.,’ vol. 44, p. 2882 (1022). 
t * J. Amer. Chem. Soc.,* vol 31, p. 390 (1909), 
i ‘ Monatsohr.,' vol. 28, p. 569 (1907). 
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i^hloric acid (1 : 3) in a generator of the type designed by T. W, Richards** 
The gas was passed through threii towers, each 60 cins. high, containing glass 
pearls moistened with a saturated solution of sodium hydroxide, and finally 
through a tube containing phosphorus pentoxide before being admitted into 
the bubbler. 

Silver-silver Chloride Ehctrodes .—Silver chloride electrodes prepared by the 
method of Mclnncs and Parkerf were found to give values lower than the 
accepted values in aqueous solutions by about a millivolt, and different batches 
prepared at different times gave discordant values, differing at the most by 
1 millivolt. Accordingly the method of LewisJ and Noyes and Elli8§ was 
adopted. 

The platinum gauze electrodes (5 X 15 mms.) were plated with silver in a 
silver (cyanide solution (1 gram AgNOg, 2 grams KCN and 100 c.c. water) for 
4 hours, using a current of 6 milliamperes per electrode. They were then washed 
and allowed to stand in water overnight, after which they were coated with a 
stiff paste of precipitated and washed silver hydroxide and dried in an oven at 
150°. The coated electrodes were then heated in an (?]ectric oven for 6 hours 
at 460°, whereby the brown silver oxide was converted into shining white, 
finely divided metallic silver. Silver chloride was deposited on this by electro¬ 
lysing in 0 • 1 m hydrochloric acid for 5 horn’s, using 4 milliamperes per electrode. 
Electrodes prepared in this way showed agreement within O’l millivolts, 
and remained constant for several days at least. In one case a bat^h of elec¬ 
trodes remained constaiit for 2 months. 

While this investigation was in progress Randall and YoungH published an 
exhaustive research on the reproducibility of silver-silver chloride electrodes, 
in which they state conclusions which agree with our own experience, namely, 
that the Mclnnes type of electrode is uundiable, while the Noyes type can be 
readily reproduced. 

Hydrogen Electrodes.- -These consisted of platinum foil (6 X 16 mms.), 
cleaned by immersion in boiling concentrated hydrocliloric acid. Platinum 
black was deposited by electrolysing in a solution of pure chloroplatinic acid 
containing 1 - 3 per cent, platinum, using an auxiliary platinum electrode as 
anode. The electrodes were rotated for 1 minute, dtiring which a thin deposit 

♦ * Carnegie Inst, Publ./ no. 50, p. 19 (1900). 
t ‘ J. Amer. Ohem. Soc.> vol 37, p. 1445 (1915). 
t ‘ J. Amer. Ohem. Soc.,’ vol. 28, p. 160 (1900), 

§ * J. Amer. Chem, Soc.,’ vol. 39, p. 2532 (1917). 

II ‘ J. Amer. Chem. Soo.,’ vol. 50, p. 989 (1928). 
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was formed, just sufficient to hide the glint of platinum underneath. They 
were then washed with water and made thc^ cathode for 2 minutes in 0 • 1 m 
hydrochloric acid. After washing thoroughly with water they were transferred 
to a corked test-tube containing the same solution as that in which they were 
to be used. Electrodes prepared in this way could be reproduced without 
any trouble. 

2. Apparatus and Procedure. 

The hydrogen saturator and experimental cell employed are shown in fig. 1. 
The saturator, S, consisted of a straight tube about 35 cms. long, slightly in¬ 
clined, containing a solution of the same composition as that in the cell. Its 



Fig. 1. —Electrode Vessel and Saturator. 


capacity was about 140 c.c. and the change in composition caused by the 
j)assage of hydrogen in an exptuiment was negligible. The experimental cell 
consisted of two tubes, A and B, containing the hydrogen electrodes and the 
silver chloride electrodes respectively, connected by a wide tube C. The 
hydrogen entered at H. The object of this design was to prevent the diffusion 
of hydrogen into the vicinity of the silver chloride electrodes, since it was 
found tliat, in the more concentrated solutions, it w^as impossible to obtain 
steady electromotive forces when this was allowed to take place. 

In setting up a cell, freshly prepared electrodes were washed three times in 
stoppered test-tubes with the solution to be used, allowing them to stand in 
the solution for half-an-hour each time. The cell and saturator were then 
filled with the solution as quickly as possible, and the electrodes transferred 
to the cell and fixed in position by short lengths of rubber tubing. The cell 
was plaiJud in the thermostat at 15'^ and a vigorous stream of hydrogen passed 
for 30 minutes. The stream was then reduced to a few bubbles per minute 
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and left on over-night. In the morning the flovr of hydrogen was readjusted 
and measurements taken every 30 minutes until they remained constant to 
about 0*00005 volts for an hour. The temperature was then raised to 25° 
and measurements continued. When the electromotive force had remained 
constant for an hour the temperature was raised to 35° and the procedure 
repeated. 

The electromotive forces were measured by means of a Tinsley Vernier 
potentiomete reading directly to 0*01 millivolt. The standard Weston 
cfdl used for calibrating the instrument was also made by Tinsley and had been 
recently standardised by the National Physical Laboratory. Precautions 
were taken to avoid thermoelectric effects and also to avoid stray currents 
from the thermostat heating circuits by earthing the thermostat. 

The thermostat was electrically heated and controlled, and the tempera¬ 
tures remained constant to rb 0’01°. 


3. lixjKti'inmdal Data, 

The following table gives the actual electromotive forces determined in one 
experiment. The silver electrode forms the positive pole of the cell. 

Table I. 

Lell 

Hjj j 0-30mHCl (s) Ag 

1 in 50 mol, per cent, alcohol 

Barometer, 700*5 mms. E.M.F.’s in volts. 



Time from 
first reading. 


Klectrodes. 


Temperature. 

1-3. 

1 ^4. 

2 3. 

2-4. 

w 

hours. 

0 

0-26106 

0-26101 

0-20092 

0-28090 


i 

0-20129 

0-26127 

0-20121 

0-20118 


1 

0-26136 

0-20134 

0-20129 

0-20)27 


H 

0-26146 

0-26143 

0-20137 

0-20135 


2 

0-26146 

0-20145 

0-20137 

0-26136 



0-26144 

0-20142 

0-20130 

0-20134 

26' 

3 

0-26364 

0-26382 

0-26378 

0*25374 


H 

0-25406 

0-25404 

0-26404 

0-25402 


4 

0-26411 

0-26400 

0-26406 

0-26404 


4i 

0-26411 

0-26407 

0-25407 

0*26404 


6 

0-25417 

0-25413 

0-26413 

0*25408 


H 

0-26418 

0-25414 

0-26410 

0*25400 

36* 

0 

0-24666 

0-24600 

0-24660 

0*24660 


6i 

0-24666 

0-24608 

0-24666 

0-24661 


7 

0-24671 

0-24500 

0-24677 

0*24673 



0-24674 

0-24574 

0-24670 

0*24668 
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The mean of the final measurements at each temperature were taken and 
corrected to a standard hydrogen pressure of 760 mm. hy means of the equation 


AE 


BT 

‘2F 


log 


m 

F ' 


where P' rrr P p\ p being the mean atmospheric pressure during the course 
of the experiment and p' the total vapour pressure of the solution. The follow¬ 
ing vapour pressures of water-alcohol mixtures, obtained by graphic inter¬ 
polation from the data in the Landolt-Burnstein Tabellen, were employed in 
making this correction. 


Table II.—Vapour Pressures of Alcohol-water Mixtures in mms. Hg. 


Molfi. per cent, 
alcohol. 

0. 

25. 

i 

50. 

75. 

.■■■■■! 

95. 

100. 

16^ 

12'8 

26-2 

28*2 

32 0 

34-2 

34-5 

25® 

23-7 

48 0 

51-3 

57-6 

59*8 

60-2 

36® 

1 420 

[ 

86*7 

91-2 

99*3 

101‘7 i 

104*2 

1 


Two series of measurements were obtained with O-Ol ni and 0*1 m solutions 
in the whole series of solvents. In water-alcohol solutions the differences were 
within 0*4 millivolts but in absolute alcohol agreement was not so good, the 
two cells differed 0*6 millivolts in 0*1 ni and 1*0 millivolt in 0*01 m 
solutions. In these cases the mean of the two final figures are given. The 
corrected final values of the electromotive forces in the whole series are 
given in Table III. 

Measurements of this cell have been made by Harnod and hTeysher* at 
26° for the two concentrations 0*01 and 0*lw in solvents containing 0, 25, 
50, 75 and 100 mols. per cent, alcohol, also in the 50 mols. per cent, alcohol 
from 0*001 to 2*5 m and in absolute alcohol from 0*001 to 3*62 m. Our 
determinations are in good agreement with Harried and Pleyshor*s in water- 
alcohol solutions but differ considerably from their measurements in absolute 
alcohol. While their results agree with ours in this solvent at 1*0 m, they 
are higher by 8 millivolts at 0*1 m and 17 millivolts at 0*01 m. Since the 
presence of water raises the electromotive force in dilute solutions, it is probable 
that their absolute alcohol was not sufficiently dry. 


♦ ‘ J. Amer, Ohem. Boo,,* vol 47, p. 82 (1925), 




Behaviour of ElectrolyUt$ in Mixed Solvents. 


701 


Table III.—^Electromotive forces in volts of the cell Hg 


HO. Aga 
m, 


Ag. 


m. 

15^ 

25^ 

35’. 

(i!R/(fr X lO‘at.25'’. 



25 mols. per cent, alcohol. 


001 

0-4358 

0-4361 

0-4356 

-1 

0-025 

O’3936 

0*3927 

O'3910 

--126 

006 

0-3627 

0-3006 

0-3683 

--220 

oa 

0-3300 

0-3281 

0-3246 

-.-300 

0-15 

0-3186 

0-3106 

O’3065 

-350 

0-3 

0-2818 

0-2778 

0-2730 

-440 

00 

0-2479 

0-2431 

0-2375 

-520 

1-0 

0-2196 

0-2141 

0-2080 

-576 


60 mols. per c 

ent. alcohol. 


001 

0-4065 

0-4033 

0-3991 

- 370 

0-06 

0-3380 

0-3331 

0-3268 

-590 

0-1 

0-3091 

0-3034 

0-2967 

-620 

0-3 

0-2619 

0-2650 

0-2473 

-730 

0-0 

0-2285 

O’2209 

0-2128 

-785 

1-0 

0-2006 

O’1926 

0-1841 

825 


75 mols. per c 

ent. alcohol. 


0-01 

0-3627 

0-3563 

0-3489 

-690 

0-05 

0-2983 

0-2902 

0-2816 

• 835 

0-1 

0-2704 

0-2622 

0-2631 

-865 

0-3 

0-2248 

0-2156 

0-2060 

-940 

0-6 

O'1021 

0-1825 

0-1724 

-985 

1-0 

O’1624 

0-1524 

0-1422 

-1010 


95 mols. per cent, alcohol. 


001 

0-2835 

0*2762 

0-2660 

-875 

006 

0-2212 

0*2119 

0-2020 

-960 

0-1 " 

O'1032 

0-1839 

0-1739 

-965 

0-3 

0-1468 

(>•1374 

0-1278 

-960 

0-6 

0-1098 

0-1013 

0-0924 

-870 

1-0 

0-0763 

0*0691 

0-(t617 

-730 


100 mols, per cent, alcohol. 


0-01 

O'1082 

■ 0-1938 

0-1888 

-470 

0-025 

0-1672 

0-1621 

0‘15<46 

-630 

0-05 

O'1445 

0-1390 

0-1331 

-670 

0-1 

0-1197 

0-1144 

0-1087 

-550 

0-3 

0*0869 

O’0806 

0-0749 

-560 

0-6 

0*0046 

0 0591 

0 0534 

i -560 

1-0 

O'0465 

0-0405 

0-0344 

1 -606 


While this investigation was in progress Woolcook and Hartley* measured 
the same cell at 25° from 0*0003 w to 1*2 m in absolute alcohol only. Their 
results were also lower than Harned and Pleysher’s and they concluded that 

* ‘ Phil. Mag.,’ vol. 6, p. im (1928). 
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tiie alcohol used by the latter contained traces of moisture. Our results agree 
with Woolcock and Hartley's at 0*01 m and 1*0 w but between these limits 
are about 3 millivolts higher. 


Calculation of Derived Quantities, 

1. Values of Eq.—A ccording to (6) Eq is the value of Eq' when “ 0. 
Jvewis and Randall* recommend plotting Eq' against ^/m and extrapolating 
graphically to zero concentration. In order to make use of this method it is 
desirable to have electromotive forces at low values of m, and these values are 
necessarily much more subject to experimental error than those at higher 
^concentrations. Since the difficulty of working with low concentrations is 
greater in alcoholic than in aqueous solutions, we have adopted a method, 
which is a development of that recently given by D. L Hitchcock,t which 
enables the extrapolation from higher concentrations to be performed with more 
confidence. From (7) we have 

Eo'-Ko-”logY. 


where y is the activity coefficient corresponding to E^'. Now it is generally 
recognised that the variation of log y with the concentration can be approxi¬ 
mately represented by an equation containing two terms, one proportional 
to Vm, the other to m. Thus if 


we may put 


log y = a Vm + 

Ef ky/m — Bm + Eq, 


( 8 ) 


where 


A 


2RT 


a and B 


^2RT 

F 


With aqueous solutions Hitchcock employed a second derived quantity 

Eq"===Eo'-A Vm, 

making use of the theoretical value of A, as given by the Debye^Hiickel theory. 
If equation (8) holds, Eq" should vary practically linearly with m, and the 
extrapolation to zero concentration is easily performed. With alcoholic 
solutions we are first faced with the difficulty that no theoretical values of A 
are available. We accordingly made use of our data to obtain the most plausible 
values of the constants A and B, by the solution of simultaneous equations of 

* ‘ Themiodynamios,” p. 334 (1923)* 
t ‘ J. Amer. Chein, Soc.,* vol SO, p, 3073 (1039). 
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tJae type (8) in which the experimental values of at the dilierent values 
of m were inserted. In order to obtain the most plausible values, making use 
of all our measurements, Legendre*s method of least squares was employed.*^ 
While equation (8), with the constants so obtained, was capable of 
reproducing the values of Eo' within the experimental error, in solutions 
containing more than 50 mols. per cent, of water, in the more alcoliolic 
solutions there were considerable deviations and it became evident that 
a simple equation of the type (8) was incapable of giving the course of the 
curve with sufficient precision. Accordingly the values of — A 

obtained by making use of the most plausible values ” of A, were plotted 
against m and the nearly linear curve obtained was directly extrapolated to 
m ™ 0 (fig. 2). 



Flo. 2.—Extrapolation of at 25"-* to infinite Dilution. 

(Vertical Scale, i division =s 0*005 volt.) 

In pure alcohol this procedure was also inadequate, since the curve for 
deviates widely from linearity at small concentrations. We were therefore 
forced to make a direct extrapolation of E,,' in this case. Our values of E„' 
at 25® can be directly extrapolated to the value which Hartley and Woolcock 
(ibc. cU.) obtained, and since they obtained a much greater number of readings 

• Whittaker and Eobinson, “The Calculus of Observations,” p, 209 (1924). 
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at low concentrations we have adopted their figure and determined tibie values 
of 15° and 36° in the same way. 

Tables IV and V give the most plausible values of A and B, and the final 
values of Eq for the different solvents. 


Table IV.—^Most Plausible Valties of A and B. 


Mob. per oent. 
alcohol. 

16^ 

1 

26’. 

30^ 

A. ! 

B. ' 

A. 

B. 

A. 

B. 

i 

26 i 

0«0006 

0 0431 

0 0658 

0 0468 

0*0702 

0*0478 

50 

01086 1 


01164 

0*0816 

0*1240 

0*0851 

75 

0*1426 


0*1606 

01064 

0*1647 

0*1145 

95 

0*1610 

omi 

0 1686 

0*1262 

0*1882 

0*1808 

100 

0*2062 

01178 

0*2163 

0*1171 

0*2391 

0*1316 


Table V.—Values of E® and dEo/dT. 


Moli. per oent. 
afoohoL 

16°. 

26°. 

35°. 


0 ! 

0*2286 

0-2220 

0*2168 

640 

25 ! 

0*2012 

0*1928 

0*1845 

885 

60 

0*1676 

0*1664 

0*4430 

1230 

76 

0*1196 

0*1063 

0*0883 

1570 

96 

0*0383 

i 0-0216 

0*0028 

1760 

100 

‘-0*0620 

j -0*0760 

-0*0912 

1460 


2. Free Energy, Heat Content and Entropy Changes. 

The free energy and heat content changes in the cell reaction are obtained 
by the use of equations (1) and (2). The entropy change in the reaction is 
given by 

AS == F . ^ (9) 

dT T ' ' 

Table VI gives the values of these quantities for the ideal solution of unit 
activity. Tables VII and VIII give the values at 26° of AF and AH in actual 
solutions. The free energy and heat content changes in the transfer of the 
electrolyte from one solution to another are easily obtained by subtracting 
the corresponding values. 

The free energy changes in the transfer of electrolyte from a given solvent to 
water in the ideal solution* APo® (*’•«•. corresponding to infinite dilution), are 
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Table VI.—^Free Energy, Heat Content and Entropy Changes in the Cell 
Reaction in Ideal Solutions. 


Mote, per cent, 
alcohol 



--dSo* 

15^ 

25“. 

35^ 

26^ 

26^ 

0 

6276 

5136 


9546 

14-77 

25 

4642 

4449 



19^27 

50 

3867 

3686 



28-38 

75 


2430 



36-23 

95 

864 

496 


12720 

41 07 

100 

-1431 

-^1763 

-2104 

8274 

33-69 


Table VII.—Free Energy Changes in the Cell Reaction (—AF) at 25®. 


j 

m. 

OompositloH of solvent (mols. percent, alcohol). 

0. 

25. 

1 

30. 

75. 

95. j 

100. 

0-01 

10708 

10063 

9307 

8221 

6350 

4472 

0-025 

— ' 

9061 


— 

— 

3740 

0-05 

8902 

8320 

7686 1 

6696 

4889 

3207 

01 

8127 

7671 

7001 

6030 

4243 

2640 

0-3 i 

6887 

6410 

5884 

4975 

3170 

I860 

0-6 


5609 

6007 

4211 

2337 

1364 

1-0 ! 

5376 

4940 

4444 

3516 

1594 

934 


Table VIII.—Heat Content Changes in the Cell Reaction (—AH) at 26°. 


VU 1 

! 

1 Composition of solvent (moJs, per txmt. alcoliol). 

1 0. 

1 1 

60. 

i 1 

75. 

95. 

1 

100. 

1 

0*01 

9490 

10070 

1 

11850 

12970 

12370 

7710 

0-025 

9440 

9920 

— 

— 

— 

— 

0-05 

9390 

9830 

11740 

12440 

11490 

7160 

0-1 

9310 

9640 

11270 

12000 

10880 

6420 

0-3 

9250 

9440 

10900 

11440 

9700 1 

5640 

0-6 

— 1 

9190 

10500 

10990 

8320 

5220 

10 

— 

8890 

. 

10120 

10460 

6620 1 

5100 
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Table IX.—Mean Activity Ooefficienta of HCl in Aqueous and Alcoholic 

Solutions at 25^^. 




CompoHition of solvent (molfl. per cent, alcohol.) 


tii. 

0, 

: 1 

25. j 

j 

50. : 

75. 

95. 

100. 

0-01 

0-910 

, 0-876 

0‘803 

0-756 

0*717 

0-624 

0-05 

0*836 

0-763 

0-630 

0-547 

0*492 

0-328 

01 

0-801 

0-719 

0*661 

0-472 

0-424 

0-242 

0 3 

0-763 

0-038 

0-480 

0-390 

0-350 

0-168 

0-6 

0-770 

0-626 

0-465 

; 0-371 

0-352 

0-120 

1-0 

0*817 

0-661 

0-486 

0*400 

0-397 

0-104 


given in fig. 3, The free energies of transfer from one concentration to another 
are best expressed in terms of the activity coefficients. The values of the 



Fio. 3.—Free Energy of Transfer from Aleoholio Hoiutions to Water in Ideal Solution at 25®. 

activity coefficients at 25®, as determined by (7) are given in fig. 4. The values 
for aqueous solutions are those selected by Scatchard after examining all the 
available data. We have not calculated the corresponding activity coefficients 
at 15® and 35®, but they can easily be obtained from the data given if 
required. 

Fig. 6 shows how the heat content change in the formation of hydrogen 
chloride in the cell varies with the composition of the solvent in tjhe ideal solutiQU 
and at a number of constant concentrations. The heat content changes in its 
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Fia. 4.—Activity Coeffidexite of HydrogefH Cbloride in Water-alcohol Solutions. (Com¬ 
position of Solvent in mols, per cent. Alcohol.) 



Fio. 5.—Variation of Heat Content Change of Cell Reaction (—AH) with Composition 

of Solvent. 

tarazufer from the ideal aolutiou (t.e., ioimite dilution) to the stated concentra¬ 
tions in each of the solvents are given in fig. fi.* 

* data given for aqueous solutionB are derived from the following papers: 26% 
SoKtohard, * J. Amer. Uhem. Soo,,’ voL 47, p. 041 (1925); 15° and 35°, Noyes and BlUs, 
ibid.. voL 39, p, 2682 (1917). 

VOL. COCXV.—A. 3 0 
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Pio. 6.—Heat Content Changea (AH) in Transfer of Hydrogen CWoridefrom Ideal Solution 
(infinite dilution) to Ccmoontration m. (Composition of Solvent in mole, per cent. 
Alcohol.) 

Discuasimu 

The free energies of hydrogen chloride in water-nlcohol mixtures are best 
disctifised under two headings: (1) the variation of the free enei^ in ideal 
-solutions (AFo) with the composition of the solvent; (2) the variation of the 
-activity coefficients with concentration in each solvent. 

The curve for AFq® which has been obtained (fig. 3) is similar in form to 
that derived by Scatchard* from the somewhat fragmentary measurements of 
Hamed and Fleysher (loc. cnY.) by means of an extrapolation based on theoretical 
values of A and on values of B interpolated from those required by the more 
complete measurements in 0, 50 and 100 per cent, alcohol. 

The free energy of transfer of ions from water to another solventf in ideal 
solution, regarded as the difference between the electrostatic work of charging 
spherical ions in the two media, is given by 

AP„®=S —^ (10> 

“ 2r\D ^ ' 

* * ,T. Amer. Chem. Soo.,' vol. 47, p. 2098 (1926). 
t Debye and Httckeb ‘ Phys. Z./ vol. 24, p. 805 (1923); Soatohard, ioc, 
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where r is the radius of an ion of charge e and Dq and D are the dielectric con* 
stants of water and the other solvent. The dashed line (fig. 3) represents the 
requirements of this equation assuming a constant ionic radius, determined 
by the values required to fit the two ends of the curve. It is evident that this 
simple equation is not adequate. 

The deviation might be ascribed to a number of effects, between which the 
experimental evidence is unable to distinguish. In the first place, the ionic 
radius may be variable, but since any reasonable variation of this factor could 
not account for more than a small part of the deviation, we must look for some 
other principal effect. While the expression 

2r D 

toay give the free energy of charging ions in a uniform medium of dielectric 
constant D, it is probably inadequate in a mixed solvent. Here, under the 
influence of the electric fields, the more polarisable molecules must tend to 
congregate round the ions'" and the work of charging will then correspond to 
a medium containing a greater proportion of these molecules than is present 
in the bulk of the solvent. It can be seen in fig. 3 that the free energies of 
transfer do correspond to the values calciilated for a greater water content. 

Scatchard (foe. dt.) has ascribed the form of the curve to the almost complete 
formation of the hydrated ion HjO’*'. In order to obtain the effect of this 
hydration on the free energy of transfer, he adds to the theoretical value AF °0 
given by ( 10 ), the term BT log a,, corresponding to the free energy change in 
the transfer of a molecules of water from water to the given solvent («« being 
the activity of water in this solvent). In this way he obtains reasonable 
agreement with the experimental curve, which he regards as evidence in favour 
of the formation of the monohydrate HgO^. This procedure does not seem 
to be justified, for we have to deal only with the transfer of HCl from one 
solvent to another, and the effect of hydration can only be equal to the difference 
between the free energies required to remove water from the two solvents if 
the firee energy change of the union of the hydrogen ion with a water molecule 
is independent of its surroundings. This may or may not be the case. 

A third possibility is that hydrogmi chloride may be incompletely dissociated 
even at small concentrations in alcoholic solutions so that part of the variation 
of fhe free energy on adding alcohol is due to the formation of undissociated 
moleoules. This possibility, which is in accordance with the conclusion drawn 

« Butler, ‘ J. Phyt. Chem.,’ vol 33, p. lOlS (1929). 


3 0 2 
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from their electromotive force measurementB at very low concentratione, in 
pure alcohol, by Woolcock and Hartley (foe. cit.) is also sr^ported by our 
measmemeuts of the heat contents discussed below. It is impossible on the 
present evidence to distinguish the magnitude of these various effects. 

The variation with concentration of the activity coefficients in the vwiona 
solutions, although not precisely represented by the constant A and B (Table 
IV), is nevertheless approximately defined by these constants, which may be 
taken to indicate, to a first approximation, the effect of change of solvent on the 
form of the curve. According to the theory of Debye and Htickel* the 
constant A, which expresses the electric interaction between the ions, should 
vary as 

Fig. 7 shows that this proportionabty does approximately hold. It is to be 



i-emembered that the constant for each curve is obtained empirically from tite 
experimental data without reference to any theory, and without the use of the 
extrapolated value of Eg. The constant B of the formula which corresponds 
to the coefficient of the linear tenn of the Debye-Hfiokel equation, passes 
through a maximum in the vicinity of 96 per cent, alcohol. The significance 
of this is not clear. In Httokel’s derivation, B is a function of the dieleotdc 
constant lowering produced l)y the electrolyte in the solvent. We have no 
information as to what this effect may be in mixed solvents. 

The curves for the heat content changes m the cell reaction (fig. 6), which 
differ by a constant amount from the partial heats of solution of hydrogen 
chlmide in the same sdutions, show a marked maximum iu the vicinity of 99 

• Loc. eit,, anti Hflokel, ‘ Phys, Z.,’ vol 26, p. 93 (1926). 
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per cent* alcohol. The significance of these curves can be seen by considering 
the transfer of hydrogen chloride from pure alcohol to a series of solvents 
containing increasing quantities of water. As the percentage of water increases 
there is first a large heat evolution, but in the solutions containing greater 
proportions of water a progressive heat absorption occurs. The heat evolution 
caused by the addition of water is readily accounted for by the hydration, 
chemical or physical, of the ions. It does not appear to be possible to account 
for the subsequent heat absorption on the basis of any physical interaction 
between the ions and the solvent. It could be explained if hydrogen chloride 
were only partially dissociated in alcoholic solutions. On adding small 
quantities of water, the affinity of the ions or dipole molecules for water 
molecules would give rise to a heat evolution. Subsequent additions would 
cause the necessary dissociation of the hydrogen chloride molecules and there 
would be a heat absorption on this account. 

Fig. 6 shows that the effect of change of concentration on the heat content 
of hydrogen chloride varies greatly with the composition of the solvent, the 
effect being greatest in 96 per cent, alcohol. This behaviour is in harmony 
with the effects which have already been discussed. If the ions hold a water 
sheath by their electric fields, the greatest change of condition will be brought 
about by a change of concentration of hydrogen chloride, when only a small 
proportion of water is present. For when the water present is largely con¬ 
gregated round the ions, the addition of a further quantity of hydrogen chloride 
will cause a material redistribution, with a correspondingly large heat effect. 
The degree of ionisation also would probably depend very greatly on the 
concentration in a case where the ions have to compete for the amount of 
water available. 

In conclusion we may emphasise the very large effect of the addition of 
traces of water on aU the properties of hydrogen chloride in pure alcohol. 
This effect is the greater the smaller the amount of electrolyte present. This 
giv«i independent support to the conclusion that there is some kind of inter¬ 
action between the hydrochloric acid and the water, and that the h 3 rdrochloric 
acid is more completely '' saturated ” by a given amount of water, the smaller 
its concentration. The curves for the temperature coefficients of the electro¬ 
motive force show the same effect (fig. 8) and are of some interest because 
A/ifT is proporiional to the entropy change in the reaction. The entropy 
change, like tihe heat content, goes through a maximum at a high proportion 
of alcohol, and the maximum is displaced to the right as the concentration of 
hydrochloric add decreases. 
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We hope to make further meaenrements to asoertain whetiier the bebaviout 
of hydrogen chloride is similar to that of other strong electrolytes. 



Fio. 8.—Variation of Temperature Coefficienta of Cell with Composition of Solvent. 

We desire to express our indebtedness to Imperial Chemical Industries, Ltd., 
for a grant which permitted the purchase of the potentiometer and certain 
other pieces of apparatus employed in this investigation, and to Sir James 
Walker, F.R.S., for his assistance in the provision of facilities and for his 
interest in the work. 

Stmmary. 

1. The electromotive forces of the hydrogen-silver chloride cell have been 
determined at 15°, 25° and 35° in a series of solutions of hydrogen chloride in 
water-alcohol mixtures. 

2. From the measurements the variation of the free energies and heat con¬ 
tents of hydrogen chloride with (1) the composition of the solvent, (2) the 
concentration of the electrolyte, are calculated. 

3. The free energies indicate that in solutions containing only a small 
proportion of water, the latter is largely associated with the electrolyte. The 
heat efiects have maximum values in the region 90-96 per cent, alcohol. The 
most probable explanation of this behaviour is that hydrogen chloride is not 
completely dissociated in alcoholic solution and the addition of water increases 
the degree of dissociation. 
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The Rate of Emission of Alpha Particles from Radium* 

By F. A. B. Ward, B*A., Sidney Sussex College, Cambridge, C. E. Wynn- 
Williams, Ph.D., Exhibition of 1861 Senior Student, and H. M. Cavk, 
M.A., Exhibition of 1861 Scholar of Queen’s University, Kingston. 

(Coimnunicated by J. Chadwick, P.R.S.—Received August 12, 1929.) 

L Introduction. 

The number of disintegrations taking place per second in a gram of radium 
is a constant of great importance in quantitative radioactive work, and an 
accurate knowledge of its value is accordingly essential. This constant, 
which is usually denoted by Z, has been the subject of numerous researches, 
but the results, even of comparatively recent measurements, have been dis¬ 
appointingly inconsistent. A discussion of the methods employed and the 
results obtained has been recently given in a paper by Braddiok and Cave,* 
so that it is unnecessary to discuss them at length here. The most direct way 
of measuring Z is to determine the number of a-partioles emitted per second by 
a known mass of radium : this may be done either (a) by measuring the charge 
carried by the particles emitted within a known solid angle, or (fc) by directly 
ooimting the number of particles emitted within a known very small solid 
angle. 

The most recent measurements by the “ total charge ” method arc those of 
Jedcjsejowskit and of Braddiok and Cave. The former used sources of radium 
(B + C) prepared in a special way and measured the charge by a quartz piezo- 
eleotrique ; a value for Z of 3*60 X 10^® was obtained. Braddick and Cave, 
using active deposit sources, and measuring the charge by the Townsend com¬ 
pensation method obtained a value of 3*69 X 10^®.^ The discrepancy between 
these two results obtained by similar methods remains at present unexplained. 

♦ ‘ Roy. 8oo. Proo.,’ A. vol, 121. p. 367 (1928). 

t ‘ Ann. Physique.’ vol. 9. p. 128 (1928). 

% The mean value of Z from the sixteen experiments was given as 3'68« x KP** in this 
paper. A subsequent re-examination of the oorreotions necessary for non-unilorm 
distribution of active matter over the sources used, the effect of the radium B y-rays in 
the ionisation chamber (which was lined with brass 0*5 mm. thick) and the absorption 
of the Y-rays in the glass sheath used to support the standard source, has resulted in 
raising the mean value of Z for the sixteen experiments to 3*690 x 10^^.—H.J.J.B. and 
H.M.C. 
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Determinations by the direct counting method have led to even more widely 
separated values. Two methods of counting ot-particles have been used, the 
electrical method in which the ionisation due to a particle is magnified many 
thousand times by collision, and the scintillation method. Using the elec¬ 
trical method and observing visually the throws of the electrometer, Hess and 
Lawson* in 1918 made a long series of experiments with active deposit sources. 
The value obtained for Z was 3*72 X 10^®. Geiger and Werner in 1924f used 
both methods of counting with sources of radon. The scintillation method 
gave a value for Z of 3-40 X 10’® and the electrical method 3-48 x 10’®. 

The present determination by the direct counting method makes use of an 
entirely new type of coimter, due to Greinacher,| which is free from the 
objections of other types. In this counter the ionization produced by a single 
a-particle is linearly amplified by triode valves, there being no ionization by 
collision. We find from our experiments that Z = 3-66 X 10’® a-particles 
per second per gram of radium. This can be directly compared with Braddick 
and Cave’s value of 3-69 X 10’®, for the same radium standard was used in 
both experiments and the type of source and the method of comparison 
was the same. 

2. Experimental. 

General Description of the Experiment. —^Apart from the different tjrpe of 
counter the general method of the experiment was the same as that of other 
workers who have used the direct counting method. A radioactive source 
was used which could be compared with a radium standard by y-ray measure¬ 
ments, and the number of a-particIes emitted from this source within a very 
small solid angle was counted over a known length of time. For accurate 
comparison the source should be of nearly the same activity as ti||te standard 
available (i.e., in our case about 6 mgm. of radium), and in order to give a 
convenient rate of counting with such a soiurce the solid angle must not exceed 
about 10~’. The solid angle was defined by an aperture about 2 mm. in dia¬ 
meter placed at the end of an evacuated brass tube some 2-6 metres long, at 
the other end of which was the source. 

The Accurate Counting of a-particles. —^An ideal a-ray counter would record 
separately every oc-particle incident upon it, and would record nothing else, 

• ‘ Wkn, Akad. Ber,,’ vol. 127, p. 406 (1916). 

t ‘ Z. PhytyK,' t(A 21, p. 197 (1924); Titigkaksber, * Fhys. Tech. BetohsanstoJ^,* vol. 
47 (1924), and ‘ V«h. D, Phys. Oes.,’ vaL 12, p. 12 (1924). 

t' 2. Physlk,’vol. 86, p. 864 (1926), and vol. 44, p. 819 (1927). 
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Actual counterB fall short of this ideal in several respects, which may be briefly 
tabulated as follows :— 

(1) p and y-rays may be recorded as well as a-rays. 

(2) The efficiency of counting is less than 100 per cent., i.e., particles are 
occasionally missed. 

(3) Close pairs of particles are not resolved, i.e„ a group of particles entering 
in rapid succession may be counted as a single particle. 

(4) Large natural effects may be present. 

The scintillation method of counting suffers from defect (2); the inefficiency 
may be due to the screen or the observer, or to both. 

The problem before the designer of an electrical counter is to detect an 
a-porticle by the small ioniaation produced along the few centimetres of its 
path in a gas. An a-particle produces some 10^ pairs of ions per centimetre 
in air and the total charge on these is some 5 x 10“^® coulomb. This charge 
could be detected by a sensitive electrometer, but for such sensitivity the time 
of swing would be long, so that anything like rapid counting would be entirely 
impossible. If rapid counting is desired some form of amplification of charge 
is essential. In all electrical counters used until recently this amplification 
was produced by ionisation by collision, a factor of 10* to 10® being obtained 
by this means. Such counters may suffer in varying degree from all four 
defects mentioned above, and it is very difficult to eliminate them, though 
they can be reduced by suitable choice of experimental conditions. 

Oreinacher,* in 1926, first succeeded in recording a-particles by tising valve 
amplification alone, and the method has also been used by Ortner and Stetterf 
and by Ramelet.| One of the chief advantages possessed by such a “ valve 
counter ’’ is that the amplification is linear and the final deflection of the 
recording instrument is proportional to the initial ionization. Largely for 
this reason it can be made practically free from the above defects. Intense 
P and Y-radiation does in fact interfere with the counting of a-rays, but under 
the conditions of such experiments as the present this radiation is far too weak 
to give any observable effect. It is difficult to see how such a counter could 
fafl to count an incident oc-partiole since it does not depend on a trigger 
action ” as do other eleotrioal counters. The effective “ resolving power ” in 
time, for the valve counter, is high, since it is possible to make the amphfibation 

t * Z./ vol. 28, p. 70 (1927), and ‘ Z. Physlk,’ vol 64, p. 449 (1929). 

t * Atm. d. Fhya.,* vol 86, p. 871 (1928). 
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of charge as great as 10^ timea or even more if required, thus pennittiiig the nse 
of an i nfltmment of comparatively low sensivity but qoiok tesponae for record¬ 
ing. In the present experiment all the «-partioles entering the ionization 
chamber have very nearly the same residual range (about 4 om.), and from tiie 
geometrical conditions they all follow parallel paths, so that every particle 
produces practically the same ionization in the chamber. Thus the deflec¬ 
tions for different particles should be uniform in size, and they were, in fact, 
observed to be so. A very close pair gave a deflection of twice the normal size 
and pairs 1/100th second apart were completely resolved ; pairs with separa¬ 
tion between these limits gave a “ kidc ” easily recognizable as a double on 
the photographic record. In iig. 1 a short section of an actual record is repro- 



Fio. 1.—Rpeoord of a-particles with valve ooonter. Near the extreme left two partioleR 
about l/lOOth second apart are seen to be completely resolved. The second Idck 
towards the right from these is about twice the normal height and represents two 
particles. The fourth to the right from this shows two particles not quite resolved. 
Near the extreme right three psotioles have entered in rapid succession. 

dneed showing the different types of kicks. The natural effects in this type 
of counter may be made very small. In our experiments the natural effect 
was due solely to slight radioactive contamination of the chamber. It usually 
amoimted to 2 or 3 particles a minute. With a valve counter it is therefore 
possible to make the counting of a-particles a matter of precision even at a 
mean rate of 8 particles a second. The luicertainlaeB in counting up 
photographic record were no more than ± 1 part in 600. 

The fact that in such a counter the deflection of tiie leootdmg instrument is 
proportional to the initial ionization is a vary great advantage, fieoanse of 




Hate qfHfmssian of Alpha ParticleB fr<m Radium. 717 

thia it will distinguish between different types of rays, for example between an 
H*partiole and an a-particle, for the iouixation produced per centimetre path 
by an H-partiole is only about one-quarter of that produced by an a-partiole* 
As was pointed out by Greinaoher the valve counter should prove a powerful 
instrument in the investigation of the artificial disintegration of the elements 
and it is for this purpose that it has been developed. It was decided, however, 
as a trial of its possibilities, to apply it first in the present experiment where 
large numbers of a-particles had to be counted at as rapid a rate as possible. 
For the reasons outlined above it has proved very suitable for this work. 

Descrifiion of the Valve Counter ,—^The counter consisted essentially of an 
ionization chamber, a valve amplifier and a recording instrument. In the 
preliminary experiments telephones were used for detection, but in the actual 
measurements an Einthoven galvanometer was used with photographic record¬ 
ing, the telephones being retained for control purposes. A 5-valve amplifier, 
with resistance-capacity coupling throughout, was used ; for recording with 
tibe hhnthoven galvanometer alone, three, or at most four, valves would have 
been sufficient. With five valves the total quantity amplification factor was 
about 10*. 

Pig. 2 shows a section through the ionization chamber and the box containing 



Fio, 2. 

the first valve. The chamber itself took the form of a shallow cylinder 6 mm. 
deep. The opening through which the a-rays entered was 10 mm. in diameter 
and was covered with aluminium foil of stopping power equivalent to 2 mm. 
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of air. When an a-particle enters the chamber, ions foom 6 mm. of the a-ray 
track are collected by a held of about 300 volts per centimetre on to an deetrode 
which is connected directly to the insulated grid of the first valve, the time of 
collection being about 10~^ seconds. The charge leaks away in a time of the 
same order, depending on the capacity and leak resistance of the insulated 
grid system ; for maximum sensitivity the capacity should be as small and the 
resistance as large as possible. To fulfil these conditions a Marconi ¥24 was 
used for the first valve, as in this valve the grid lead is brought out to a separate 
cap to reduce inter-electrode capacity. The effect of a single a-particle is thus 
to raise the potential of the grid of this valve by some 10~* volts for some 
1/500th second. The resulting change of anode potential is communicated 
to the grid of the next valve and so on throughout the amplifier; the change 
in anode current of the last or output valve deflects the recording instrument. 
The output valve was an LS5 and the three intermediate amplifying valves 
were a DEH 610 and two DE 5b (all Marconi). In order to protect the 
apparatus as completely as possible from electrical and mechanical disturbances, 
to which it was very sensitive, the whole amplifier together with the filament 
heating batteries was enclosed in a metal box some 60 cm. cube, which was 
suspended from the roof of the room by four long metal springs. The leads 
from the anode batteries were brought in through holes in the box, and, at 
the point where each entered, a 2 pfd condenser was connected between the 
lead and the box to short-circuit high-frequency disturbances and prevent 
them from reaching the amplifier. Before these precautions were adopted, 
trouble had been experienced from a powerful induction coil in a neighbouring 
room. 

The output circuit was as shown in fig. 3. The steady component of tiie 
anode current of the output valve was prevented from passing through the 
galvanometer by a choke-capacity filter-circuit, and high-frequency “ swish ” 
was reduced by a shunt condenser of 0*1 pfd. A variable shunt, S, was con¬ 
nected across the fibre of the Einthoven galvanometer. After the passage of 
an a-particle, the 2 pfd condenser is left charged, and this charge then leaks 
away through the resistances in series with it; the 100,000 ohm resistanoe is 
included to make this discharge slow. The effect on the shape of the Iddc 
recorded by the galvanometer is shown roughly in fig. 4. 

In each case the area below the zero line must be equal to that above it ainoe, 

over the whole time of recording of a partide, J t. df at 0. imwftaHWg tite 
time of leak the amplitude of tiie "baok-kiok " is xeduoed. Whfle a huge 
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back-kick might be no disadvantage in some types of e:qperiment, it would 
make the coimting up of the records a little more troublesome in tibe present 


H.T + 
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Pio. 4. 

ones where particles'followed in such rapid succession that often a second par¬ 
ticle would be recorded during the back-kick due to a first. The deflection 
for the second 'would consequently start from well below the normal zero line. 

Photographic Jteoording ,—A special camera was built for the photographic 
reoonUng. It was in general somewhat similar to the cameras used in eleotro- 
oufdukgraphs, but special provision was mtsde for accurate focussing and for 
deaUng with considerable lengths of bromide paper—up to 400 feet at a time. 
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The light from the Einthoven galvanometer was condensed on to a slit by a 
cylindrical lens. The width of the slit was about 1/12th mm., and its distance 
from the eye-piece of the galvanometer was about 30 cms. The bromide paper 
was wound past the slit by rubber-covered rollers at a rate of 6 cms, per second. 
A small shutter, worked by an electric clock, cast a shadow on one edge of the 
record at 1-second intervals, thus providing a time-scale, and a similar shutter 
on the other edge marked every 100 seconds. The records were made on rolls 
of Kodak Rapid Platino-Matt bromide paper, 400 feet long and 1J inches wide. 
The long records were easy to examine when this paper was used ; any kind 
of gloss was found to be extremely irritating to the eyes. 

The long roll of bromide paper was developed in the laboratory dark room. 
It was wound, sensitive side out, on to specially made frames of wood impreg¬ 
nated with paraffin wax, each frame taking about 26 feet of paper. Develop¬ 
ment was effected by immersing the whole frame in a large shallow dish of 
developer. Fixing was done in a similar dish and after washing and drying 
the sections of the record were joined together again in their proper sequence 
by short lengths of gummed paper and the complete record was then counted. 
Counting was done visually, the observer passing the record slowly in front of 
him and recording each kick observed on a mechanical counter actuated 
eleotromagnetically by means of a battery and tapping key. 

Definition of the Solid Angle .—The source, A (fig. 6) was waxed on to a 
threaded brass carrier B which could be screwed on to the end of the brass rod 
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C which was supported by wax H. The whole system could be readily removed 
through the ground glass joint D. The oap E served to catch recoil atoms, 
and fitted over the source without touching it; it was covered with a thin 
film of collodion of stopping power for a-rays equivalent to about 1 wm, of 
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air. The aperture at the end of the brass tube could be covered by a small 
shutter F which was worked from outside by means of a magnet. The appara¬ 
tus was exhausted through the side tube 6. The other end of the tube was 
closed by a brass disc with a central hole K, 4 mm. in diameter, covered by a 
mica window of stopping power for a-rays equivalent to 8 mm. of air. The 
defining aperture L was placed immediately outside this window, between it 
and the ionization chamber of the counter. The aperture was made by a 
method described by Hess and Lawson.* A hole was first drilled in a steel 
plate 1 mm. thick and this hole was then turned out to a conical shape with a 
specially made countersink drill. The steel was then hardened and the hole 
ground with carborundum on a copper bit of the same taper {about 1 in 10) 
as the countersink. During the grinding process the hole was periodically 
examined under a microscope until it was satisfactory. When mounted in 
position, the smaller end of the hole faced the radioactive source, the solid 
angle thus being accurately defined by the area of this end and its distance 
from the source. Two diflEerent apertures were used in the course of the experi¬ 
ments. Their diameters were L660 mm. and 1‘774 mm. respectively. The 
distance from source to aperture was usually 261 ’ 4 cm., with minor variations 
in different experiments. 

Effects of Scatierif ^.—It is assumed in the calculations that if <»> be the solid 
angle subtended by the aperture at the source, the fraction of the total number 
of particles which pass through the aperture is (i>/4tc. This fraction may be 
modified by scattering of the particles. The scattering may occur in the foil 
covering the source, in the residual gas in the tube, or at the walls of the tube. 
The end mica window was so close to the aperture that its scattering effect 
can be entirely neglected. 

Scattering in the foil covering the source was investigated both theoretically 
and experimentally. The defining aperture subtended an angle of about 
2' at the source, and calculation shows that if a source emitting a-particles 
of 7 cm. range is covered with a uniform sheet of absorbing material of stopping 
power equal to 1 cm. of air, practically every particle from the source will be 
scattered through an angle greater than this. It can, however, be shown that 
under these conditions the number of particles scattered into the beam is 
olosely equal to the number scattered out of it. As irregularities in the thick¬ 
ness of the absorbing sheet might .interfere with this equality, the point was 
tested experimentally. In one series of experiments the ''source ’* end of 
the tube was closed by a brass disc with a central hole covered with a mica 

♦ Lee. oil. 
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window of 1 ■ 8 cm. stopping power, the source being placed immediateljr outside 
this window. About 13,000 particles were counted under these conditions, 
the value of Z deduced from these being 3*62 x 10“. The mean value for 
Z from 79,000 particles counted with the source inside the tube, and with no 
mica in front of it, was 3 • 66 x 10“. Both of these numbers, particularly the 
smaller, are subject to a small uncertainty due to probability variations in 
the number of particles counted, and the whole discrepancy between them 
might be due to this cause. It seems certain that the effect of the mica cannot 
be more than 2 per cent, at most, so that the effect of the collodion film covering 
the source in later experiments must therefore be very small, as its stopping 
power was only about 1 mm., and from its method of preparation it should be 
reasonably uniform in thickness. 

Scattering in the residual gas in the tube was investigated by performing 
experiments at d ifferent pressures which were measured by a calibrated vis¬ 
cosity gauge. The brass tube was evacuated from one end, but the gauge was 
attached near the middle, so as to give a reading representing the mean 
pressure in the tube. 

Twenty-eight thousand particles were counted at a pressure of 1/100th 
mm. of mercury and gave a value of 3*68 x 10“ for Z; 62,000 counted at a 
pressure of about 7 X 10~* mm. gave a value of 3*66 X 10“ It is evident, 
therefore, that the gas scattering is not serious, for it is very difficult to see 
how an increase in the pressure of the gas could cause an increase in the number 
of particles observed. The discrepancy between the above two numbers 
must therefore be ascribed to probability fluctuations, and we can be confident 
that the effect of scattering in the gas is negligible. 

The effect of scattering at the walls of the tube was eliminated by five stops 
inside the tube. These were placed so that, on looking through the defining 
aperture, no portion of the wall surface could be seen except the few centi¬ 
metres before the first stop. No particles could then reach the aperture either 
from the source by reflection at the walls or from radioactive contamination 
on the walls. 

The Time Scale .—^All times in a single experiment were taken from an eleotrio 
clock controlled by a master pendulum clock. The electric clock receded 
seconds and lOO’s of seconds on two separate dials; contacts on the clock 
actuated the electromagnets making the second and lOOHseoond marks on the 
photographic record, and hence the exact time of every mark was known. 
The instant at which emanation was pumped from the source was talmn as 
the zero of time and the clock started then. A record was kept of the time 
on the clock at which each y-ray readmg was taken. 
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Hc^iooKS^ Sowees .—The sources used were exactiy smular to those used 
by Bxaddiek and Cave"' in their measurement of the total charge oatried by the 
a«partieles; the preparation of the sources is described in detail in their paper. 
The radioactive material—^the active deposit of radium—^was deposited upon 
the inside of a shallow glass cup 4 mm. in diameter. Owing to the method of 
preparation, no active matter could be deposited on the back or sides of the 
cup. Careful experiments showed that the source was entirely free from 
occluded emanation. 

Measurement of the Strength of the Source .—The strength of the source was’ 
measured by comparing its y-i&y activity with that of a standard radium 
source by means of a y-my electroscoiw surrounded by 2 cm. of lead ; either 
source or standard could be placed in a position accurately defined by observa¬ 
tion through a microscope. Under these conditions the yrays by which the 
comparison is carried out are due almost entirely to radium C. From the y- 
ray measurements and the a-ray count the rate of emission of a-particles from 
the radium C in the standard source (and hence from the radium itself with 
which it is in equilibrium) can be calculated. In the actual experiment the 
source had to be used, not in the standard position, but in a position inside the 
exhausted tube. To find its strength under these conditions, the following 
procedure was adopted. The decay of the source was first followed by its 
y-rays while it was in the standard position. The source was then transferred 
as rapidly as possible into the holder in the tube, and its decay again followed 
during the time in which the a-particles were being recorded. At the close of 
the experiment it was withdrawn and replaced in the standard position and 
more measurements taken. If the y-ray readings are plotted, li curve is 
obtained with two discontinuities: From this broken curve the ratio of the 
y-ray activities of the source in the two different positions can be found; the 
actual procedure adopted is described below. From this “ position ratio ” 
and the comparison of the decaying source with the standard source, with 
both in the standard position, the activity of the decajdng source expressed 
in milligrams of radium is known throughout the experiment. All readings 
of the electroscope were, of course, corrected for natural leak, which amounted 
on the average to about 1 per cent, of the activity due to the standard source. 

Bdterpmetdou of the Position Batio .—^The actual procedure adopted to 
find the portion ratio as accurately as possible was as follows. The theoretical 
decay curve for the radium C in radium active deposit was plotted on a large 
sheet of squared paper (sheet a), the logarithm of the amount of radium C 

'*■ hoc. c«. 
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being plotted as ordinate agaimt the time as abscissa. The experimental 
points coitesponding to the activity of the source in the standard position 
were plotted in the same manner on a second sheet of paper (sheet h), and those 
corresponding to the activity in the firing position on a third (sheet c). All 
three sheets were then superposed and by observing with transmitted light 
both sets of points and the theoretical curve could be seen at the same time. 
By a process of adjusting the three sheets the best fit of both sets of points to 
the theoretical curve was obtained. In doing this, care was taken to keep the 
time scale of sheet c coincident with the time scale of sheet b, but the time scale 
of the two might be displaced with respect to that of sheet a as is discussed 
below. When the best fit has been obtained the amount of vertical displace¬ 
ment between any ordinate on sheet 6 and the numerically equal ordinate 
on sheet c then gives at once the logarithm of the position ratio. The values 
found for a given position ratio in separate trials always agreed to within 1 
part in 600 and usually to within 1 part in 1000. 

[In practice it is foimd that, for active deposit sources prepared as these were, 
the actual decay is usually rather slower than the theoretical, apparently due 
to a disturbance of the equilibrium by the conditions of exposure to the 
emanation. It is found, however, that the decay curve observed experimentally 
is, over the time interval concerned, of the same shape as the theoretical curve 
over a rather earlier time interval, so that, by taking arbitrarily a zero of time 
rather later than the actual one, the points can be made to fit the theoretical 
decay curve quite accurately. This is to be expected, since, at any instant 
after the radium A has all decayed, the subsequent shape of the curve is deter¬ 
mined uniquely by the ratio of radium B to radium C at that instant. This 
tbUo changes from the equilibrium ratio by^a factor of three during the interval 
with which we are concerned, so there are wide limits within which the equili¬ 
brium may be disturbed and yet give the same radium B to radium C ratio at 
some selected time after removal from the emanation as that occtirring after a 
different interval in a normally decaying source. The subsequent shape of 
the curve m\ist then be identical in each case, It has been definitely shown 
that the slow decay is not due to the presence of occluded emanation.] 

Method of Z from the remMe .—^If the source is at any instant of 

strength x mgm,, it is emitting particles at the rate of Zir/10* per second. 

Therefore the number of particles emitted between times and is 
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The number of these which reach the counter is 


Therefore 


Z = 47cN .10®/co [ xdt. 


X can be evaluated from the y-ray readings. If m be the mass of radium in the 
standard, Gq its y-ray activity in the standard position, G the activity of the 
decaying source at any instant, [i the position ratio, then 


xjm (xQ/Gq or wp . G/G^. 

Therefore 

Z == 47cNGq 10®/wp.ci> f Gtdt, 

f it 

O dt is equal to the area under the 

‘<1 

graph between the appropriate time limits, G being measured in the same 
units (div./miu. of electroscope) as Gq. 

Procedure in a Single Experiment .—While the source was being prepared, 
y-ray readings of the activity of the standard were taken and the natural leak 
of the electroscope was determined. The active deposit source was then placed 
in the standard position and its decay followed by its y-rays for a time depending 
on its initial strength, after which it was transferred to its position inside th^ 
tube. The pumps were immediately started, and when the pressure had fallen 
to 1/1,000th ram. the small shutter was brought in front of the source, and 
the recording camera was started and run for 3 minutes to obtain the “ natural ” 
count. The shutter was then drawn aside and the a-rays from the source 
recorded for about 35 minutes. The shutter was then closed again and a 
second control record taken for 3 minutes. Air was then let into the apparatus, 
the source removed and replaced in the standard position, and its decay followed 
for a further 15 minutes or so. Finally a further set of readings was taken 
on the standard source, and the natural leak redetermined. The strength of 
the source was usually about 10 mgm. when the recording of the a-particles 
was started ; by the end of the count it had decayed to about 6 mgm. Under 
such conditions about 15,000 particles would be recorded on some 350 feet of 
bromide paper in the 35 minutes. 
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3. RmMs. 

A table is given showing the results of seven separate experiments. 


Table of Results. 


Number 

of 

experi¬ 

ment. 

0^ in 1 

div./mm. 

of j 

electro- 

9COI»* ' 

1 

Position 

ratio. 

y*ray 

integral 

in 

div./mim 

X mic. 

Solid angle 

47T 

Numbi»r 

of 

tt- 

partioles. 


I 

20-fi0 

1*428 

10.941 

2 321 >- 10-• 

4.320 

3-S», X 10“ 

2 

21 14 

1*674 


2*620 

8,980 

3-63* 

3 

11*27 

1*0H5 

26,762 

2*619 

1 14,784 

3 *70* 

4 ! 

14*60 

1*437 


2*619 

13,131 

3*66» 

5 

11*40 

1*132 ’ 


2*617 

13,115 

3*69, 

0 

1M8 ; 

15136 

87,291 1 

2*617 

22.204 

3*66« 

7 

11*39 

0*988 

28,338 1 

2*879 

16.442 

3 *641 


i 

j Weighted n 

lean . 

3 06, X 10“ 


The second column gives the values of Q^, the rate of leak of the electroscope 
with the standard source ; the values have been corrected (as described later) 
for the small absorption of the v-rays in the glass sheath supporting the source, 
as well as, of course, for natural leak ; the yray intepal given in the fourth 
column is also corrected for natural leak. The number of a-particles given in 
the sixth column is the number actually counted, less a correction (usually 
about O’6 per cent.) for the natural effect, which was determined in each 
experiment as described before. The values of Z in the last column ate 
obtained from the formula given above. 

Z = 4TtNGo. 10®/m(j,to f Gdt. 

Ji. 

The experiments fall into three groups. In experiments 1 and 2 the sonroe 
was outride the brass tube with a mica window of 1*8 cm. stopping power in 
front of it, and the pressure in the tube was about 1 flOOtb mm .; in experiments 
8 and 4 the source was inside the tube and the pressure in the tube abont 
l /tOOth inm.; in experiments 5, 6 and 7 the source was again inside and the 
pressure about 7 x 10"* mm. 

The mean of experiments 5, 6 and 7, which wore taken under the best con¬ 
ditions, gives a value of 3 * 66o X 10^*^ for Z, and the weighted mean of the whole 
seven experiments gives a value of S-OSg x 10*®. Earii ei^eriment was 
weighted in proportion to the number of particles counted. We therefore 
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take Z = 3’66 x 10‘® a-particles per second per gram of radium as the value 
given by otir experiments. 

In estimating the strength of the source a small correction had to be applied 
for the absorption of the a-rays from the standard in the thin glass sheath, 
O’4 mm. thick, which supported it. This was investigated experimentally 
by observing the rate of leak of the electroscope with the standard source 
in its usual glass sheath and in a thicker sheath. From these measurements 
the absorption was estimated to be I’Q per cent, per millimetre of glass,~in 
good agreement with the results found by Rutherford and Chadwick* for Y-rays 
from radium (B + C) filtered through 1 cm. of lead. The correction to be 
applied to was accordingly 0*4 per cent.; the corrected values of 6^ are 
given in the table. 

The effect of the y-rays from radium B in the source has to be considered. 
According to measurements by Slater.f and to the recent measurements of 
Irene Curie J by a different method, the y-ray ionization produced in an all¬ 
lead electroscope through 20 mm. of lead by the radium B in a source where 
it is in equilibrium with radium is 0’4 per cent, of the total, the test being due 
to radium C. The radium B and radium C in the standard source were both 
in equilibrium with the radium there, but in the decaying sorurce the ratio 
radium B/radium C was on the average about 0*4 times the equilibrium value 
over the time during which the measurements were made ; the total correction 
to be applied for the effect of radium B in the standard and the decaying source 
is thus — O’4 -f O’16 per cent, or — 0’24 per cent, with an all-lead electro¬ 
scope. Our electroscope was not all of lead, but consisted of a cube of alumin¬ 
ium with a spherical cavity; the minimum thickness of aluminium was 6 mm., 
and the whole cube was surrounded with. 20 mm. of lead. The effective thick¬ 
ness of lead was thus more than 20 mm., and since the relative ionization due 
to the radium B rays is 2 or 3 times smaller for a lead electroscope lined with 
aluminium than for an all-lead electroBcope,§ the correction for the radium B 
y-iays becomes accordingly less than O’l per cent., which is practically 
negligible. 

of .^countoy.--Some uncertainty in tiie counting up of the records 
asose from the fact that the contamination particles recorded by the counter 
did not give kicks of uniform size, for these particles had paths oi different 

* ‘ Proo. Vhya. Soc,,’ vol. 24, p. 141 (1912). 
t ‘ Phil’Mag.,’vol. 44, p. 300 (1922). 
t' C.R..’vol 188, p. 04 (1929). 
j Ohalmew, ‘ PhU. Mag.,’vol 6, p. 746 (1928). 



728 F. a; R Waid, C, R Wynn-Williams and R M. Cam 

lengths in the ionization chamber. Consequently it was occasionally difficult 
to decide whether a kick should be counted as one or two particles. Also 
there were a very few cases where such a large ntunber of particles entered in 
rapid succession that it was difficult to tell to within one, how many the com¬ 
plicated response of the galvanometer represented. In counting up the 
records the uncertainties due to these causes amounted on the average to about 
± 1 part in 600. 

The standard clock controlling the electric clock was tested against Green¬ 
wich time signals and found to be accurate to within 1 part in 10,000. The 
solid angle could be measured to about 1 part in 1,000.* The steel rule used in 
measuring the distance from soiirce to diaphragm and the travelling micro¬ 
scope used in measuring the diameter of the diaphragm were both calibrated 
against the same standard metre belonging to the Laboratory. The probable 
error in the y-^^y measurements was less than | per cent, in any single experi¬ 
ment, An unavoidable source of uncertainty lies in the fact that only a finite 
number of particles can be counted, and that the number is subject to the 
probability variation in the emission. A total of 92,000 particles was coimted 
and the probable error in the mean derived from comting this number, as 
usually defined, is just under 0*3 per cent. We estimate that the probable 
error in the value of Z from our experiments is about 0*6 per cent, assuming 
the value of the standard to be accurately known. The laboratory radium 
standard used throughout has been compared with the National Standard by 
the National Physical Laboratory and found to be equivalent in y-ray activity 
to 6*38 mg. radium; this number is subject to the usual small uncertainties 
associated with the setting up and comparison of radium standards, 

4. Discussion, 

Although the absolute value of our result is subject to a small uncertainty, 
due to the uncertainty in the value of the radium standard, comparisons 
can be made more accurately with the results of other experiments made 
in this laboratory in which the same radium standard has been used. We 
refer to the experiments of Braddick and Cave, in which the total charge carried 
by the a-particles from radium was measured, and to the experiments of 

♦ As defined geometrically. An uncertainty exists owing to the fact that a-partioles 
penetrate the extreme edge of the aperture. It is difficult to determine aooarately 
the appropriate correction for this efieet. In this experiment, however, the oorreotion 
is estimated to lie between 0 and -0-3 per cent. In view of the uncertainty Of its 
exact value, the correction has not been applied, the results being based on the 
geometric value of the solid angle. 
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Wataon and Henderson'*' on the heating effect of radium and its products. 
The value of Z found by Braddiok and Cave was 3-69 X 10'°, while our value 
is 3*66 X 10'°* The difference between the two numbers lies just within the 
limits of error of the two experiments* As has been pointed out, the relative 
accuracy of these two experiments should l>e high, even though their absolute 
accuracy is less certain, since in both of them those measurements which 
introduce the greatest uncertainty into the result, i.e., the y-ray measurements, 
were carried out in a practically identical manner. Also exactly the same 
tjrpe of radioactive source was used in both experiments. If unrecognised 
systematic errors be involved in these measurements we should expect them 
to be about the same for both experiments and therefore not to affect the 
relative accuracy of the two. Taking these considerations into account it 
seems doubtful whether the whole discrepancy betw'een the two results can 
be ascribed to experimental error. In the experiments of Braddick and Cave 
what is really measured is not Z but Ze, and Z is deduced by using Millikan’s 
value of c, the electronic charge, whereas in the present experiments Z is 
determined directly. If therefore the accepted value of e were too low, the 
discrepancy between the two results might be explained, Some recent careful 
experiments have given values of e some \ per cent, higher than the Millikan 
value, and if this higher value be adopted the results of the above experiments 
would be brought into close agreement. 

Conversely it is obvious that two experiments such as the present afford a 
fairly direct method of determining the electronic charge—the method having 
in fact been used by Rutherford as early as 1908. The value of e from the * 
present experiment and that of Braddick and Cave is 4*81 x 10"'° E.S.U. 
Unfortunately, no claim to high accuracy fcan be made for this result, partly on 
accoimt of experimental errors and partly on account of the unavoidable 
uncertainty involved in having counted only a moderate number of particles 
in the direct counting experiments. 

A discussion of the work on the heating effect was given by Braddick and 
Cave, and their result was shown to agree well with the latest work on the 
heating effect carried out in this laboratory by Watson and Henderson.f 
It was concluded that there was no need to assume any additional source of 
eiMsrgy in radioactive disintegration other than the known radiations, and, 
oojasidoring the limits of accuracy, this conclusion is confirmed by the present 
work. It may be pointed out that the agreement between the results of Watson 

♦ ‘ Roy. Soc. Proo.,* voL 118, p. 318 (1928). 

t cit. 
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and Hendeison and thoee of Braddiok and Cave is inde|>endant of the value 
assumed for e. 

5. Summary, 

The number of a-partioles emitted per second by I gram of radium has been 
determined by a direct counting experiment with a new type of electrical 
counter in which the whole of the amplification was produced by triode valves. 
The amplification was linear, so that the counting of a-rays was undisturbed 
by the presence of ^rays. It was found possible to count with accuracy at a 
high rate, i.c., about 600 particles per minute. Approximately 10^ a-particles 
were counted, and the value found for the rate of emission from radium was 
3 • 66 X 10^® a>particles per second per gram of radium, in good agreement with 
the value of 3 • 69 x 10^® recently found by Braddick and Cave, and with recent 
measurements of the heating effect of radium and its products. 

It is a pleasure to thank Sir Ernest Rutherford, who suggested the problem, 
for his interest and encouragement, and Dr. Chadwick for much helpful advice. 
We also wish to thank Mr. G. R. Crowe, who prepared the radioactive sources. 
The work has been made possible for one of us (P.A,B.W.) by a grant from the 
Department of Scientific and Industrial Research, to w^hioh we wish to 
express our thanks. 
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